UNIQUENESS IN THE LEFT DIVISION OF ORDER TYPES
SEYMOUR GINSBURG

In [7] Sierpifiski gave several sufficiency conditions for the unique-
ness of left and of right division of order types. Davis, in [2; 3], gen-
eralized these results for division on the right. The purpose of this
note is to consider division on the left.

The following results are needed to prove Theorem 1.

LemMMA 1. Let M be a simply ordered set which has the fixed point
property.r If o and B are any two order types such that al M [ =,B| M ] ,
then a=.

The proof of Lemma 1 is to be found in [5].

LEMMA 2. Let H={n|n<w}U{w, w*, o*+w}, and let u be any
order type such that u<u2.2 If v and 8 are any two elements of H such
that wy=ud, then v =24.

ProoF. In [4] it was shown that us <ut for any two positive inte-
gers s and ¢ for which s <t. Hence the lemma is true if v and § are
each integers. Since, for s finite, us<u(s+1) Suw=p(w*+w) and
us <u(s+1) Spw* Su(w*+w), it follows that the lemma is true if one
of the elements v or é is finite, and the other is not. Suppose that uw
and uw* are demonstrated to be incomparable order types.? This will
imply that uw <u(w*+w) and that pw* <u(w*+w). Consequently the
lemma will be true in all cases. In order to see that uw and uw* are in-
comparable order types let

A=A0UA1U-..UA’.U... ("<0))
and
B=---UB,U---UB,UB, (n < w)

be two ordered sums,® where| 4;| =| B;| =p for each 7 and j. The order
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1 A simply ordered set E is said to have the fixed point property if, for each
similarity transformation f of E into E, an element p; can be found so that f(¢;) =p;.

? Let A and B be two simply ordered sets. By | 4| <| B| is meant that there exists
a similarity transformation of 4 into B, but no similarity transformation of B into 4.
By | 4| =| B| is meant that there exists a similarity transformation of 4 into B, and a
similarity transformation of B into 4. | 4| and | B| are incomparable order types if
there is no similarity transformation of 4 into B and no similarity transformation
of Binto 4.

3 Let E be a nonempty simply ordered set. Let {4,|e¢E E} be afamily of pairwise
disjoint sets. The set B=\U g4, is called an ordered sum if it satisfies the following
two properties for each pair of elements a, and e, of B. (1) If e<e’ then ¢,<a,.
(2) If e=¢’ and a,<a, in 4, then g,<a, in B.
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type of A is ww and that of B is uw*. Suppose that uw and uw* are
comparable order types, say ww <uw*. Thus there exists a similarity
transformation f of 4 into B. Let p be an element of 4,. The element
f(p) is in one of the sets B;, say B,.. As f is a similarity transformation
of A into B, for each element x in the set C=U,214., f(x)>f(p).
This, combined with f(p) being an element of B,, implies that f(x)
is in the set D =U;gmBn, i.e., f(C)SD. Therefore pw= | CI Su(m+1).
This is a contradiction. Consequently no such similarity transforma-
tion f can exist. Therefore pw < uw* is false. In an entirely analogous
manner we see that uw* < uw is also false. Hence uw and uw* must be
incomparable order types. Q.E.D.

Let E be a simply ordered set and p an element of E. Denote by
F, the set of those elements x in E which have the property that
there are only a finite number (possibly none) of elements of E be-
tween x and a. The set F, shall be called a component of E.

The components of a set E have the following two properties:

(*) If F,NF,is nonempty, then F,=F,.

(**) The order type of each component is either #, where # is a
positive integer, w, w*, or w*-+w.

The next lemma is stated as Theorem 2 in [7].

LeMMA 3. If o and B are any two order types for which an=_Fn,
where n is some positive integer, then a={.

We now prove our main result.

THEOREM 1. Let M be a simply ordered set with the fixed point prop-
erty. Let o be any order type such that o <a2. If 8 is any order type such
that o| M| =B| M|, then a=8.

PRrOOF. Let A and B be two simply ordered sets such that |4 | =«
and |B|=B. Let P=AXM and Q=BXM,* and f be a similarity
transformation of P onto Q. For each element m in M let F,, be the
component of M which contains m. Denote by ao a definite element
of 4.

If the order type of each component of M were to be transfinite,
ie., w, w* or w*+w, then the set M evidently could not have the
fixed point property. Therefore one of the components of M must be
finite. Let p be the first element of this component and let f (ao, p)
= (bo, ¢). Suppose that for some element (@, m) of A X F,, the element
f(a, m) is not in BX F,. For each element (¢, z) of A X F, such that

4Let R and S be any two simply ordered sets. By RX.S is meant the cartesian
product of the sets R and S, i.e., the set {(r, s)|rER, s&S}, the elements being or-
dered by last differences.
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(@0, ) <(c, 2) consider the element f(c, 2) =(d, #). Now
(bo, @) = flao, p) < f(¢, 2) = (d, u).

