A GENERALIZATION OF THE POISSON TRANSFORM!
CHARLES STANDISH

In this paper we shall obtain inversion formulas in terms of differ-
ential operators for the transforms

A(z— )+ B

o @) = — f R0

where a(t) is of bounded variation in every finite interval, and
Az — 1)+ B

2 = — —— ¢(d)dt

@ /@) ot

where ¢(¢) is Lebesgue integrable in every finite interval. In both cases
the integral is to be interpreted as

R
lim f
R ,S—w -8

When limits are omitted from an integral appearing in the text the
range of integration is understood to be (— 0, «).

At the conclusion of the paper we shall give a complex inversion
formula for (2).

The preceding transforms include as special cases the Poisson trans-
form (4=0, B=C=1) recently studied by Pollard [1], and the
“conjugate” of the Poisson transform (B =0, 4 = C=1) whose kernel
is the Hilbert transform of the Poisson kernel.

The inversion of (1) and (2) is intended as a first step toward the
solution of the problem of inverting the convolution transform whose
kernel is a rational function with no poles on the real axis. I am in-
debted to Professor Pollard for proposing the problem considered in
this paper.

For the heuristic motivation of our inversion formulas we refer to
[1] and [2]. We distinguish two cases according as 4 is or is not zero.
In the former case a slight modification of Pollard’s proof for the
Poisson case shows that (1) is inverted by
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lim | Ge!'HIB| C|f(u)du
1—1 0

(I)
1 1
= [a(x +0) + a(x = 0)] — 5 [2(0+) + a(0-)]

for every x and (2) by

(IT) lim Ge!®H1B | C |-f(x) = ¢(x)
for almost all x, where
3) G = C¥(B? + C24%)1, H = (1/1) D,
(@) e ©CHIf(x) = cos CtDf(x) + D' sin CtDf(x),
© (_I)K(Ct)ﬂ{ ,
(5) cos CiDf(x) = K{_‘B Wf(x)( K,
(6) Dsin CiDf(x) = K:ZO %ﬁx) @),

M F@ == [l 0+ e = 0 - 21

In the case 4 #0 we shall show that according as f(x) is in the form

(1) or (2)
lim Gel CH p(u)du

ap TU° 1

=5 [a(x + 0) + a(x — 0) — (@(0+) + a(0—))] — 4AGK«x
for every x,
(Iv) lim Ge!®CHI j(x) = ¢(x) — AGK

—1

for almost all x, where
h(x) = — Af f(u)du + B|C[—1f(x),
0

2(4%G log 4)—* Ii ALY B 10,
= — og4)~*lim —_—
& e Jy CE 2 *
ot(x) denoting the left-hand side of (III).
To obtain a complex inversion formula for (2) we proceed formally
as follows. Define
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(8) cos CtDg(x) = 2-1[¢iC0g(x) + e~CtPg(x)]
= 271[g(x + iCl) + g(x — iCY)],

© sin CtDg(x) = (2i)~[¢iCtPg(x) — ¢ CPg(x)]
= (2i)7[g(x + iCt) — g(x — iC1)],
(10) h(x) = fzi;(u)du,

then (IV) becomes formally
lim Ge! ©Hij(x) = lim 2-1[h(x + iCt) + h(x — iCi)]

—1 —1
4%) + lim 2-1[Ar(x + iCt) + ko (x — iCt)]
t—1
= ¢(x) — AK.

These conclusions will be obtained rigorously in the final section
of this paper.

1. Properties of the transform. We summarize in Theorems 1.1 and
1.2 the properties of (1) and (2) needed in the sequel. Proofs are
omitted since they are similar to the proofs for the Poisson case to be
found in [1].

THEOREM 1.1. If the transform

Az —1t) + B
1.1 z) = 7! — da(t), 2= x4 1y,
(1.1) 1@ == | G e y

converges for a single value of z in the strip lyl <| C| it converges uni-
formly in any compact subset of this sirip and defines a function analytic
there. Thus we may differentiate an arbitrary number of times under the
integral sign.

THEOREM 1.2. If (1.1) converges at a point 2o in |y| <| C| then
a(f) = o), 4 =0,
a(t) = o(t), 4 # 0,

2 The function f(x). We shall demonstrate here the existence of
f(x) for all f(x) defined by (1.1).

THEOREM 2.1. For all f(x) representable in the form (1.1)

[t] = .

f(x) = — w*lfwu—2[j(x + u) + f(x — u) — 2f(x)]du
0
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exists as an analytic function for all real x and

B(x — t)? — 2AC*(x — t) — BC?
Cl(x — )2 + C2]2

The proof follows along lines similar to the argument for the Poisson

case but the details are sufficiently complicated to warrant carrying
out the demonstration.

By (1.1) »
w[f(x + u) + f(x — u) — 2f(x)]

2.1) f(x) = — r_lf da(l).

