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R. K. RITT

In this note we prove the following theorem:

Let T be a bounded linear transformation on a Banach space; let the

spectrum of T be interior to the unit circle, with the possible exception

2 = 1; further, suppose that there is an M>0 and an r¡>0 such that if

z is in the resolvent set for T, \z\ =1, and \z—1| ^r¡, then ||(z—1)

•(z-r)-1|| £M. Then lim^«, »-ir»«0.
As a consequence of a theorem of Dunford,1 if T obeys the above

hypothesis, the sequence fn(T) =n~1H"~i'^T W1U" tnen ^a1'to converge

to a projection if and only if z= 1 is a nonisolated spectral point of T.

To prove the theorem, let e>0 be chosen. Let ?;'>0 such that the

length of the arc intercepted on the unit circle by the circle of radius

■q', center at z = l, is less than 27rAf-1€.* Let 5 = min (77, r¡') and T¡ the

circle with radius S. Tj intersects the unit circle in two points Zo, z0.

To be definite, let Im (z0) > 0. Let V be the arc of the unit circle which

does not contain z= 1. Let Ts be the arc of Y¡ not interior to the unit

circle. Let N be such that if n > N,

(1) M-i r z..(z _ T)-1

(2) »-1 |_ (z- T)~ldz»-1 f   (z -
J n

< 2-irt,

< 2t(,

(3) n-1 < M~l(e - l)-1e.

Let n>N and, in what follows, hold n fixed. Let ô' = min (m-1, h),

and Ty the circle of radius ô'. Tt> intersects the unit circle in z' and

z', Im (z')>0. Let T+ and T_ be respectively the arcs of the unit

circle from z0 to z' and z0 to z', and not exterior to T¡. Let Ty be the

arc of Ty not interior to the unit circle. Then,

(4)

Now,

f   n~\n(z - T)-Hz = (  (_+(+[) n~hn(z - T)~*dz.
J Ts \JTfJT+Jr_/
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<5> /,
n~hn(z - T)~ldz

"_IE f   »'(.* - 1)0 - ^¿z + »-1 f   (a - 7)~1¿z,

(6)

/n~lzn (z - r)-1^

n—1    /*

z'(z - i)(z - r)->& + «-1   f    (;«/IV
z - T)-Hz,

= »^Ê Ci,, f   (z - l)*-l(« - l)(z - T)-1^
;-l J iv

(7)

+ »-1 f   (z - T)-ldz.

The sum of the last terms in the right members of (5), (6), and (7) is

n~1ff¡ (z—T)~ldz, and is less, in norm, than 2ire by (2).

n—1    /»

«-»EJ
i-oJv+

z>(z - l)(z - T)- g M (length of r+) ^ 2-wt.

A similar statement can be made for the first term of the right mem-

ber of (5).

Finally,

«-1 ¿ Cf.» f
y-i J rj.

(z - \)*-\z - l)(z - T)-Hz

^ n-lM2w^2Cj,n(S')> = rrlM2ir[(l + «')" - l]

g w-W27r[(l + M-1)" - 1] < «-1M2ir(e - 1) < 2« by  (3).

But ||»-irn||=||(27ri)-1(/I«+/f,)»-1zB(z-7')-1áz||,3 and using (1)

and the inequalities obtained above, this is less than 5e. The theorem

is proved.
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