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4. Proof of Theorem 2. Harish-Chandra [1] and others have
proved that every Lie algebra over a field of characteristic zero has a
faithful representation. Consequently by Lemma 4, £ has a faithful
representation x—(Q, whose matrices have elements in an algebraic
extension & of § such that £(Q.Q,) =0 for all x of M and all y of &
We now apply another form of Cartan’s criterion for solvability which
states that if £(42) =0 for all 4 in a Lie algebra % of linear trans-
formations, than ¥ is solvable, and deduce that the ideal B of all x of
€ such that #(Q.Q,) =0 for every y of € is solvable. This proves the
theorem for we now have 8=% as above.
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COMPLETELY DISTRIBUTIVE COMPLETE
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1. Introduction. In [1],! Garrett Birkhoff makes the following re-
mark: “Tarski has shown that any complete, completely distributive
Boolean algebra is isomorphic with the field of subsets of a suitable
set. One can also show that any closed sublattice of a direct union
of complete chains is a complete, completely distributive lattice. The
question is (no. 69), are there any other complete, completely dis-
tributive lattices?” This paper will answer Birkhoff’s question by
proving the following theorem:?

THEOREM A. Every completely distributive complete lattice 1is 1so-

Presented to the Society, October 25, 1952; received by the editors November 11,
1952.

1 Numbers in brackets refer to the references cited at the end of the paper.

* Definitions and notations used here conform with those of [3], on which this
paper is based.
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morphic with a closed sublattice of the direct union of a family of com-
plete chains.

2. A characterization of complete distributivity.

DEFINITION 1. If L is a partially ordered set and if M is a subset
of L such that if x€ M and y <x, then yE M, then M is called a sem1-
ideal of L. Let R(L) denote the complete lattice of semi-ideals of L.

DEFINITION 2. If L is a complete lattice and x&€L, then let K(x)
=JI{M| MER(L) and x=UM}.

LeEMmMA 1. If L is a complete lattice, then

(A) if xEL, then UK(x) <x;

(B) f x€L, yEL, and x <y, then K(x)CK(y);
(C) if ACL, then Y {K(a)|a€A4}=K(UA).

ProoF. If xEL, then {t|¢t<x}ER(L) and U{¢|t<x}=x, so that
K(x)C {t|t§x}. Therefore UK (x) <x. If x€L, yEL, and x <y, then
{M|MER(L) and ysUM}C{M|MER() and *x<UM}; hence
K(x)CK(%). If ACL and t& Y {K(a)|aEA}, then for every aEA,
t&EK(e) and one can choose an M,ER(L) such that t&E M, and a
<UM,. Then t& Z{MalaEA}. Moreover, K(UA)C Z{M,,|a
€4}, since Y {M.a€A}ER(L) and UA=U{UM,|ac4}
=UY {M.|a€A4}. Hence t&K(UA). On the other hand, if ¢
e E{K(a) a€EA}, then tEK(a) for some aE A, and since e SUA,
tEK(UA). Therefore Y {K(a)|a€A}=K(UA).

LEMMA 2. In order that a complete lattice L be completely distributive
1t 1s necessary and sufficient that if {M.,I'yEC } is a family of semi-
tdeals of L, then n{UM'rI‘YGC} §UH{M1I‘Y€C}-

This follows from Theorem 1 and Lemma 5 of [3].

THEOREM 1. In order that a complete lattice L be completely distribu-
tive it is necessary and sufficient that for every xEL, UK (x) =x.

Proor. To prove necessity, let the complete lattice L be com-
pletely distributive. If x€L, thenx<N {UM| MER(L) and x=UM }
sUJI{M|MER(L) and x<UM}=UK(x). This, together with
Lemma 1(A), implies that UK (x) =x for every x&L.

To prove sufficiency, let L be a complete lattice such that for every
xEL, UK(x)=x. If {M,|yEC} is a family of semi-ideals of L and
if teK(n{UM,|yEC}), then for every yEC, tEK(UM,), by
Lemma 1(B), and t€ Y {K(x)]xEM.,}, by Lemma 1(C). For every
vY&EC one can choose an x,EM, such that i€K(x,) and then ¢
<UK(x,)=x,. Hence t=n{x,|vYEC} and, since N{x,|vyEC}
el{M,|vec}, te I1{ M,|yEC}. Therefore K(n{UM,|yEC})
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cII{M,|vEC}. 1t follows that n{UM,|yEC}=UK(n{UM,|y
EC})éUH{M,hEC}, and, by Lemma 2, L is completely dis-
tributive.

