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almost everywhere. This hypothesis is satisfied in all of the physical
examples known so far.

In addition it generally happens that \; <0, so that the inequality
u(x) = N\uo(x) is vacuously true when u(x) is in U, i.e., a true absolute
minimum occurs.
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A CHARACTERIZATION OF ANALYTIC FUNCTIONS!
J. E. McLAUGHLIN AND C. J. TITUS

1. Let f be a mapping of an open set D in the xy-plane into the
uv-plane where the component functions # and v are continuously
differentiable. If the mapping is sense preserving, then the Jacobian,
J(f), cannot be negative at any point. If, by analogy with analytic
functions, one assumes also that the Jacobian is zero only if the
Jacobian matrix has rank zero, then one is led to the study of a
family of mappings § where

feg>J() z0,

1
M J(f) = 0> rank of J is zero.

The purpose of this paper is in part to show that if any real linear
vector space of mappings ¥ is contained in § and B contains a pair
of analytic functions whose derivatives are independent on D, then
B contains only analytic functions.

We first prove an algebraic lemma upon which the whole charac-
terization rests.

2. Let € be the vector space of all 2 X2 matrices of the form
G )
b a
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where @ and b are real numbers. Then € is isomorphic to the complex
numbers and € enjoys the property

CEG»|C|z0, |C|=detc,
|c|=0>C=0.
We first prove

(P)

LEmMMA 1. € is @ maximal vector space having property (P) in the
algebra of all 2 X2 matrices.

If the lemma is false, there is a vector space B with property (P)
which properly includes €. Let DE B, D&E. Then the matrices I, J,
and D are linearly independent. (I is the identity, J2= —1I.) It then
follows that I, J, D, and DJ are linearly independent. For suppose
A\, u, o, 7, not all zero, exist so that

(2) M + wJ + oD + =DJ = 0.
Then right multiplication by J gives
3) N —ul 4+ o¢DJ — 1D = 0.

Since I, J, and D are independent, it follows from (2) that 750 and
from (3) that 0. Thus

AN m o ® A T
DJ = — —I+—J+—D)=—I-———J+—D
T T T
which implies —a/7=7/0 or ¢2+472=0. This is a contradiction and
the independence of I, J, D, and DJ is established.
For any real numbers \, u, o, 7, with 2472540,

|+ wJ + oD + 7DJ | = | N + pJ + D(oI + 7J) |
=[O\ + w)(eI + 7)) + D|
eI+ 17| >0,
since the matrix in each factor is in 8 and is not zero. Hence the space
spanned by I, J, D, and DJ, which is just the space of all 2X2

matrices, has property (P) and this contradiction establishes Lemma
1.

LEMMA 2. Let B be any vector space in the space of all real 2 X2
matrices which enjoys the property (P). Then B is either one-dimen-
sional and equivalent to the scalar matrices or B is two-dimensional and
equivalent to the space G.

The one-dimensional case is completely trivial. Suppose B has
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dimension greater than one. Then there exists a pair of matrices
U, V in B which are linearly independent. By property (P) one has
for all real X and p that

) [NT+uV|2z0
which implies
[N+ wV U] 2 0,

and equality holds if and only if A=u=0.

Let VU-'=4, and let § denote the two-dimensional space
spanned by I and 4. From (4) we see that $8 also has property (P).
Since the minimum function of 4 is quadratic, it is clear that & is
closed under multiplication. Similarly one sees that if N/ +ud 0,
then \[+ud)'ER. Hence $ is a two-dimensional division algebra
over the reals. Then & is isomorphic to the complex numbers and
therefore by the Skolem-Noether theorem [1] there exists a non-
singular P such that @ = PEP-1. Then VU-'=PCP-! for some CEG.
If we set P-1U=Q, we have U=PIQ, V=PCQ. If B contains a
matrix W such that U, V, and W are linearly independent, then the
space generated by I, C, and P~'WW(Q~! would be three-dimensional,
contain €, and enjoy property (P). This contradicts Lemma 1 and
hence B is two-dimensional and equivalent to €.

Let § be a family of mappings defined on a domain D which satisfy
the following conditions:

(@) fu, LET>MS1F+Nf2EF for all real \; and \,.

(b) fE&F> is continuously differentiable.

(c) fEF>-the Jacobian of f is non-negative and zero only if it is
of rank zero.

THEOREM. If § contains a pair of analytic functions, fi and fo,
whose complex derivatives are independent on D (Im f{f3 0 on D), then
T s a linear vector space of analytic functions.

ProoF. Let & denote the set of all Jacobian matrices of mappings
in §. They must form at every point (xo, yo) of D a linear vector
space of 2X2 matrices with the property (P). Thus the Jacobian
matrix J for an arbitrary mapping f&E§ at (xo, ¥0) must have the
form

(uz u”) = PCQ where C € G.

Yz Vy/ (20,50)

Since f1 and f; are analytic functions and their derivatives are inde-
pendent, their Jacobian matrices at (xo, ¥o) have the form
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() = (: BOECIECE ™) -a

1 M K2 N

where C; and C; are independent. There exist then Ciand C:in €
such that

PCQ=C, PCQ=C

However, since a vector space with the property (P) can be at most
two-dimensional one has that PEQ=E. Thus our given Jacobian
matrix at (xo, o) must be in € which implies that the component
functions of f satisfy the Cauchy-Riemann equations. Since (xo, ¥o)
was arbitrary and the Jacobian was assumed to be continuous, it
follows that f is an analytic function as was to be proved.
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