TWO-DIMENSIONAL MEASURE IN 3-SPACE
GERALD FREILICH

1. Introduction. The problem of determining whether a particular
measure satisfies the “cylinder property” has been attacked by vari-
ous mathematicians, using different techniques. Roughly speaking,
the “cylinder property” is the intuitively desired property of having
the area of a right cylinder constructed over a one-dimensional set in
the x —y plane equal to the height times the length of the base. (For
a fuller discussion of this problem, see [1].)! The first consideration
of this problem was in a paper by J. F. Randolph [2]. In his paper,
Randolph proved that if we use the two-dimensional Carathéodory
measure C: for area in 3-space and the one-dimensional Carathéod-
ory measure C; for length in the x—y plane, then the cylinder prop-
erty is true in one direction. Specifically, if 4 is a C3-measurable set

in the x—y plane, and 4 Xk={(x, v, z)I(x, y)EA and nggh},
then

h-Cy(4) = Ca(4 X h).

(The proof in [2, p. 270] is slightly incorrect in that Randolph tacitly
assumes that a plane convex set can be included in a circle of the
same diameter; however his proof is easily corrected by an obvious
modification.) We shall prove a partial result in the other direction,
namely

Cy(A X ) = (h/2)Ca(A).

This proof leads naturally to a new definition of a two-dimensional
measure in 3-space, this being the first measure for which it is pos-
sible to prove the cylinder property when length is taken in the sense
of Carathéodory (or equivalently Hausdorff).

2. We shall use the notation and definitions of [1]. In particular,

(f:g) is the superposition function of f and g, pj is the projection from
E™ to E™ defined by

m
Pu(xly"'rxmy°")xn)=(xlr"')xm)v

G, is the orthogonal group of E*, and ., is Lebesgue n-dimensional
measure.

We first prove the following

LEMMA. If d is a bounded convex set in E3, then
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Ss;r;.(z [($::8)(d)]

1 ® 1
z— f_a° sup L2 B({ (5 5)| 2 3, 2) € a])]ds

Proor. We first notice that the integrand in the statement of the
lemma is a continuous function of z in the interval for which it is
#0, thus assuring the existence of the integral. Since d is bounded,
let W be the supremum of the integrand. Let

H =sup { |2 — || (x, y1, 21) € d, (22, 32, 22) € d
for some x, y1, %3, ¥z},

i.e., H is the height of d. Then

[7 swp Ll R ) | 30 5) € aPlas < WH.
—w REG:

Now there exists a projection of d into a vertical plane which con-
tains a quadrilateral of height H with a horizontal diagonal of length
W. Since the area of such a quadrilateral is WH/2, it follows that
supseg, L2[(#3:5)(d)]= WH/2. The proof is complete.

THEOREM 1. If A is a Cy-measurable subset of E* with Cy(A) <,
and h>0, then
Cy(4 X k) = (h/2)-Cx(A).
ProoF. Let €>0, and choose § >0 so small that if (°is a countable

covering of 4 by open convex sets of diameter less than §, then

> sup Lal(#2:R)(0)] = Co(4) — e
€ rea,

Next choose a countable covering D of 4 X% by open convex sets of
diameter less than § and such that

> sup La[(p3:)(@)] = C5(4 X B) + e
dED SEG,

If 0=<z=<h, then @,= {c|c= {(x, y)l (x, ¥, z)Gd} for some dE‘D} is
a countable covering of 4 by open convex sets of diameter less than
6 and therefore

> sup Lal(p2:R)(0)] 2 Ca(4) — .

€ (s REG,

Hence using the lemma,
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2C5(A X k) + 2¢
z ), 2sup -Cz[(ﬁ.::S)(d)]
€D SE G,

2 3 [ sw LR )] 3.9 € 2las
d€EDY o REG:

' =f Y sup Ll(nR({(5 9) | (5 9, 5) € d})ds

d€ED REG

h 1
> f > sup Lal(p2:R)()]ds

€(C: REG

h
= f (Ca(A) — 9dz = h-Cx(4) — he.
\ [}
Letting € go to zero, we conclude that 2C:(4 Xk) =h-C3(A). The
proof is complete.

3. The proof of §2 leads one naturally to a new definition of a two-
dimensional measure in E?® which we shall denote by P2 For an open
convex set d in E3, define the (gauge) function P(d) by the formula

-]

P(d) = sup sup Lil(22: O ({ (% ) | (, 3, 5) € S@})]d.
SE G —w REG,

Then P generates a measure which we shall call P2 Specifically, if
B is a subset of E3, and >0, define P,(B) as the infimum of sums of
the form ZaeD P(d), where D is a countable covering of B by
convex open sets of diameter less thanr. Then P(B) =lim,.¢, P,(B).
Though this definition can be generalized to define P} forall 1 <m <,
it is not implausible to define P,=C, and P;=C=.,. It then fol-
lows that P has the cylinder property, for we can prove

THEOREM 2. If the conditions of Theorem 1 hold, then
h-Py(4) = h-Co(4) = Py(4 X k).

SkETcH OF Proor. Using the proof of Theorem 1, and especially
the latter part of the starred chain of inequalities, it follows that
P3(AXh)Zh-Cy(A). Also the proof used by Randolph in [2] will
carry over to show that P3(4 Xh)<h-Cy(A4).
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