DEeFINITION 3. If L is a complete lattice, let p be the binary rela-
tion on L defined as follows: xpy if and only if x€EL, yEL,
and xEK(y).

DEFINITION 4. If ¢ is a binary relation on a set X, let 0 0 o be the
binary relation on X defined as follows: xo o oy if and only if there
exists a 2z such that xoz and zoy.

COROLLARY. If L is a completely distributive complete lattice, then
p=p O p.

Proor. For every €L, K(x) =K(UK(x))= Y {K(a)|aEK(x)},
by Theorem 1 and Lemma 1(C). It then follows that p=p o p.

The nonmodular lattice of five elements is a complete lattice in
which p=p o p and which is not completely distributive. Hence the
converse of the corollary is not true.

3. Relations 0 =0 0 0. Let X be a set and let ¢ be a binary relation
on X such that c=0 0 0.

DEeFINITION 5. If ACX, let ¢(A) be the set of x€X such that
there exists a y&EA such that xoy. Let L(oc) be the family
{p(4) | ACX}, partially ordered by set-inclusion.

THEOREM 2. If o 1s a binary relation on a set X and if o=0 0 7, then
L(o) is a completely distributive complete lattice. If, in addition, o is
reflexive, then L(a) 1s a complete ring of sets.

Proor. If {4,|]yEC} is a family of subsets of X, and if
x€¢(Z{A1[7€C}), then there is a y&EC and a yEA4, such that
x0y. Then xE¢(4,); hence xE E{¢(A,)|7€C }. This proves that
o( {4 |veC))C Z{d(4,)|YEC}. For every yEC, ¢(4,)
Co(2{4,|7EEY}). Therefore X {$(4,)|[vEC} =o( X {4,|vEC))
and L(o) is closed with respect to union. Hence L(s) is a com-
plete lattice, in which joins are unions; that is, U{¢(A.,)|'y€C }
= 2 {¢(4,)|vec}.

If ACX and x&E¢(4), then there is a y&A4 such that xgy. Since
=0 0 o, there is a ¢ such that xot and toy. Hence if xE¢(4), then
there is}atE(b(A) such that xE¢( {t}). Therefore ¢(4)C > {&( {t})|t
Ed(4) ;.

If tE¢(4) and M is a semi-ideal in L(o) such that ¢(4)C ZM ,
then there exists a BCX such that ¢(B)EM and tE¢p(B). Then
#({t})Cé(B); hence ¢({t}) E M. Therefore, if tCp(A4), then ¢({t})
EK(#(4)). It follows that ¢(4)C D_K(¢(4))=UK(¢(4)). This,
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together with Lemma 1(A), implies that ¢(4) =UK(¢(4)) for every
ACX. This proves that L(s) is completely distributive.

If, in addition, ¢ is reflexive, then for every A CX, AC¢(A4). Hence
if {Af}‘YEC} is a family of subsets of X, then []{¢(4,)|yEC]
Co(I1{¢(4,)|yEC}). On the other hand, for every yEC,
o(IT{e(4,)|yEC})CTo(#(4,)) =$(4,). Therefore, TI{s(4,)|v
e} =¢(I1{s(4,)|vEC}), and L(o) is closed with respect to inter-
section as well as union. In other words, L(o) is a complete ring of
sets.

If 0 =0 o ¢ and ¢ is reflexive, then o is a quasi-ordering. Theorem 2
shows that the relation between completely distributive complete
lattices and relations ¢ =0 0 ¢ is a generalization of the relation be-
tween complete rings of sets and quasi-orderings. The latter relation
has been studied by G. Birkhoff in [2].

4. Proof of Theorem A.

DEFINITION 6. If ¢ is a binary relation on a set X, and if C is a sub-
set of X such that if x&C and y&EC, then either x=y or xoy or yox,
then Cis called a chain in o. If C is a chain in ¢ which is not properly
contained in any chain in o, then C is called a maximal chain in o.

