
ON THE DISCRIMINANT OF ARBITRARY ALGEBRAIC
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J. M. CALLOWAY

One of the important applications of Minkowski's Lemma on linear

forms is the proof of the fact that the discriminant d of every algebraic

number field of degree n ^ 2 is divisible by at least one prime number.

A beautiful identity of C. L. Siegel gave this result immediately for

totally real fields.2 In Siegel's paper he notes that analogous develop-

ments are valid for the general case. In this paper we shall obtain a

generalization of Siegel's identity which yields the

Theorem. The absolute value of the discriminant d of an arbitrary

algebraic number field K of degree n ^ 2 is always greater than (ir/3)2ra

(M=fi-f-2r2).

Let K be an arbitrary algebraic number field of degree n = l. Its

discriminant, d, is a rational integer, \d\ —1. Un =ri+2r2, we denote

the n conjugates of any number /tG-K by /*(1), m<2)» • ' • i M(n) where

/t(1), /i(2>, • • • , /J(n) are always real and /t(ri+,,) is the complex con-

jugate of fj.(ri+ri+"\ v = l, 2, • • • , r2. If coi, w2, • ■ ■ , w„ form a basis

for K, then the reciprocal matrix of (cojj" ) (k = l, 2, • ■ ■ , n;

1=1, 2, • • • , n), we shall designate by (Qj?). It is known that

fli, Q2, • • • , QB is then a basis for the fractional ideal 1/bC-K- The

integral ideal b is called the different or Fundamental Ideal and has

norm equal to the absolute value of the discriminant d of K.

In all that follows, whenever we encounter a product Jjj, or a

sum X)i. we understand the quantities A, u, £, n, 8, x, y, z to have

superscripts A(i), m<!>, £<l>. V(l), 9(l), *<0, J{1\ z(0-

Our theorem about the discriminant, d, now follows from the

identity

. /irY2 ^      ^V/sinirXX2    ri+? .     ,
(1) \d^\ =(-) +(2t)^ e' n(—— )• iig(2t|a|),

\ 3 / (l/b) |X     ;=1 \    7TA    /       i-rj+l

where A runs through all the elements of the ideal l/b except 0, and
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" (~l)mX2m

G(x) = }Z -"-
Z!o (2m + 3)ml(m + 2)1

It will be shown that G(2x|X|) >0 for all X.

When »=ri+2r2, r2?^0, d is obviously greater than 1. If r2 = 0,

then (1) becomes Siegel's formula

. „ "  /sinxXX2
(la) \d"'\   =1+2.'    Iii—:-J-

(l/b)|X    1=1 \    XA   /

If » = 1, this merely says that d = l, but if w>l, then there exists

XGl/b not a rational integer and the sum in (la) is not equal to 0.

The result follows.

It may be remarked that the fact that the right-hand side of (la)

converges is rather remarkable. In most fields £(i/b)|xll"-i (l/71"^)2

diverges, since there are in general infinitely many units in an alge-

braic number field. The convergence of this sum and the others

appearing in (1) and (2) will be shown in the course of the paper.

(1) is a specialization of the identity

2v f\k'.(iacym      (-I)-1**-2-*1

" Na\d"2\   (1Jr,|x ii' V     h.     (&-2«.+ l)!{2x(0-X)}2'

(-1)[<«■»/*] ( v) \
+ -.-=-sin  ^2x(0 - X)x + 5 —} )

{2x(0-X)}*+1 I 2))

ri+ri        p x

II     I     (* - r)tkrJ0(4r | 6 - X | r)dr,
i=n+i  J o

where the ideal aCZK; x(i), 1 = 1, 2, • • • , n, are positive real numbers

with xri+" = xri+r»+", v = l, 2, • • • , r2; 6<-'\ 1 = 1,2, •■■ ,n, are « num-

bers such that 0(1), 0(2>, • • • , 0(ri) are real and 0<"+'> =§>»+™+»>,

v = l, 2, • • • , rt; and 0(I) have been so chosen that 0(W — X("y^0 for

XGl/ab; k is a positive integer; |ju| <x means that we take only those

juGu for which the n differences x(" — |mco| >0, 1 = 1, 2, • • • , »;

5 = 0 for k even and 5 = 1 for k odd.

The case when 0(O — X(0=0 is considered separately below and in

this case a different expression must be taken for the Cx in (7).

