ON THE UNIVERSAL COVERING SPACE AND THE
FUNDAMENTAL GROUP

C. W. SAALFRANK

In this note it will be shown that when 4 is a retract (cf. [3])! of
X, then the same relationship holds between the universal covering
spaces of 4 and X (Theorem 1.1) and also between the fundamental
groups of 4 and X (Theorem 2.2).

We denote the universal covering space of X by X,* where pEX,
and the fundamental group by #(X) [1]. All spaces are assumed to
be arcwise connected, Hausdorff spaces. If & and 8 are continuous
maps of the closed unit interval (0, 1) into X, then we use the nota-
tion a~f (equivalent) to mean:

a(0) =B(0), a(1)=p(1), and there exists a continuous map k(¢, s)
such that

(i) &: (0, 1) X(0, 1)>X (into),

(ii) k(¢ 0)=al?), k(¢, 1) =B() for all tE(0, 1),

(iii) (0, s) =a(0) =(0), k(1, s) =a(1) =B(1) for all s€(0, 1).

A continuous map k satisfying the above conditions i, ii, and iii
will be said to satisfy the E-conditions for (e, 8, X).

1. LemMA 1.1, If A 4s a retract of X and pEA, then A is homeo-
morphic to a subset of X,*.

Proor. Consider any a*€A4,* and any way a&a*. Then «:(0, 1)
—A. Define o’: (0, 1)—=X by o’(t) =a(t) for all tE(0, 1), and let x* be
the element of X,* such that o/ €Ex*. Defining k(a*) =x*, it is easily
shown that # is single-valued.

To show that k is continuous, we consider any neighborhood
U*(U, a) of x* where h(a*) =x*. Then U*(U, a) consists of all g* in
X ¥ such that g*Daf with 8(¢) CU for all t&(0, 1), and where aEx*
and U is any neighborhood in X of a(1). Consider any y&a*. Then
4’ Ex* and therefore ¥'~a. Hence there exists a continuous map
k':(0, 1)X(0, 1)>X such that k' satisfies the E-conditions for
*', o, X). We define k:(0, 1) X (0, 1)—>4 by k(¢, s) =rk'(t, s). It fol-
lows easily that ra(0) =+(0), ra(1) =v(1), and that % satisfies the
E-conditions for (r«, v, 4). Hence ra~+ and we have raEa*. Take
the neighborhood V*(UNA, ra) of a*. Now consider any a,*
EV*(UNA, ra) and let h(a;*) =x*. Then a;* contains a way (ra)8
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where B(£) CUNA for all t€(0, 1) and x;* contains the way [(re)8]’
= (ra)’B’. Since raEa* we have (ra)’ €x* and hence (ra)’~a. There-
fore (ra)’f’'~af’ and x*€ U*(U, a). Hence k is continuous.

Using the fact that 4 is a retract of X, it follows easily that the
map # is one-to-one.

To show &~! is continuous, consider any b*Ch(A4,*) CX*. Let
k~1(b*) =a* and take any neighborhood U*(UNA, a) of a* where U
is a neighborhood in X. Since 7 is continuous and 7(a(1)) =a(1), there
exists a neighborhood V of a(1) in X such that r(V) CUNA. Take the
neighborhood V*(V, &’)Nh(A4,*) of b* and consider any b*E V*(V, ')
Nh(A*). Then b* Da'B, where B(t) CV for all t€(0, 1). It follows
easily that A-1(b*) Dr(a’B) =ar(B). Since r(8(t)) CUNA for all ¢
€(0, 1), we have that ~1(b*) EU*(UNA, o) and hence k! is con-
tinuous.

THEOREM 1.1. If A is a retract of X and pEA, then A} is a retract
of X3.

Proor. Let k be the homeomorphism given by Lemma 1.1 and let
h(AX¥)=B*CX,*. We shall show that B* is a retract of X,*. Let r be
the map that retracts X onto 4, and we shall consider 7 to be a map
of X into X. Consider any x*€ X,* and any way aEx*. Then ra: (0, 1)
—X, and therefore there exists an element * € X,* such that ra Eb*.
We define the map R: X *—B* by R(x*) =b*. Since ra(t) CA for all
t€(0, 1), clearly b*€B* and R(X,*) CB*. It is easy to show that R is
single-valued.

For any b*EB*, there exists a way o’ €b* such that o’(t) CA for
all t€(0, 1). Hence R(b*) =b*.

To show R is continuous, consider any x*E€X,* and let R(x*) =b*.
Consider any neighberhood U*(U, a) \B* of b*. For any yEx* we
have ry&b*. Hence ry~ea and ry(1) =a(1). Since r is continuous, for
the neighborhood U of a(1), there exists a neighborhood V of (1)
such that (V) C U. Take the neighborhood V*(V, ¥) of x* and con-
sider any x*€ V*(V, v). Now x* DvfS where S(t) CV for all t€(0, 1).
There exists b* such that r(y8) €b* and we have R(x*) =b*. Clearly
r(yB) = (ry) (rB) ~a(rB), and hence we have a(r8)Eb*. But since
rB(t)CU for all t€(0, 1), this means that d*€CU*(U, a)NB*.

