
INTEGRALS FOR ASYMPTOTIC EXPANSIONS OF
HYPERGEOMETRIC FUNCTIONS

L. J. SLATER

1. The integral for ordinary hypergeometric functions. In this pa-

per I discuss integrals which provide explicit asymptotic expansions

of generalized basic hypergeometric functions. The problem of

asymptotic expansions for hypergeometric functions has been con-

sidered previously by C. S. Maijer [2], E. M. Wright [5], and, for

basic functions, by G. N. Watson [4].

Let

aFbKo); (ft); sj = 1,       ...   -77— 7
n=0     (Ol)n(02)„   •   ■   ■   (ftjj)nW!

where (a)„ = c(a + l)(o + 2) • • • (a + ra-1). Also let

m-.m]-™™'"™.
r(s,)r(i,) ■ • ■ r(fe)

A dash will denote the omission of a vanishing factor in a sequence.

Thus, (a)'—ar denotes the sequence ax — ar, ai — ar, ■ ■ ■ , ar-i — aT,

aT+i — aT, ■ ■ • , a a— a,.

It is known already (see [2] and [5]) that if

1    r *•    ["(a) + s, (ft) - si
/(z) = - I      T z'ds,

2riJ-iM    1(c) + s, {d) - d

„_i L(c) - a„, (rf) + a„ J

f(ft) + a„, 1 + a„ - (c); 1

LI + aM — (a), (d) + a„; J

* r(fl) + 6„ (ft)'- M

,=1        L(c) + ft,, (<f) - ftj

r(a) + ft„ 1 + ft„ - (d); I

*-*— [1+s, _WiM+J,<-H
ifeew, provided that ir\A +B — C—D\ /2 > | arg z|,

(1.1) (i)     f(z) = £ x(a) ~ Z *(*)    w*e» 5 + C < A + Z>,

(1.2) (ii)    7(z) = E *(z) ~ Z *(«)    when B + C > A + D,
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and (iii) 1(1) = Za(1) = Hb(1), when A-C = B-D^0 and

(1.3) RlJ2(c + d- a- b) > 0.

In particular, the cases .4=1, £=2, C=£ = 0, and A =B = C=l,

£» = 0, lead to

1F1[a;b;z]~T[l + a-b;l-b]z-°2Fo[a,l + a-b;    ;-l/z]

+ e'z°-hT[b; a]iFo[l - a, 6 - a;    ; 1/z]

provided that |arg z\ <ir/2. This is Barnes' well-known result for

the confluent hypergeometric function (see [l]).

2. The analogue for basic functions. I shall now state the cor-

responding results for basic hypergeometric functions together with

an outline of the proof. In the usual notation for basic series, let

t r, n   /«    l      v*    (°i)n(a2)» • • • (<u)„3n
A*Bm; (b);z] = D -

»=0    (0l)n(02)„  ■   •   •   (0B)n(l)n

where (a)n = (l-3°)(l-2a+1) • • • (l-qa+n~1), and |g| <1. Also let

i.o (1   -g6l+n)(l - q***) ■■■(!- q"*+n)

Let Ip,r be the integral

— f ft [(*) +*,(»)-*, 1 - * + *, i - i: (c) + j, (d) - s]ds
2m J

= / ft (s)ds

taken round the contour A( — iw/t)B(iv/t)C(R+iir/t)D(R—iir/t),

and let Jp.K' be the same integral taken round the contour A(—iir/t)

■B(iir/t)E(-R'+iTr/t)F(-R'-iir/t). We shall assume now that

P>R and £>£', and that both contours are indented so that (sup-

posing that R and R' are integers) the first R of every ascending se-

quence of poles of np(s) fall inside ABCD, and the first R' of every

descending sequence of poles of IJp(s) f&U inside ABEF. We assume

also that q = e~', t>0, though the restriction that q is real can easily

be removed from the final result by analytic continuation over the

circle |g| <1.

By the periodicity of the integrand, we have

f    IT (s)ds =f    II (s)ds    and      f    II (s)ds =  f    ft (*)*•
J BC J AD J FA J EB
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Hence

Ip.b =  f    II (s)ds + f    IT (s)ds,
J AD J CD

and

-ip,n- = f n(s)ds +f nw^s.
J AB J BF

But

p
Ip.r — X (residues within A BCD of JJ (5)),

. J_ y jt r(a) + d„, (6) - <*„, 1 - z + d„ z - d,l

t h   L      (c) + d„ (dy -d.,1      J
jL, ((c) + dX(i + d„- (b))nQ»

„=o   ((a) + <*M)„(1 + <Z, - (<*))„

where f2 = (-g(n+1)/2+<'p)(B-BV1+"'-+6Bj<'1-dB+', that is

I p.* =iiniM,    say.

Similarly,

£ y TT H6) + c" (o) - c„ z + c„ 1 - z - e/1

- p.»' = - t z, 111_      (d) + c^ (c), _ Cw l      1

^ ((<*) + c,)n(l + c,- (a))nQ'»

n-0        ((ft) + C,)n(l +C.-   (C))„

where Q' = ( —g(»+«/*+")(c--*)g«i+-"+«A-ci-oc+i-', that is,

c     p    «'

-/p.k< = ELIE («).    say,

and so

f nw& = i:ni:(<o+f nw*
Jab J dc

*•    '    ' C      P     R' n        P

= ini:w+    n w*.