= w“fu—z[)\(x +u—18) + Nz —u—1) — 2\(x — ) ]da(t)
where
Mzx) = (A= + B)/(«* + C?),

the integral converging uniformly for fixed x in any interval —R=<u
=< R as can be shown by the argument used to establish Theorem 1.1.
Integrating under the integral sign from 0 to R and letting x—t=V
we obtain

b3
- w“‘f w2 [f(x + u) — 2f(x) + f(x — u)]du
0

BV? — 24AC*V — BC? R+V
= — r—zf [arctan( )
C(V2 + C*»? C

R—-V
-+ arctan ( c >]dVa(x -V

AV? 4 2BV — AC* (V4 R+ C?
— (2a%)1 f log
(Ve + C) (V- R +C?

dVa(x—V)

= Il + Iz.
Defining

(7 BE— 24C% — BC*
GV)=mnx f—w CE + 0 dag(x — &)

(the existence of G(V) follows readily from an integration by parts
upon noting the order properties of a(t) obtained from Theorem 1.2.
Indeed, G() is finite, a fact we shall need subsequently), we have

R R —
I, = — w“f[arctan-(——g—z—)— -+ arctan (—CV—)] aG(V).



946 CHARLES STANDISH [December

Integrating by parts we obtain

I

= w1 [ G + R+ 7y = €+ (R = v

71 f ClG(V — R) — GV + R)|(C? + V)~V

and by dominated convergence we have, upon letting R tend to «,

B(x — )2 — 2AC*(x — t) — BC?
lim I, = —G(») = — ,n.—lf (x ) (x ) dall).
R Cl(x — 62 + C2]?
We now show that limg., I2=0,
AV?+ 2BV — AC? V+ R)? 4 C?
I,=— (27r2)‘1f og( + R+ dVa(x — V)
(V2 _|_ C2)2 (V —_— R)2 + C2

& (V4 R4 C?
=—A22-1f 1
) rrer v -mro

AC? — ZBV1 V+ R4

dVa(x — V)

2 2)—1 d —_—
to [ e e e P
=I{ + 1.

Consider I3 . Let
v 3
HWV) = — A(Q27x?)! ————dia(x — £)

- C* 4+ £
then

14 V 4+ R)* 4 C?
12'=f o W+ B+

vroy Fv_piycet?

and upon integrating by parts it can be shown that I approaches
zero as R— . For details we refer to [1, p. 545]. A similar treatment
establishes that I{’ approaches zero as R— . Our formula for f(2)
having been established it may be shown by the methods employed
in the proof of Theorem 1.1 that f(z) is an analytic function for
[y| <| C|. This completes the proof of Theorem 2.1.

3. Real inversion formulas. We give a series of lemmas which
culminate in a proof of the inversion formulas (I1I) and (IV).

LeEMMA 3.1. With f(x) defined as in Theorem 2.1, [5f (u)du exists and
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s _ » da(y)
j; flu)du = — ACx f Ct+ (x — 9)?
-1 (2 — y)da(y)
+B(7rlC|)_lf Ot (=g
where

B da(y) _ yda(y)
et G2 ncl 282

The integral obviously exists sincef(x) is analytic on the whole
real line. To see that it is of the form (3.1) we write (2.1) in the form

f(x) = - Ai(zw)—_lfda(y)fgiu(r—ﬂ)ue—l(l'uldu
3.2)

+B(21rC)—‘fda(y)fe"“(”‘”)usgn ue 1041 dy.

Integrating both sides and noting that the uniform convergence
of (3.2) in x enables us to carry the integration under the inner in-
tegral we have our result. As an immediate consequence of the above
we have

LEmMA 3.2.
B|C|f(x) — 4 f ) flw)du
da(y) B
Ctt (= y)?°

A slight modification of the proof of the inversion formula for the
Poisson transform given in [1] yields the proof of

= (x| C)(B? +A202)f AK.

LemMA 3.3. The transforms

e [ ) _ e [t
filx) == C*+ (x — y)z’ fa(=) Cr+ (% — )

are inverted by

z

C lim el ‘CHIf(u)du

t—1 0

= 2"'[a(x + 0) + a(x — 0)] — 27 [a(0+) + a(0-)]

for all x and
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C lim el t®CHIfy(x) = ¢(x) for almost all x, respectively.
t—1

Combining the results of the two previous lemmas, we have
LEMMA 3.4. According as f(x) is in the form (1.1) or (1.2) we have
lim Gel ©CHI p(y)d
(3.3) -1 0 (u) “
= 2"a(x + 0) + a(x = 0)] — 2 [a(04) + «(0—) — AGKx,

(3.4) lim Ge! ®“H\h(x) = ¢(x) — AKG.

t—1
We now determine K in
LEMMmaA 3.5.
= — 2(A%G log 4)~! lim voAt+ B dat(l)
Nowdy C*4 42
where ot (x) s the right-hand side of (3.2).

The convergence of the integral (1.1) for x =0 implies

T d[ef(t) + AKGL] = 0
Nlinao N C2 + 12 * '
hence

W _A; 4+ B W _At+ B
lim — 7 7 dob(f) = — lim AKG A+ B
Nowd § C?+ 2 Now N C? + 12

AKG
= log 4.

This completes the proof of
TuEOREM 3.1. (1) and (2) are inverted by (111) and (IV) respectively.

4. A complex inversion formula. We now indicate how the complex
inversion formula (V) obtained heuristically may be established
rigorously. We observe that we may write

h(z) = (G2m)! f 6(3)dy f piuto-g10uldy — AK.

After some calculation the left-hand side of (V) may be put in the
form



1955) A GENERALIZATION OF THE POISSON TRANSFORM 949

t—'l r—lf a- t)z + ( ) #(y)dy — AK

but the integral above is known to tend to ¢(x) for almost every x
[1, p. 550]. If 4 is zero, K is undefined but one may show that in
this case the left-hand side of (V) tends to ¢(x) itself. These remarks
establish

THEOREM 4.1. For almost all x (2) is inverted by (V).
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