INTEGRALS FOR ASYMPTOTIC EXPANSIONS OF
HYPERGEOMETRIC FUNCTIONS

L. J. SLATER

1. The integral for ordinary hypergeometric functions. In this pa-
per I discuss integrals which provide explicit asymptotic expansions
of generalized basic hypergeometric functions. The problem of
asymptotic expansions for hypergeometric functions has been con-
sidered previously by C. S. Maijer [2], E. M. Wright [5], and, for
basic functions, by G. N. Watson [4].

Let
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where (a),=a(a+1)(@+2) - - - (a+n—1). Also let
I'(a)T'(as) - - - T(aa)
T(d)T(bs) - - - T(8a)

A dash will denote the omission of a vanishing factor in a sequence.
Thus, (e¢)’—a, denotes the sequence a,—a,, a2—a,, * + -, Gr_1—a,

Qrp1—Qpy * * * , Qs —dy.
It is known already (see [2] and [5]) that if
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then, provided that 1| A+B—C—D|/2>|arg |,
(1.1) () I(3) = 2 ale)~ 2 s(z) when B+C < A+ D,
(1.2) Gi) IG) = 2 8() ~ 2 a(z) when B+C> A+ D,
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and (iii) I(1) = D_a(1) = > 5(1), when A—C=B—D=0 and
(1.3) R1Y(c+d—a—0b)>0.

In particular, the cases A =1, B=2, C=D=0,and A =B=C=1,
D=0, lead to

WFila; bzl ~T[1 +a—b;1—ble2Fola, 1 +a—b; ;—1/3]
+ e2° 3 [b; aloFo[l — a, b — a; ; 1/2]

provided that |arg z| <m/2. This is Barnes’ well-known result for
the confluent hypergeometric function (see [1]).

(1.4)

2. The analogue for basic functions. I shall now state the cor-
responding results for basic hypergeometric functions together with
an outline of the proof. In the usual notation for basic series, let

2. (81)n(@2)n - - - (@a)nz™
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where (@), =(1—¢*)(1—¢*t) - - - (1 —¢*t* 1), and |q| <1. Also let
P E (L g — g - (1= gty
II@:®»]= g (1 —gbrtn)(1 — gbetn) . .. (1 — gbB+m)
Let Ip,g be the integral

1 P
2—1r—ifH[(a)+s,(b)—s,l—z+s,z—s:(c)+s,(d)—s]ds

=f ﬁ (s)ds

taken round the contour A(—in/t)B(ix/t)C(R+in/t)D(R—iw/t),
and let Ip,rs be the same integral taken round the contour 4 (—4w/¢)
‘B(ir /t)E(— R'+in/t)F(— R’ —iw/t). We shall assume now that
P>R and P>R’, and that both contours are indented so that (sup-
posing that R and R’ are integers) the first R of every ascending se-
quence of poles of [[7(s) fall inside ABCD, and the first R’ of every
descending sequence of poles of []?(s) fall inside ABEF. We assume
also that g=e~*, t>0, though the restriction that g is real can easily
be removed from the final result by analytic continuation over the
circle | ¢| <1.
By the periodicity of the integrand, we have

P P P P
11 (5)ds = II (s)ds and f II (s)ds = H (s)ds.
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Hence
P P
Ipr = II ()ds + 11 (5)ds,
AB CcD
and
P P
—Ipp = 11 ()ds + 11 (s)ds.
AB EF
But

P
Ipr = D (residues within 4 BCD of [] (s)),
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where Q = ( — q(n+l) /2+d,,)(D—B)qbl+~ s ++bg—di—-- —dp+z that is

D P R
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Similarly,
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and so
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1 x[t
=/

2r —x/t
It has been shown previously (Slater [3]) that if D=B and

RD(b—d)>0, or if D>B, [4s]]? (s)ds=D-? [ X= (d). Also if
A=Cand RY (a—c)>0, orif C>4,

P C o o
II(s)ds = 211 X 9.
AB
In all cases, even when C<A4, or when D <B, we have for R fixed
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But the next term of the series »_2 [[? 3 (d) would be
iﬁ[(a) +d,1- z+d“,'(b) —dyz— d,]
p=1 (C) + dm (d) - dm 1
((0) + d)rir(1l + du — (8))r+1QF*!

((a) + du)R+l(1 + d, — (d))R+l

which is of the same order in R as [p¢ [[?(s)ds. Similarly, for R’
fixed [rg J[I7(s)ds is also bounded above as P—w, and this integral
is of the same order in R’ as the (R'+1)th term of the series
2 I17 327 (o).

Hence we have

and
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where
Q = (._ q(n+l)/2+d,,) ‘D‘B)q"l+ et bg—di—- - ._,304.,’
and
Q’ = (_ q(n+l)/2+cy) (C—A)qa1+ ceetbagq—cr—c e o— cc+l—z,
even when D <B or when C<A4.
In particular, let

A =B =0, C =1, D =2,

then
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and
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Hence we have
181 [a; b; gintDI2+a]
©rl4+a—b+x+wi/t,b—a—x+ mi/t,1 — b
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X 1®ofe, 1 +a—b; ; —g>]

2.7

(2.7) +I-°I[x+1+1ri/t,1ri/t—x,a ]
bbl14+a—-b+ =2+ mi/t,b—a— x+ wi/t

X 24,0[1 —a, b — a; ;qa—-:v—(u+1)/2]
and
191[a; 8; ¢7]
®*r2g—1—21-1%
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2.8) X :®[1 —a,b—a; ;q"7]

*“*rfa+2,1—a—x,b—a
+H[ ]
% b, 21—z

X a<I>o[1 +a—0ba; ; —ql—2a+b-a—(n+1)/z]‘
These two results are the analogues for basic series of (1.4) above.
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