ON THE DISCRIMINANT OF ARBITRARY ALGEBRAIC
NUMBER FIELDS!

J. M. CALLOWAY

One of the important applications of Minkowski’s Lemma on linear
forms is the proof of the fact that the discriminant d of every algebraic
number field of degree n = 2 is divisible by at least one prime number.

A beautiful identity of C. L. Siegel gave this result immediately for
totally real fields.? In Siegel’s paper he notes that analogous develop-
ments are valid for the general case. In this paper we shall obtain a
generalization of Siegel’s identity which yields the

THEOREM. The absolute value of the discriminant d of an arbitrary
algebraic number field K of degree n=2 is always greater than (w/3)%
(n=r1+2rs).

Let K be an arbitrary algebraic number field of degree n=1. Its
discriminant, d, is a rational integer, |d| =1. If n=r142r,, we denote
the # conjugates of any number u &K by u®, u®, - . . u® where
uO, u® e ut) gre always real and u™t? is the complex con-
jugate of ptrtrat) p=1 2 ... ) If w, wy - -+, w, form a basis
for K, then the reciprocal matrix of (w®) (k=1, 2,---, n;
I=1, 2, - -+, n), we shall designate by (@F). It is known that
Q, &, - -+, Q, is then a basis for the fractional ideal 1/6C K. The
integral ideal b is called the different or Fundamental Ideal and has
norm equal to the absolute value of the discriminant d of K.

In all that follows, whenever we encounter a product Hx, or a
sum Ez, we understand the quantities N\, u, &, 9, 0, %, », 2 to have
superscripts AV, u®, £ g B D 4B gb,

Our theorem about the discriminant, d, now follows from the
identity

W ae] = (%)"Hz«)m > fI(Sim)z' 1T ce 2],

amm =1\ T Y
where N runs through all the elements of the ideal 1/b except 0, and
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© (_ 1) my2m
G(x) = 2. -
m=0 (2m + 3)m'(m + 2)!
It will be shown that G(2r|\|) >0 for all \.

When n=r;42r,, 7,50, d is obviously greater than 1. If 7,=0,
then (1) becomes Siegel’s formula

n 3 T 2
(1a) o =14+ 30 (T2,

amm =1\ A

If n=1, this merely says that d=1, but if #>1, then there exists
AE1/b not a rational integer and the sum in (1a) is not equal to 0.
The result follows.

It may be remarked that the fact that the right-hand side of (1a)
converges is rather remarkable. In most fields E(m,m II: /=02
diverges, since there are in general infinitely many units in an alge-
braic number field. The convergence of this sum and the others
appearing in (1) and (2) will be shown in the course of the paper.

(1) is a specialization of the identity

E H errind(y — l “‘ )k
alppl <z I=1
nr r [(k+1)/2] — 1)1, k2041
= ._22_ Z IlI k!( (=D
Na|d'2| alayn 11 - (B— 2+ D)2n(0 — W)}
(—1)[k+D /2] .

+ ————————sin <27(0 — N« 6—}>

{206 — N} { r6=Nrtis

ritre

II f ==(:’c — 7)2"7]0(41r| 6 — )\] r)dr,

l=ri41

@

where the ideal aCK; x®, [=1, 2, - - - , n, are positive real numbers
with gritr=gritraty p=1 2 ... 7,:0D [=12, ..., 2, are n num-
bers such that §®, @ ... @) are real and 1+») =glritrets)
v=1,2, ..., r; and 6 have been so chosen that §» —A® =0 for
ANE1/ad; k is a positive integer; |pl < x means that we take only those
uEa for which the # differences x“)—]u")l >0, l=1,2,--., n;
6 =0 for k even and 6=1 for % odd.

The case when 6 —\® =0 is considered separately below and in
this case a different expression must be taken for the Cy in (7).

