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AN EXPRESSION FOR ôi(nz)/ûx(z)

W. N. BAILEY

1. Introduction. In a recent paper [l] I used the formula

IT [(i + ?•/*)(! + c'-'zXi - g^-V^Xi - <?2"-V)(i - ?-)j
(l.i) = II [(i - ç3n-22')(i - g3*-yz3)(i - q%n)]

+ z]J [(1 - q*~-V)(l - g'»-2/2')(l - <?"•)],

where, in the products, ra takes all values from 1 to oo, to simplify

certain identities of the Rogers-Ramanujan type. It has been shown

by Sears [2] (and independently by Miss Slater) that (1.1) can be

derived from the relation connecting three products of four sigma

functions, or alternatively from the corresponding relation connect-

ing theta functions. Now (1.1) can be written in the form

■(l-g-vxi-g»/««)
(1 - jH«)(l - qn/z)

(1   2) (1  — <7S")
= IT 7:—~ X [II (1 - 53n-1A,)(l - <?'"-V)

(1 - a»)

+*n (i - ?,n_2A3)(i - o3"-^3)]

and if we write

S(z; p) = IT (i - p~*»M - rA)

this formula can be written as

S(Z2; q) -r-r   (1 - q3n)  r

(1.3)       ~-^- = II tH4 [5(5»'; f) + zS(q2z*; ^ I.
_S(z; q) (1 - qn)
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But it is well known that [3, 2, 4]

(1.4) <r(x) =A exp iBx2-Cx)Sie2C"; g3),

where A, B, C are constants depending on <0i, w2, and so (1.3) gives an

expression for <r(2z)/<r(z) as a sum. Alternatively we have, with the

notation of Tannery and Molk,

(1.5) âiiz) = iqV*e-"*Yl (1 - q2»)Sie2i"; q2),

and so (1.3) can be written in the form

"e2i"0i(3z + r | 3t) "I

- <T2iTZ#i(3z - r|3r)J*

It is well known [3, 2, 148] that#i(«z)/i?i(z) can be expressed as a

single product of (n2 — 1) theta functions, but I have not been able

to find any reference in the literature to an expression fort?i(«z)/t?i(z)

as a sum of n products, each product containing only (» —1) theta

functions.1 The aim of this paper is to give such an expression.

2. Notation. With the above definition of 5(x; p), we write Six)

for Six; p) when there is no ambiguity, and

¿i(2z) 1        fe
(1.6)    -^^=-¡-

th(z)       Ur   3r)L

[Xl, x2, • • • , x„f|

yi, y2, • • • , ymJ

for

5(xi)5(x2) • • • S(x„)

Siyi)Siy2) ■ ■ ■ Siym)

3. A theorem on products. By considering the residues of the ellip-

tic function

<r(w — ¿i)er(« — b2) • ■ • ff(« — bn)

<t(m — ai)(r(w — a2) ■ • • <t(« — aB)

where fli+a2+ • • • +an = bi+b2+ • • • +&„, it is seen that [3,3,46]

"     <r(ar - ¿>i)o-(ar - b2) • • • (r(ar - bn)

(3.1) E-= 0,
r=i   <riar — ai)<r(ar — a2) • ■ • *<r(ar — a„)

the star denoting that the vanishing factor <r(or — aT) has to be

omitted. Using (1.4) and writing p for q2, we see that (3.1) can be

written in the form

1 Tannery and Molk give an expression for #1(»iz|»T)/tfi(z|'') as a single product

of (» — 1) theta functions, but here we are considering <?i(»z|t)/i?i(z|t).
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-AT/Bu Ar/B2, • • • , AT/Bn-
(3.2)

"   SAr/Bi, Ar/B2, • • • , Ar/Bnn _

r_i     LAr/Au ■ ■ • *,Ar/An

provided that i4i^42 • ■ ■ An = BiB2 ■ • ■ Bn.

4. The expression for #i(wz)/i?i(z). In (3.2) take

B2 = Bilp"», Bi = Bi/p2'-,   ■■■ ,Bn    m Bi/p^-»i\

Ai = Biz,        A2 = Biz/pl>n, ■ • • , An_i = ß,z//.(»-2)/»,

so that An = Bi/zn-1p(n-»in. We then get

yî    Vz/p(r-1)ln, z/p<-'-2)ln, • ■ • , z/>(n-r>'"; "1

-?       Ll/P(,-I)ln,   l/pir~2)ln,  ■  ■ ■  *,  pi*-*-»!»,  Z»p(n-T)ln]

ri/z"-V("-1)/B, l/z»-1/.«"-2)/", • • • , 1/z"-1;!

Ll/z"/»(n-1)/n, l/z»/><"-2)/», • • • , l/znpl'n   J "

But 5(l/x) = -(l/x)5(x), Six/p)=-ix/p)Six), and so, changing r

into {n — r), we find that

Y  n-r-io|~z' *Pl,n< zPVn<  " • z?(B_1,/n;   "I

¿iz     Ui/n, p21", ■ ■ ■*, p(»-vi», znpr'n\

[zn~l, zn_1/»1/n, • • • , zn~1p<-n~lUn;~\

znpl/nt znp2lnt . . ,  j znp(.n-l)ln      J'

where the star on the left-hand side denotes that />''" is omitted. We

now take p=qn and use the fact that

5(z; q)=Siz; q")Sizq; q") ■ • ■ ¿(zç-1; q»),

and we obtain

•SXz-1; q)

(4.1)

>(g°~'; g) m s[z"9> ZV. • • •. zT"1;    1

5(z; j) L?, q\ ■ ■ ■ , ç""1 '"J

X   E z'-'-^T9 '    ?» 1.
r=l Lz"?r        Jr«l LZ"?r

Using (1.5), this gives

t?i{(w - l)z}       Yj û^nz + íT I MT)

,,  « «M(»)} '   ü        *i(ir|»r)
(4.¿)

ï=î t?l(fT I MT) ,
X    E ' e(n*-n-2r)iirî

r_i #i(wz + rr | «r)
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If we change ra into (ra + 1), we see that we have expressed

â\(nz)/âi(z) as the sum of ra products, each product containing (ra —1)

theta functions. The case ra = 3 in (4.2) is equivalent to (1.6).

From (4.2) we can derive corresponding formulae for û2(nz)/&2(z),

â3(nz)/â3(z), and #4(raz)/t?4(z) when ra is an odd integer by changing

z into z + 1/2, z+r/2, z + l/2+r/2. We can also obtain formulae for

âi(nz)/â2(z), t?i(raz)/t?3(z), and t?i(raz)/t?4(z) when ra is even by changing

z in the same way.
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