An interesting result is then obtained by setting K = R(1); n = l;

a = (l); 0(1)=O; and restricting x so that 0<x^A7a = l. (This result

follows easily from (9) below.)
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2xk+1 "   / [(*+i)/2)     (-l)"-i£!a;*-2H-i

x* =-h 4 z2 (       zl     -
k+1 i=A      Zi      (k - 2v + l)\(2irl)2'

(-l)t(*+l>/2]£| / Tss

-1-sin (2x2x-f-5 — )),     0 < x S 1.
(2irl)k+i \ 2 J J'

The equation (3) is equivalent to the well known Fourier expansion

for the (&-r-l)st Bernoulli Polynomial

' A 2 sin 2wlx
(-1)~£Mi=r-iWl(*)'        k=2m'

-(x+B)k+l={

(k+l)\ "   2cos2ir/x
(-l)-1^  ,„  n„ +2 = JWi(«0, A = 2f»+1,

I i=i   (2irl)2m+2

where (x+B)k+l is interpreted symbolically.

The identity (1) may be obtained in either of two ways. One is a

direct analogue of C. L. Siegel's method for totally real fields. This

does not give the more general identity (2) but upon specialization

does yield (1), and consequently, the result about the discriminant.

The other method which follows yields (2) directly.

We derive (2) by expanding a certain function/(/) =f(h, t2, ■ • ■ , tn)

in an w-fold Fourier series.

Let (ai, a2, • • • , a„) be a basis for the ideal a(ZK.

Let h, t2, ■ ■ ■ , tn be n real variables.

Let x(1), x(2), • • • ,  x(n)  be n fixed  positive real numbers with

xln+w) =;c(ri+ri+r)i v = \, 2,   •   •   •  , r2.

Let 0(1), 0<», • • • , 0(n) be n numbers such that 0(1>, 0<2\ • • • , 0<">

are real and 0Cri+,,) = 0>1+rJ+'), v = l, 2, ■ ■ ■ , r2.

We define ?t>=tia?+tta!?+ ■ ■ • +tnotf; 1 = 1, 2, • ■ • , n.
For every mG", we set jx^ =m\af +m2af + • ■ ■ +mna<nr>;

1 = 1, 2, • • • , n.
The function f(t) =f(h, t2, ■ ■ ■ , tn) is then defined as the finite sum

n

fit) =    E    IT (* - U + k I)k exp (2i»oi + m
«Ic.Im+{| -< i   '-1

where |/*+£| <x means that the sum extends over only those ele-

ments for which x(0 — | /i(0 +£u> | >0, 1 = 1,2, • ■ ■ , n; k being a posi-

tive integer. Hereafter all summations over /x will be understood to be

subject to this restriction.

The function f(tu t2, ■ ■ ■ , tn) is obviously periodic in tu t2, ■ ■ ■ , tn

with period 1. Further/(/) has derivatives of every order at all points

of h ■ • ■ tn space except possibly at the lattice points and points
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where |m(0+£c0| =0 Ior some /, and even at these points as a func-

tion of each separate variable, left- and right-hand derivatives exist

and are bounded. Consequently in the fundamental hypercube

(-l/2^/i^l/2, • • • , -l/2 = tn^l/2),f(t) is of bounded variation

and has bounded partial derivatives of the first order. By a theorem

of Tonelli,3 the «-fold Fourier series associated with f(t) converges

to the function in the sense of Stolz and Pringsheim.4 That is, if we

define the partial sum sai...a„(t1, • • • , tn) to be

«1 o»

£     • • ■     £   Cqi...Qn exp (2wi(qih + • • • + qjn)),
91=— «1 Jn»-I»n

where the C91.. .,„ are coefficients of the «-fold Fourier series, we say

that the series converges to the sum S(ti, ■ ■ ■ , tn) if given e>0, it is

always possible to determine N>0, such that for any choice of

a\, • • ■ , an such that each at>N, \S{ti, ■ ■ ■ , tn)—sai...an(ti, • • • ,

tn)\ <e. From now on we always understand that the summation is

to be made in this way. With this understanding, we write

(4) f(t) = £ • ■ •   £Cai...,„ exp (2t»(jA + • • • + qjn)).
91 8n

Since (ai, a2, ■ ■ • , an) is a basis for the ideal a(ZK, then the re-

ciprocal matrix

/,„w;-i,2,...,.x

V      / \* — 1, 2, — , »/

of the matrix (a,(t)) gives a basis ^4i, • • • , An for the ideal 1/ctb.