An interesting result is then obtained by setting K=R(1); n=1;
a=(1); 6 =0; and restricting x so that 0 <x<Na=1. (This result
follows easily from (9) below.)
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2xk+l [ [(k+1) /2] (_ l)r—lk!xk—2v+l
xk = + 4 (
3) E+1 =1 w1 (B — 2v 4+ 1)!(2x)?
(—1)1k+D21E) .
WSIH 21rlx+6-—2-—>), 0<x=1.

The equation (3) is equivalent to the well known Fourier expansion
for the (k+41)st Bernoulli Polynomial

®_ 2 sin 2wix

O™ & Ggomn P k=2m,
G FTB= 2 cos 2l
! hd oS
(— )=t Z ° ik = Pomya), k=2m+41,

et (2 1)2m+2

where (x4 B)**+! is interpreted symbolically.

The identity (1) may be obtained in either of two ways. One is a
direct analogue of C. L. Siegel’s method for totally real fields. This
does not give the more general identity (2)-but upon specialization
does yield (1), and consequently, the result about the discriminant.
The other method which follows yields (2) directly.

We derive (2) by expanding a certain function f(£) =f (¢, ts, - - -, ts)
in an n-fold Fourier series.

Let (ay, a3, - + -, a,) be a basis for the ideal a CK.

Let ¢, ts, + - -, t, be n real variables.

Let x®, x® ... «x™ be n fixed positive real numbers with
x(r1ty) =x(r1+rz+l')’ V=1, 2’ R Y

Let g, 6™ ... @ be x numbers such that §V, 6 . .. @o»
are real and 1+ =glrtretn p=1, 2, ., 72

We define £ = tla(')+t2a(')+ +t,.a(') = -,

For every u€a, we set y“) = la(l')+m2a(')—|— ce Fmaa?;
I=1,2,---,mn.

The function f(t) =f(t, &3, + - - , t.) is then defined as the finite sum

= Y Tl— lutt])exp Qritu+20)

alp, lptEl < 2 I=1

where |u+£| <x means that the sum extends over only those ele-
ments for which x® — | u®4+£®| >0, =1, 2, - - -, n; k being a posi-
tive integer. Hereafter all summations over u w1ll be understood to be
subject to this restriction.

The function f(t, ¢z, - - -, ta) is obviously periodic in 4, &, « - -, s
with period 1. Further f(¢) has derivatives of every order at all points
of t, - - - t, space except possibly at the lattice points and points
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where |u®+£®| =0 for some /, and even at these points as a func-
tion of each separate variable, left- and right-hand derivatives exist
and are bounded. Consequently in the fundamental hypercube
(—1/2=4=<1/2, - - -, —1/2=5t,51/2), f(¢) is of bounded variation
and has bounded partial derivatives of the first order. By a theorem
of Tonelli;? the n-fold Fourier series associated with f(f) converges
to the function in the sense of Stolz and Pringsheim.* That is, if we
define the partial sum s,,...q,(f1, - - -, ¢x) to be

a1

Z <o E Coievva, €xXp 2mi(qats + -+ + + gatn)),

q1=—2a) dn=—0n

where the C,,...,, are coefficients of the n-fold Fourier series, we say

that the series converges to the sum S(4, - « -, t.) if given €>0, it is
always possible to determine N >0, such that for any choice of
ai, + - -, @, such that each a;> N, |S(t1, c ooy ) —Sayeeean(ty ct 0,

t.)| <e. From now on we always understand that the summation is
to be made in this way. With this understanding, we write

@) ) =2 XCqu.qexp Qmilgits + - - - + gatn).

Since (a4, @z, - - -, @,) is a basis for the ideal aCK, then the re-
ciprocal matrix
= 11 21 Tty
(4)( )
k=1,2---,n
of the matrix (o) gives a basis 4, - - -, A, for the ideal 1/ab.
A=qd;+ - - - +go.4, runs through all the elements of 1/abd if
q1, * * -, ¢ run through all rational integers. Moreover
- LW WD 2L a
Qitr + - -+ gotn = E'qk ZE( A;, = 25 quAk)
k=1 -1 -1 k=1

n

_ Z E(l))\(l).