2. DerFINITION. Let CER(X), a€C. Let x*€X,*, BEx*. Define
Kc(x*) to be the element of X,* which contains af.

It is well known that K¢ is a covering homeomorphism (i.e.
Ke: X *—X* is a homeomorphism such that L(x*)=LK¢(x*) for
all x*E€X,* where L is the natural map defined by L(x*)=a(1), for
aEx*). Moreover, it is well known that the set {Kc} of all such K¢
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is simply the set of all covering homeomorphisms on X,* and forms a
group.

For the work that follows we assume A is a retract of X. Letting &
be the homeomorphism given by Lemma 1.1 and letting A(A4,%)
=B*CX, it is easy to show the following result.

THEOREM 2.1. Let CE®(X) and let {Kc} be the collection of all cover-
ing homeomorphisms on X,*. Let C;Ew(X) such that C,Do such that
a(t)EA for all t. Then the collection {Kc,} is the set of all covering
homeomor phisms on B*. That is, { K¢,} consists of all Kc€ {Kc} such
that K¢:B*—B* (onto).

DEFINITION. A subgroup F of a group G is called a retract of G
provided there exists a homomorphism & such that #(G)=F and
such that &(f) =f for all fEF.

It is easy to show that {K¢,} is a subgroup of the group {Kc}.

LEMMA 2.1. The subgroup {Kec,} is a retract of the group of all cover-
ing homeomorphisms {Kc} of X*, and {Ke,} is isomorphic with the
group of all covering homeomorphisms {Mc} of A>.

PRrOOF. Define a homomorphism H: {K¢}—{K¢,} as follows. Con-
sider any K¢E€ {Kc¢} and any a€C. Then considering the retraction
map 7(X)=A4 as r: X—X (into), we have ra:(0, 1)—X. There exists
an element C; in m(X) such that ra € ;. Define H(K¢) = K¢,. Clearly
K¢, E{Ke,} since raE€Cy and ra(t) CA for all £. It is easy to show that
the homomorphism H is single-valued.

For K¢,E{Ke,}, CiDa such that a(f)C4 for all ¢. Hence ra(f)
=q(t) for all ¢ and H(K¢,) =Ke,.

Consider any Kz and K¢ in {K¢} and consider any SEB and
v&C. It follows easily that KzK¢=Kpec and hence we have
H(KsKc) =H(Kpc) =K(sc), where BYEBC and 7(8y) E(BC),. Also
H(Kp)H(K¢) =Kp,Kc,=Kp,c, where rBEB;, ryEC, and hence
(B8)(ry) EB:Ci. But r(By)=(r8)(ry) and therefore (BC),=B:C:.
Hence H(KpK¢) = H(Ks)H(K¢).

Define an isomorphism F:{Mc}—{Kc,} (onto) as follows. Con-
sider any MCE{MC} and any a€ECEnw(4). Since a:(0, 1)>4, we
define a/(t) =a(t) for all ¢t and have a’:(0, 1)—>X. There exists C;
Ex(X) such that o’ €C,. Define F(M¢) =Ke,.

It is well known that the fundamental group =(X) of X is iso-
morphic with the group {Kc} of all covering homeomorphisms of X *.
Hence using Lemma 2.1 we have the result.

THEOREM 2.2. If A is a retract of X, then the fundamental group w(A)
is a retract of the fundamental group m(X).
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The present article originated from the problem of determining
when a continuous representation of a Lie group into another is open.
Important cases of the problem have been discussed by A. Malcev?
and the author,® and some of them have been extended to the case
of more general groups by the author and H. Yamabe.*

Recently W. T. van Est obtained new results concerning the
same problem on Lie groups.® Here I shall give an extension of his
essential result to a more general case in a simpler way.

Let G be a locally compact connected group and let A(G) be the
group of all continuous automorphisms of G. Let 4(G) be topologized
by the notion of uniform convergence in the wider sense.

Now let I(G) be the subgroup of 4(G) composed of all inner auto-
morphisms of G. We shall call G a (CA) group® if I(G) is a closed
subgroup of A(G).

LEMMA.? Let G be a locally compact connected and locally connected
group, and H a locally compact group. If ¢ is a continuous isomorphism
which maps G in an everywhere dense subgroup in H, then the following
propositions hold:

(1) ¢(G) is an invariant subgroup of H.

(2) Let h be an element of H. Let us consider the automorphism ox(x)
defined by owx=¢ " (h~'p(x))h for xEG. Then or(x) is a continuous
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