X=gi^4i+ • • • +qnAn runs through all the elements of 1/ab if

qi, ■ ■ ■ , q„ run through all rational integers. Moreover

A.     A   (o,(i)      A ad .A      .(«
qih + • • • + qjn = 2-Jlk   2-i i   Ak    =2-,%     Z^l^*

*-l !=1 1=1 k=l

= ±zil\ll).

1=1

If we now write C\ for C3l...9„, (4) becomes

(5) f(t) =    Z   Cx exp (2xi £ «x)
(l/ttb)|X \ 1=1       /

where

8 L. Tonelli, Serie trigonometriche, Bologna, 1928, p. 468.

4 A. Pringsheim, Sitz. d. Bayer. Akad. d. Wiss., Math.-phys. Kl. vol. 27 (1897)

pp. 101-152.
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/1/2    p 1/2 ~ 1/2 / n \

|        • • •    |       /(/) exp ( -2xi E fX ) <#1 rf/j • • •<&,
-1/2 J -111 J -1/2 \ !-l       /

/. 1/2    ^ 1/2 /. 1/2 n

= 1     I I    E   IK*- |m + i|)»
•J-1/2 •/ -1/2 «^-l/2 0|(i !_1

•  exp (2vi(ji + |)0 - 27riX?) *i*2 • • • dtn.

Although we use the notation C\ and sum over all the elements of

the ideal 1/ab, the sum is always meant to be taken with respect to

qi, • • ■ , q„ in the manner previously indicated. We shall be able to

remove this restriction on the method of summation at the end of the

argument.

Since (l/b)|/iX, E"-i /*A is a rational integer. Therefore if we re-

place exp (27riEr=i A£) by exp (27riE"-i A(/*+£)) above, the value

of the expression is unchanged.

/1/2    p 1/2 f, 1/2 n

I    ••• I       IK*- |m + «|)»
-1/2 J-1/2 •'-1/2 !-l

•   exp (2iri(n + £)(0 - A)) dhdt2 ■ ■ • dtn.

Let    ^=ix^+^ = (mi+h)af+ ■ ■ ■     +(mn+tn)c4) = Uia? + ■ ■ ■

+una®.

f, m,-+l/2

cx = E ■ ■ •   Y,f

/> toj+1/2     n
IT  (x —   | 11 )* exp (2irir](d — \))dui • ■ • dun

m,-l/2     ;=i

=   I     •••     I   ITC* - I '/I )*exp(2xttj(0 - X))Jmi • • ■ dun.
J       |,|-< z   J       1=1

We now make a change of variables, remembering that because of

the numbering of the conjugates of elements of K we may set

*<" = y(l\ 1=1,2, ■■■ , n;

r,w = ym _|_ j2cni J - ri + 1, • • • , ri + ri;

^d+r2) = yo> _ fr<o / = fl + i,... , n + n.

d(uu u2, ■ ■ ■ , un) 2™

d(ya\ ym, ■ ■ • , y(,l+rj), z(ri+1>, • • • , z<r»+r*>)   " iVa | <21/2|
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Cx =   «■  I Lt I  ft f    (* - \y I )* exp (2x^(0 - X)) dy
Nald1'2]   z_iJ_x

•   JI    j   I (x — (y2 + z2)1'2)2* exp (4iri(uy — jjz)) rf^rfz
J_ri+1   J   J (S+W'Kx

where 0 —X = w-\-iv.

Cx = ™ 11,, ft2 f (* - >)*cos2*y0 -x)^
Afa| d1'2!  ,_i   Jo

(°)
ri-fr2       /» x    y» 2x

•   TJ 1       (x — r)2* exp (4xi(« cos 6 — v sin d)r)rdrdd.
i—rH-i Jo  Jo

If 0-X^O, then

2»Tri n    /   I(*+l)/2] (_ l\p-l^]xk-tp+l
q_tt [      y    _v     '_\_.

X      iVo|d1'»| ii\     Zi     (A - 2k + l)!{2x(0 - X)}2'

(7) + ~-5-sin {2t(6 - \)x + 5 — \\
{2x(0-X)}*+1 I 2) )

•   ft    f   r(x - r)2kJ0(4w \ 9 - X | r)dr,
i-n+i J o

where, as before, 5 = 0 for k even and 8 = 1 for k odd. Jo is the Bessel

function of order zero.

