ON A THEOREM OF ZASSENHAUS'
H. E. GOHEEN

In a recent paper Zassenhaus [1] has proved the following theorem:
if in a finite group G the normalizer of every Abelian group is also
its centralizer, then G is Abelian. It is the purpose of this note to
give an alternative proof of this theorem.

Let G be a finite group in which the normalizer of every Abelian
subgroup is its centralizer. In an induction proof we assume that all
groups of order less than the order of G which satisfy the hypothesis
of the theorem are Abelian. Then in particular all the subgroups of G
are Abelian.

In case the center of G is not the identity, Zassenhaus has the fol-
lowing argument. The order of G/Z is less than that of G. But the
same hypotheses as for G hold for the quotient group and, therefore,
G/Z is Abelian. Then if @ and b are any two elements of G, a~ba
=p (Z) and az=za. Thus a is in the normalizer of the Abelian group
(b, Z) and hence, by hypothesis, commutes with everything in (b, Z)
including b. Thus a and b are commutative and G is Abelian.

The alternative case cannot occur, for in case the center of G is
the identity, then either a maximal subgroup of G is invariant or not.
In the former case G is the centralizer of a maximal invariant sub-
group G, for such a subgroup would as noted be Abelian. But if p
is not in Gy, {p, Gl} =G. Then, since G, is Abelian and p is in the
centralizer of G; and hence commutes with all its elements, G is
Abelian.

It will now be shown that G; cannot be noninvariant if G is not
Abelian and if the center of G is the identity. For then the group G
has a representation as a permutation group on G; and its conjugates,
an element x corresponding to the permutation

= ()

for the # conjugate subgroups Gy, Gy, « - -, G.. The representation is
1-1 in this case; and the subgroup fixing one letter in it, say G, is
the subgroup G; of G. If, in this subgroup, there is an element ¥y cor-
responding to a permutation fixing more than one letter, say G;, as
well, then v is in both G; and Gj;. Since G; and G; are both Abelian
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and both maximal, then every element of the group G = {G;, G;} com-
mutes with y. This contradicts the assumption that for this case the
center is the identity.

On the other hand, if G; and G; have only the identity in common,
then G has a representation as a permutation group of class n—1.
Then by a theorem of Frobenius [2], G has an invariant subgroup,
H, necessarily Abelian since all subgroups of G are, consisting of the
permutations of degree n. Since H is Abelian, its normalizer, which is
G, is its centralizer. But then H is in the center of G, again a contra-
diction, for H cannot be the identity.

Since the theorem is true for groups whose order is prime, all of
which satisfy the conditions and all of which are Abelian, the induc-
tion is complete.
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