I=1
If we now write G\ for C,,...,,, (4) becomes
®) 0= % (2 En)
(1/ab) |2 1=1

where

3 L. Tonelli, Serie trigonometriche, Bologna, 1928, p. 468.
4 A. Pringsheim, Sitz. d. Bayer. Akad. d. Wiss., Math.-phys. Kl. vol. 27 (1897)
pp. 101-152,
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1/2 1/2 1/2 n
G = f f R f(?) exp (—21ri > f)\) dh dty - - -di,

1/2 1/2 —1/2 l=1
1/2 1/2 1/2 n
- S Ma- et
—1/2¢ —1/2 —1/2 alp I=1

- exp (2wi(u + £)0 — 2wiNE) diydiy - -+ din.

Although we use the notation Cx and sum over all the elements of
the ideal 1/ad, the sum is always meant to be taken with respect to
qi, - * *, ¢» in the manner previously indicated. We shall be able to
remove this restriction on the method of summation at the end of the
argument.

Since (1/ b)],u)\, >, u\ is a rational integer. Therefore if we re-
place exp (2mi D1 AE) by exp (2w Dr, Nu+£)) above, the value
of the expression is unchanged.

1/2 1/2 1/2 n
a=-x[ [ .- I1 G~ |u+ &)
ajpY —1/2¢v —1/2 —1/2 Il

- exp 2wi(u + £)(6 — N)) diudis - - - dta.

Let 7P =p® 40 =(m+4)aP+ - -+ +(ma+t)oe® =u P+ - - -

+u.a.

Cr=2 -+~ mem+l/2...

m m i—1/2
1 |"l|<3 n 4

mi+1/2 n
f II (x = |7])*exp (2rin(6 — N))duy - - - du,

i—1/2 I=1

=1

=f < ﬁ(x— | n|)*exp 2min(6 — N))duy + - = dthn.
<z

We now make a change of variables, remembering that because of
the numbering of the conjugates of elements of K we may set

M = y®, 1=1,2,---,m;

a® = y® 4 iz, l=rn+1--,n+try

D = O — g l=n+1,--,1n+n
O(u1, ugy + - -, ) 2r

Ay, y@, oo YUk gD L g lrrkr) Na| dv2]



1955] THE DISCRIMINANT OF ALGEBRAIC NUMBER FIELDS 487

2r2
- k _
& = wrany 1L f (= — | 3] )* exp @2rig(o — N) dy

ritr2

I ff (& — (57 + £)1U2)%* exp (4mi(uy — 12)) dyds

l=r+1 WP+h'P<s
where 0 —\N=u-+1v.

Zn I"I z
CO=——r]12 — 9)*¥ cos 2xy(0 — N)d
A N |d1/2l P o (x 3’) O 7"3’( ) y
(6) r1+rz 2%
f f (x — r)2* exp (4wi(u cos 6 — v sin 6)r)rdrds.
l=r;+1
If 8—A>0, then
21»1'.1‘3 r1 ( [(k+1)/2] (_l)v-—lk!xk—2v+l
C=———
T Na|a@2| m\ S (k- 22+ Dif2re — N1
(—1) (D21 R} .

7 _——— s 270 — X 6 —
M + {zqr(a—x)}k+l - {”( e+ 2})

ritra
- II r(x — r)”‘]o(41r| 6 — >\| r)dr,

l=ri+1

where, as before, §=0 for k even and 6 =1 for k odd. J, is the Bessel
function of order zero.
If we now substitute (7) in (5) we have the identity

Qngre ( n
)= —— exp | 2x¢ 57\)
1 Na| d‘/2| (1/azb;|x P E

r1 ( [(k41)/2] (= 1) 1klxgh—2r1
' S (k= 20+ DI{2x(6 — N}

I=1

NS TCT fort0 = e +2)
{21‘.(0 — )\) } ) sin s x 2 )
rit+r2 z
11 f r(x — 12T o(4m | 6 — | r)dr, 6 — N 50.
l—r‘+l 0
If 09—\ =0 in (6), then
2n1rr3 r1 xk+l ri+r3 x2k+2
G =