Suppose that (d, %) is not an element of the set BX F,. Then the set
L={w|g<w<u, wE M} must be infinite. For if L were to be finite,
then # would be an element of F,, whence (d, #) would be in BX F,.
Since z is in F, the set {xl p<x=<gz x€ M} has only a finite number
of elements, say r. Therefore the order type of the set

J = {v|(ao, P) < v < (e z),vEP}

is <|A|r. Since L is infinite, it contains r+1 elements. By Lemma 1,
a=f. Since a<a2, it follows that 8 <(2. By Lemma 2, it follows that
Br <B(r+1). Thus Br <B(r+1) = IBI |L] . Since f is a similarity trans-
formation of P onto Q,

S = {9]e q) <y < (@, u),yEBXM}.

Hence B XL is a subset of f(J). Therefore f*(BXL)’ is a subset of J.
Thus

|BXL| = [BXD| =|J| s|4|r=|B[r<[Bl¢+1),

which is a contradiction. Consequently f(c, 2) must be an element of
BXF,. In a similar manner we see that for each element (c, z) of
A X F, such that (¢, 2) <(ao, p), the element f(c, 2) is in BXF,. We
conclude that f(4 X F,) is a subset of BXF,.

By considering the function f* we see that f*(B X F,) is a subset of
AXF, Thus BXF, is a subset of f(4 XF,). Therefore f(4 XF,)

=BXF, Thus |AXF,|=|BxXF,|=|4||F,|. By Lemma 2,
| F| =|F,|. Thus |A||F|,=|B||F|,. Since | F,| is finite, on ap-
plying Lemma 3 we obtain IA[ =|B .Q.E.D

If, in Theorem 1, one replaces “the fixed point property” by “a
finite component,” then the conclusion is no longer valid. For exam-
ple, let |M| =9, a=1, and B=1. Each point of M is a component of
M, and a| M| =n=pn. An inspection of the demonstration of Theo-
rem 1 reveals that the proof breaks down at the point where Lemma 1
is applied to obtain a=pf. The reason is that Lemma 1 is no longer
valid if “the fixed point property” is replaced by “a finite com-
ponent.”

If the hypothesis on « is removed, then the conclusion may no
longer be true. This is so in the case where |M| =14w*+tw, a=7,
and B=7+1. The condition on a may be relaxed if further condi-
tions on M are assumed. To be specific we have

¢ By f* is meant the inverse function of f.
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THEOREM 2. Let M be a simply ordered set which has a first element,
a last element, and the fixed point property. If a and B are any two order
types for which o| M| =8| M| then a=8.

PRrOOF. Repeat the proof given in [7]. At each place that Sierpifiski
uses Corollary 2, use Lemma 1 instead.

Now each complete simply ordered set® has both a first and a last
element. It is also known that each complete simply ordered set has
the fixed point property [6]. Thus we obtain the following known re-
sult [1, p. 42]:

CoRrOLLARY. If A, B, and C are complete simply ordered sets and
|B|4] =|cCl||4], then | B| =|C].

ReEMARKs. (1) If M is a well ordered set of order type ¥+1, then
M satisfies the hypotheses of Theorem 2. Consequently Theorem 2
is a generalization of Theorem 2 of [7].

(2) It is natural to inquire as to whether or not the conclusion of
Theorem 2 is still true if M is no longer required to have (a) a last
element, (b) a first element, and (c) either a first or a last element.
In each of the three cases a simple example shows the answer to be
in the negative.

(a) Let |M| =14w*+w, a=1, and §=n+1. Then aIMI =ﬁ|M|

=7.
(b) Let | M| =w*+w+1, a=n, and f=1+n. Then a| M| =8| M|

7.

(c) Let |M|=w*+w+1+w*+w, a=A+1, and B=1+\. Then
a| M| =] M| =\+X\.

BIBLIOGRAPHY

1. G. Birkhoff, Lattice theory, rev. ed., New York, 1948.

2. A. C. Davis, Cancellation theorems for products of order types. 1, Bull. Amer.
Math. Soc. Abstract 58-1-77.

3. , Cancellation theorems for products of order types. 11, Bull. Amer. Math.
Soc. Abstract 58-4-330.

4. S. Ginsburg, Some remarks on order types and decompositions of sets, Trans.
Amer. Math. Soc. vol. 74 (1953) pp. 514-535.

5. , Fixed points of products and ordered sums of simply ordered sets, Proc.
Amer. Math. Soc. vol. § (1954) pp. 554-565.

6. B. Knaster, Annales de la Société Polonaise de Mathématique vol. 6 (1927)
p. 133.

7. W. Sierpifiski, Sur la division des types ordinaux, Fund. Math. vol. 35 (1948)
pp. 1-12.

UNIVERSITY OF M1aMI

¢ A simply ordered set E is said to be complete if every subset D of E has both a
least upper bound and a greatest lower bound in E.