It follows from Zorn's Lemma that every chain in ¢ is contained in
a maximal chain in ¢.

Let L be a completely distributive complete lattice and let T' be
the family of maximal chains in p. If CET and e €L, let f(C, a) be the
set of & C such that there exists an x & C such that tpxpa. If CET,
let Fe={f(C, a)|aEL}.

For every x€L, > {f(C, x)| CET'} =K(x). For if tEK(x), then
{t,x} isa chain in p, so that there is a CET such that {¢, x} CC. Since
C is maximal and p=p o p, there is a yEC such that tpypx. Then
tEf(C, x). Therefore K(x)C 2 {f(C, x)| CET'}. On the other hand,
if t€f(C, x) for some CET, then tEK(x). Therefore X {f(C, x)|C
ET}CK(x).

If a€L and bEL, then either f(C, a) Cf(C, b) or f(C, b)Cf(C, a).
For if f(C, a) is not contained in f(C, ), then there is a t&f(C, a)
such that t&f(C, b). If y&Ef(C, b), then neither =1y nor fpy; other-
wise tEf(C, b). Hence ypt and y Ef(C, a). Then f(C, b) Cf(C, a). There-
fore, for every CET', F¢ is a chain in the relation of set-inclusion on
the set of subsets of C.

If CET and ACL, then X {f(C, a)|a€A}=f(C, UA). For ¢
€f(C, UA) if and only if tEC and there is an xE C such that tpxpUA.
By Lemma 1(C), tpxpUA if and only if there exists an a €4 such that
tpxpa. Hence tEf(C, UA) if and only if there exists an a €A such
that t&f(C, a). Therefore F¢ is closed with respect to union, for every
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CET. It follows that for every CET, F¢ is a complete chain in which,
if FCFe, UF= Y Fand NF= Y {f(C, b)|b€L and f(C, b)C []F}.

If CET and ACL, then N{f(C, a)|a€EA}=f(C, NA). For if ¢
enisc, a)IaGA }, then there exists a bEL such that tEf(C, b)
and f(C, b)C [T{f(C, a)[aEA } Then tEC and there exists an s€C
such that tpspb. Since p=p 0 p and since C is a maximal chain in p,
there exists #€C and y&C such that tpupypspb. Then y&f(C, b),
and for every a €4, yEf(C, a). Hence y<a for every a €4 ; so that
y=<N4. By Lemma 1(B), fpupnNd4, and tEf(C, NA). Therefore
N{f(C, a)|a€EA}CS(C, N4). On the other hand, f(C, NA)
cIT{f«c, a)|a€d}, by Lemma 1(B). Therefore, f(C, N4)
CN{f(C, a)|a€A].

Let D be the direct union of the family of complete chains
{Fc| CET'}. D consists of all functions 8: I'— Y { F¢| CET'} such
that for every CET, 0(C) € F¢. Furthermore D is a complete lattice
in which, if D;CD, then (UD,))(C)=U{6(C)|8E€D,} and (ND)(C)
=n{6(C)|0ED,}, for every CET.

For every aE€L, let 0, be the member of D such that for every
CET, 0,(C)=f(C, a). Let L*={6,/]aEL}. The mapping a—4, is a
one-to-one mapping of L onto L*. For if 0,=0, then for every
CET, f(C, a)=f(C, b). Then a=UK(e)=UX{f(C, a)|CET}
=UX{f(C, b)|cET} =UK(}) =b.

If ACL, then U{8,|a€A}=0y4. For, if CET, then (U{b.|a
€4}1)(0)=U{0.(C)|e€4} =U{F(C, a)|a€A4} = TAS(C, 0)[a €4}
=f(C, UA) =0,4(C). Also if ACL, then N{0.|aEA}=0n4. For, if
CET, then (n{0.|a€4})(C)=n{0.(C)|a€A}=n{f(C, a)|ac4}
=f(C, NA4) =074(C). It follows that L* is a closed sublattice of D,
and that the mapping a—#, is a complete-isomorphism of L onto L*.
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