
SWAC COMPUTES 126 DISTINCT SEMIGROUPS
OF ORDER 4

GEORGE E. FORSYTHE1

1. Summary and history. A semigroup is a set of elements closed

under an associative multiplication. Two semigroups are here con-

sidered distinct if they are neither isomorphic nor anti-isomorphic.

Let/(w) be the number of distinct semigroups of order n. Prior work

[1; 5] shows that/(1)=1,/(2)=4,/(3)=18. For » = 4, Poole [3]
lists 55 distinct commutative semigroups. Carman, Harden, and

Posey [l ] correct some errors in [3 ], add 66 distinct noncommutative

semigroups for n—4, and list all 121 semigroups.

The present work achieves three results believed to be new:

A. The total number of semigroups of order 4, including isomorphs

and anti-isomorphs, is found to be 3492. Of these, 126 are distinct, and

58 are distinct and commutative.

Thus/(4) turns out to be 126.

B. The author has on punched cards multiplication tables for all 3492

semigroups of order 4.

C. The table below includes multiplication tables for all 126 distinct

semigroups of order 4.

The table verifies that all 121 semigroups of [l] are correct, and

adds five new ones. After the list was prepared, Professor Takayuki

Tamura wrote Professor Hewitt that he also has prepared a list of

distinct semigroups of order 4.2

2. The computation. The principal computing tool used here is

SWAC, a fast electronic computer [2]. Any multiplication table on

four elements (taken to be 0, 1, 2, 3, for machine reasons) is con-

sidered to have its four rows arranged consecutively; see the table.

This permits two binary digits to represent each element, and allows

the codes to make efficient use of SWAC's "carry" and "overflow"

functions. Each distinct semigroup is represented by its normal form

—the first in lexicographic order among the multiplication tables of

its isomorphs and anti-isomorphs.

The SWAC computation is sequenced by four codes written by the

author for this problem.  None of these requires use of SWAC's
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magnetic drum. The four codes have been filed for public examina-

tion with: (i) Librarian, Numerical Analysis Research, University of

California, Los Angeles 24, Calif., and (ii) Computation Laboratory,

National Bureau of Standards, Washington 25, D. C.

The first code causes SWAC to examine in lexicographic order the

416 (about 4X109) possible multiplication tables for four elements,

and to punch out the associative ones. The associativity test takes

SWAC about 10_1 second per table; at this rate it would require over

13 years for 416 tests. Testing of partial tables for associativity, how-

ever, allows SWAC to reject large blocks of tables at a time, and to

punch out all 3492 semigroups in less than 80 minutes.

The second code causes SWAC to punch out the normal form of

each of the 3492 multiplication tables—a mostly unnecessary pro-

cedure consuming about 120 minutes.

The third code causes SWAC to reject the duplicates among the

3492 normal forms, and punch out the 126 distinct normal forms in

lexicographic order. It runs in 5 to 10 minutes.

The fourth code converts the 126 norrhal forms from base 2 nota-

tion to base 4, and punches each normal form on a separate card for

later listing on a tabulator.

Each code has been run twice on different days and the outputs

are identical.

3. Table of distinct semigroups. The normal forms (see §2) of the

distinct semigroups of orders n = 2, 3, and 4 are given in the table

below. The table contains the following information for each distinct

semigroup: N, its number in the lexicographic order of the normal

forms; C, the number of the corresponding semigroup in the list of

[l]; Ri, the ith row of its multiplication table in normal form

(* = 1,   •••,«).
The multiplication tables for n=3 were normalized by J. L.

Self ridge and T. S. Motzkin from those in [5]. The normal forms for

»=4 are a reproduction of the output of the fourth SWAC code de-

scribed above.

The author believes the table for n = 4 to be correct and complete

for the following reasons: (a) the normal forms were generated twice

on SWAC from codes the author prepared personally, and the print-

er's copy was tabulated directly from SWAC's punch-card output;

(b) a machine computation shows that 121 of the semigroups in the

table are isomorphs or anti-isomorphs of the 121 semigroups of [l],

while the five semigroups not in [l ] have been checked by hand for

associativity. Ordinarily coding mistakes, if present, result in enor-

mous errors.
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Note added in proof. Professor Tamura's list (see §1 above) has

now appeared in the Journal of Gakugei, Tokushima Univ. vol. 5

(1954) pp. 17-27. It was computed by hand by Tamura and M.

Yamamura in 1953 and 1954, and was submitted for publication in

August 1954. Using the second and third SWAC codes (see §2), the

author finds that Tamura's 126 semigroups are (up to isomorphism

or anti-isomorphism) precisely those generated by SWAC.

The correspondence with Tamura's list can be established from the

following table, giving Tamura's numbers for the 126 semigroups in

the order of my table below:

0—001, 003, 118, 010, 004, 078, 079, 030, 044, 009,
1—006, 002, 119, 031, 053, 008, 117, 007, 043, 005,
2—101, 071, 075, 110, 093, 080, 063, 108, 077, 038,
3—083, 061, 026, 025, 049, 039, 045, 076, 036, 120,
4—054, 121, 116, 100, 092, 072, 073, 062, 041, 040,
5—051, 050, 042, 037, 109, 091, 052, 107, 089, 070,
6—103, 087, 074, 102, 068, 069, 032, 088, 081, 060,

7—059, 022, 024, 027, 048, 033, 125, 126, 096, 066,
8—084, 095, 086, 065, 097, 085, 067, 098, 064, 035,
9—124, 082, 094, 058, 023, 123, 028, 046, 122, 047,

10—034, 020, 013, 012, 115, 055, 114, 099, 106, 090,
11—056, 104, 014, 015, 112, 057, 113, 105, 021, 029,
12—016, 111, 011, 017, 019, 018.
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