Na|d2| 1y B4 1 ,_I,,IH CE+ D2k + 2)

Therefore if we understand the above value for Cy when 8 —X=0, (8)



488 J. M. CALLOWAY [June

will be good for any 6, 1=1,2, - . - | n.
With this understanding, take ¢, =f= - - - =t,=0. Then {® =0,
l=1,2,---,n, and (8) becomes (2).
If in addition we now let §¥ =0, =1, 2, - - -, n, we have
21— [u])*
alp =1
= 2"1rr2 { 1 ﬁ xk+l
Na|dvz| \(k 4 D)2k + 1)2(2k + 2)72 12y

1 ( (k) /2] (—1)1f]gh-20t1

+ 2z 1 5 (k- v+ DI2mN)>

(1/adb) [N I=1

9)
(—1) kD /21 E) T
4+ ———— sin (21r)\x + 6 —))
(27\) F+1 2
ri+re z
H r(x — r)“]o(41r| )\| r)dr} ,
l=ry41 0

where D means A runs through all the elements of the ideal 1/ab
except 0. For k=1, (9) becomes

STl G- lnl)=—1—{(1)"lﬁxz

alp i=1 Nald”zl 3 1

(10) + Z' ﬁ(sin w)\x)z

(1/ab)|]x 1=1 A
r1+re z
11 47rf r(x — 7)2]0(41r|)\ ]r)dr} .
l=r;+1 0
If we take a=(1) and x® =1, [=1,2, ..., %, in (10) we obtain

(1). (1) may also be written

n] = (5)"+ = (ZZY

3 (/) 1=1 \ TA

rlI-i-Irz T 4x|)A]
. —_— Jo(z)dz.
l=r 41 (27" I A l)aj; ’

Now if it can be shown that [§J2(2)dz> 0 for all real positive x, our
theorem on the discriminant of an arbitrary algebraic number field
will be proved. When this has been shown, since all the terms in
> & will be positive, we shall then be able to remove the restriction
on the method of summation over the elements of the ideal 1/b.

It follows from the recurrence formula for the Bessel functions that
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fsz(z)dz = fzJo(z)dz - 2J1(x).
0 0

The minima for this function of x will occur at every second zero
of J2(2). We designate these by js,2m or simply j.

f zJo(z)dz = —”21 {Jo(x) Ho(x) + J1(%) Ho(x) },

where H,(x) is the Struve function of order ».

Now because of the interlacing of the zeroes of J, and J,., the
zeroes js,2m are contained between ji,om and jiemi1. However in these
intervals Ji(x) is positive.

Also since Jy(2) +J2(z) =(2/2) J1(2), at a zero of J,, Jo and J; have
the same sign. Consequently at 7, Jo(j) =(2/7)J1(j) >0. Then

z 7
Minimum f Jo(z)dz = f Ja(z)dz
0 0

1rj oyl o .7 . . . .
K {JO(J)HO(]) v JomHo(J)} — i)

Tj . ’, . J . 2
Y Jo(7) {Ho(]) + > Hy(j) — ‘} .

™

Using well known properties of the Struve functions,® this can be

written N HG)
Minimum f To@)dz = 2= 14(j) {i - } .
0 2 3r 2
Since Jo(j) >0, [§J2(2)dz> 0 if we can show that (j/3m) — (Ha(5)/2) > 0.
By using the asymptotic formulas for H,(z),5 it can be shown that
(j/37) — (H2(j)/2) >0, j>6. Therefore

H(j)
2

z j* J e -
Minimum f Jo(2)dz = — Jo(5) {— - } >0 ifj>6.
0 2 3r
But j.,2 is approximately 8.4172441.

Thus we have shown that the absolute value of the discriminant
of an arbitrary algebraic number field of degree n>1 is greater than
(/3)%.
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