A CONDITION THAT lima..n7'T"*=0
R. K. RITT

In this note we prove the following theorem:

Let T be a bounded linear transformation on a Banach space; let the
spectrum of T be interior to the unit circle, with the possible exception
z=1; further, suppose that there is an M >0 and an 1>0 such that if
5 is in the resolvent set for T, |z| =21, and |3—1| Su, then ||(z—1)
-(z—T)"Y|| S M. Then lima., n~'T*=0.

As a consequence of a theorem of Dunford,! if T obeys the above
hypothesis, the sequence fa(T) =n~1 Y~ ,T* will then fail to converge
to a projection if and only if =1 is a nonisolated spectral point of T.

To prove the theorem, let €>0 be chosen. Let 9’ >0 such that the
length of the arc intercepted on the unit circle by the circle of radius
7', center at z=1, is less than 2r M~1e.2 Let 8 =min (5, 7’) and T'; the
circle with radius 8. I'; intersects the unit circle in two points 2, 2.
To be definite, let Im (z0) >0. Let I'V be the arc of the unit circle which
does not contain z=1. Let T'; be the arc of I'; not interior to the unit
circle. Let N be such that if >N,

(1) n! f 2"(z — T) Mz || < 2we,
r

2 n! f_ (z — T)Wdz|| < 2me,
Ts

(3) nl < M~Y(e — 1)~ e

Let n> N and, in what follows, hold n fixed. Let 8’ =min (n™!, 9),
and Ty the circle of radius 8’. T';- intersects the unit circle in g’ and
g, Im (2')>0. Let Ty and I'_ be respectively the arcs of the unit
circle from 3, to 2’ and 3, to #, and not exterior to I';. Let I be the
arc of I'y not interior to the unit circle. Then,

4) j;_" n~lgn(z — T) " ldz = (j;p-]- . + j; )n“z”(z — T)-'ds.

Now,
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2 In all the circles we construct, the center will be at s=1.
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(5) f nlgn(z — T)~lds

n—1
= g1

= gi(s — 1)(z — )"z + n“‘f (z — T)ds,
r_

jmoo/ T

f nign(z — T)"ldz
ry

(6) _
= "‘El gi(s — 1)(z — T)"'dz + n! f (z — T)'ds,
j=0V Ty Ty
f_ nlg™(z — T)"'dz
T3’
= “i Cinl]_ (8= 1Yz —1)(z — T)'dz
j=1 IX 4
(7

+nt)_ (33— 7).
rs
The sum of the last terms in the right members of (5), (6), and (7) is
n=1[5, (z—T)~'dz, and is less, in norm, than 2we by (2).
n—1

w1y z2i(z — 1)(z — T)"'dz

j=0¢ Ty

< M (length of T'}) = 2re.

A similar statement can be made for the first term of the right mem-
ber of (5).
Finally,

w1, Cim | (— 1)iY (s — 1)(z — T)"'ds
i ry

j=1
S M2r Y, Cia®) = ' M2x[(1 + &) — 1]
Jm=1
S M2 [(1 + n )" — 1] < n~M2x(e — 1) < 2re by (3).
But ||n—1T|| =||2mi)-(Jr+[5n 5" (s— T)-'dg|,* and using (1)
and the inequalities obtained above, this is less than 5e. The theorem
is proved.
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