Now

J. P J      /.t/II    P
IT (s)ds   ^ — I II (* + if) dr,

DC ZirJ-T/t\



i955l       ASYMPTOTIC EXPANSIONS OF HYPERGEOMETRIC FUNCTIONS 229

and

II (s)ds   = - I        II i-R' + ir)  dr.
fe 2irJ-x/t\

It has been shown previously (Slater [3]) that if D=B and

MT,(l>-d)>0, or if D>B, /a*IP (*)<**= S^IPE" (<*)• Also if
^4=Cand 9?X)(a-c)>0, or if C>4,

f ft(*)* = i;nito.
In all cases, even when C<A, or when D<B, we have for R fixed

I r ft (s)dS
I J AC

1      oo       I   l_L.g(o)+fi+n|    I   l_|_^l-i+«+nl    I   J_L.g(6)-*+n I    I   J_|_g«-B+n|

~T | l-qW+»\ | l_9W-«+»|

But the next term of the series ED IP Efi(^) would be

»    * r(a) + <f„, 1 - z + <*„ (b) -d„z- 4f]

£       L (c) + d„ (d)' - dm 1 J

x ((c) + rf,)g+1(l + <*» - (&))b+iQ*+1

((a) + rf^a + d„ - (<f))fl+1

which is of the same order in £ as /DcHP(s)ds. Similarly, for R'

fixed fFsJ]Lp(s)ds is also bounded above as £—»«>, and this integral

is of the same order in £' as  the (£'-(-l)th  term of the  series

£CIP£*'M.
Hence we have

1     n wit  «o

—. I        IT [(«) + ^, 1 — z + 5, (6) — J, z — 5; (c) + 5, (d) - s]ds
2vlJ -iT/t

^ 1_ °   » r(a) + rfM, 1 - 2 + 4,, (b) -d„z- d,l

' IS      L (c) + <t, (<*)' - d„ 1 J

r(C) + <*„ 1 + <f„ - (6);   "I
X B+C&A+D-1 \ Q\L(o) + <*„, 1 + <*„ - (d)';   J

^ J_ *- r(J) + c„ (a) -c„z + c„l-z- el

~ <  M      [ (<*) + c„ (c)f - c„ 1 J

LW + c„ 1 + c, - (c)';     J
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where

Q   =   (_o(»+l)/2+<J„)(Z)-B)„61H-+6^-^-dD+t

and

ry  =   ' — q(n+l)l2+cl)yC-A)qai+-- -+*A-ci-cc+l-z(

even when D<B or when C<A.

In particular, let

A = B = 0,       C = 1,       Z? = 2,

then

J       /» ix/t     co

777 I IT [l — * + *. * — *; « + s> ! — ft — s, —s\ds
2irtJ-iT/t

= fl\   ~X'*~\i*i[o;b;-qW*+*"]
La, 1 — ft, 1J

- p-ft- *,*- l,+ ft-|

Ll + a-ft,ft-l, 1    J
X 1*1 [1 + a - ft; 2 - 6; _j(»H>/«-j

(2.3) - fx + a, 1 - x - a]       .
~II L   , .      ,     L*o[l + a-ft,a;   ; g1—<•]

LI + a — ft, a, 1   J

and, if A=\ = C = D, 5=0, then

J /% ixlt      oo

—: I IX [ft + J, 1 — x + j, a; — 5; a + 5, —5]<fi
2iri J -ii/i

- rft, 1 - *, *-i
= I i*i [a; ft; g1]

(2.4) L, 1 J
" Tft — a, 1 — # — a, x + a~|~nL,i J

X2*o[a, 1 + a - ft;    ; _ji+*-i——(f«/i]p

But

i*i[a;ft;«2(-+1>'^]

00

= 11 I1+ «-& + * + xiA]i*i[ft - a; ft; -?i+«+^»]

and

(2.6)      !*,[<»; ft; g*] = l/ft [*]-i*i[* - a; ft; -$«•»/«■•+-»].
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Hence we have

!«l>,[a; fc; fl<"+i»2+"]

"T1 + a- b+ x + xi/t, b - a- x+ xi/t, 1 - 6"|

~      Ll + a - b, b + xi/t - x, 1 - b + x + xi/t       J

Xt*okl + fl-4;   ;-g»—•]

- ["x + 1 + vi/t, xi/t - x, a "]

\_b, I + a — b + x + xi/t, b — a — x + 7ri/tj

X2$o[l - a, 6- a;   ; q°-»-(n+»n]

and

i^Ja; 6; qx]

^^r2a-l-x,l-b I

Ll — a, 1 + b — a — x, a — b + xj

X2*o[l - a,b- a;   ; g1-]
(2.8)

" Ta + x, 1 — a — x, b — a~]

l_x, 6, x, 1 — * J

X s*o[l + a - 6, a;   ; -?i-*«h-»-»-<«+i>/*].

These two results are the analogues for basic series of (1.4) above.
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