If we now substitute (7) in (5) we have the identity

/W =   *r  l;i/2|     £   exp (2« £ ^X)
i\fa| rf1'2!   (i/abJIX V 1-1       /

n    /   t(*+l)/2] (_ l^r-l^Jj.t-SH-l

' ti V      hi      (k-2v+ l)!{2x(9-X))2'
(_i)rc*+i>/2]£i / ^ v

+ -7-5-sin  {2x(0 - X)x + 5 —} )
{2x(^-X)}*+1 I 2))

•   II    I    r(* - r)2*Jo(4x | 0 - X | r)A-, 6» - X ̂  0.
I_r,+1  J 0

If 0-X = O in (6), then

2nirri      ri    xk+1   ri+rj a;2t+2

"  Na | J1'21  ii *+l jiii (2* + 1)(2* + 2) '

Therefore if we understand the above value for C\ when 0—X = 0, (8)
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will be good for any 0(!), 1 = 1,2, ■ ■ ■ , n.

With this understanding, take h=t2= • ■ ■ = t„=0. Then £<0=0,

1 = 1, 2, • • • , n, and (8) becomes (2).

If in addition we now let 0<z) =0, 1 = 1, 2, • ■ ■ , n, we have

EIK*- ImI)*
a Iji (=1

2V" | 1 »
=-<-TT xk+1

Na\ dl'2\   |(ft + 1)"(2* + l)r2(2& + 2)'»ii

n    /   [(*+l)/2]        (_1*|>~l,Mr*-2H-l

+   E'   TT(    E _
(i/ab)ix   !=A      Zi      (fc-2„+l)!(2xX)2'

(-1)K*H)/I]JH / x\\
-|-sin [ 2ir\x + b — ) )

(2xX)*+! V 2//

•   if   f   Kx-r)2*/„(4x|x|r)^},

where  Ex means X runs through all the elements of the ideal 1/ab

except 0. For k = l, (9) becomes

" 1 f/ir\rJ   "

EIK*- Ul) = —r—Hi-) n>

,   „ _^     Ji./sinxXxx2
do) + E' n(——)

•     II   4x I    r(x - r)2/0(4x|x|r)<f/j .
!=-r,+ l •/  0 /

If we take a = (l) and x(i) = l, 1 = 1, 2, •••,», in (10) we obtain

(1). (1) may also be written

i        i        /""Y2 ^     -^L/sinxXY
\^2\ =(-)  + E' III—)

\ ■J / (l/b) |X    i-1 \    XA    /

rl+i-2 ^ /»4t]X|

'    n   n  MvJ        Mz)dz-
I=r1+1   (2x|A|)3Jo

Now if it can be shown that foJ2(z)dz>0 for all real positive x, our

theorem on the discriminant of an arbitrary algebraic number field

will be proved. When this has been shown, since all the terms in

Ex will be positive, we shall then be able to remove the restriction

on the method of summation over the elements of the ideal l/b.

It follows from the recurrence formula for the Bessel functions that
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f  J2(z)dz =  f  J0(z)dz - 2/i(x).
«/ 0 •'0

The minima for this function of x will occur at every second zero

of J2(z). We designate these by j2|2m or simply j.

/'x                        XX   . , .J0(z)dz = - {Jo(x)H0(x) + Ji(x)Ho(x)},
o                      2

where H,(x) is the Struve function of order v.

Now because of the interlacing of the zeroes of J, and J,+i, the

zeroes 72,2m are contained between jli2m and ji,2m+i- However in these

intervals Ji(x) is positive.

Also since Jo(z) +J2(z) = (2/z) Ji(z), at a zero of J2, J0 and Ji have

the same sign. Consequently atj, Jo(j) = (2/i) Ji(j) >0. Then

Minimum   1     J2(z)dz =   I    J2(z)dz
J 0 J 0

= y |/„(i)Ho(i) + -j /o(i)H0(i)| - jMj)

= ^ /.(J) |Ho(i) + -| Ho(i) - -^| •

Using well known properties of the Struve functions,6 this can be

written
Cx *f (J     H^(J))

Minimum   I    J2(z)dz = -/o(i) \-( ■
J a 2 (,3x 2    ;

Since J0(j) >0, JoJ2(z)dz>0 if we can show that (j/3x) - (H2(j)/2)>0.

By using the asymptotic formulas for H2(z),b it can be shown that

(j/3w) - (H2(j)/2) > 0, j> 6. Therefore

rx ""i2       (j    H2(j)\
Minimum    I    J2(z)dz = -/o(i) v-f  > 0     if J > 6.

Jo 2 (3x 2    ;

But j2>2 is approximately 8.4172441.

Thus we have shown that the absolute value of the discriminant

of an arbitrary algebraic number field of degree n > 1 is greater than

(x/3)2r2.
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