ON CONVERGENCE FIELDS OF NORLUND MEANS!
ALEXANDER PEYERIMHOFF
A Norlund mean N(p) is defined by

1) on= izpn_;&. (ng Nwith P, = D p, # Oforn = N).
n y=0 y=0

If 0,=s540(1) when n— «, the sequence {s,} (of complex numbers)
is said to be limitable N(p) to the value s. If 6,=0(1), we shall write
snE0(N(p)), denoting by o(N(p)) the set of all the sequences limitable
N(p) to zero. If ¢,=a(l) when n— »,2 the sequence {s.} is said to
be absolutely limitable N(p), and we shall write s,Ea(N(p)), denot-
ing by a(N(p)) the set of all the sequences absolutely limitable N(p).

A Norlund mean is called regular if any convergent sequence
sn—s is transformed by (1) into a convergent sequence ¢,—s. Nec-
essary and sufficient conditions in terms of the sequence { p,.} (of
complex numbers) in order that (1) be regular are

(2) pn = o(Py) (n— »),
and
3) | z | .| = 0(P,) (n > ).

Similarly a Nérlund mean is called absolutely regular if any se-
quence {s,} with s,—s and s,=ea(1) is transformed by (1) into a
sequence {a,.} with ¢,—s and o, =a(1), and N(p) is absolutely regu-
lar if and only if the conditions (2) and
P n—k P n—1-k

Pn Pn—l }
K independent of £ (k= 1,2,---),

<K,

(4) nZMax (kN+1)

are valid.?
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2 Similarly to the symbols 0 and O the condition @, =a(b,) means that there is a
sequence {an} With an=asbs (n=n0) and {an} absolutely convergent, i.e. 3. |an
—apy1| < ®.

* Cf. Mears [4] and Knopp-Lorentz [2].
335



336 ALEXANDER PEYERIMHOFF [June

With any regular (respectively absolutely regular) Norlund mean
N(p) there is associated a function p(z) = 3¢ pnz» regular for ]zl <1t

Consider now two Nérlund means N(p) and N(r) where N(p) is
regular while r(z) = D ¢ r.z» is regular for Izl =1 with r(0)=0,
r(1)#0. Then ¢(2) =r(2)p(z) belongs to a regular Norlund mean
N(g). In this paper we shall ask for the relation between the con-
vergence fields of the Nérlund means N(p) and N(r) on the one hand
and the convergence field of the Nérlund mean N(q) on the other
hand. We shall show that there holds a certain additive relation (the
following results are special cases of Theorem 1).

If r(2) %0 for |z| =1 and p(z) =0 for |z| <1, then s,Eo(N(q)) if
and only if sp=u,~+v, where u,Eo(N(r)) and v,Eo(N(p)).

If we assume that N(p) is absolutely regular, then the Nérlund
mean N(g) is absolutely regular. There holds a similar additive rela-
tion if o is replaced by a.

If r(2)#=0 for |z| =1 and p(2)#0 for |z| <1, then s.€a(N(q)) if
and only if sa=un.+v, where u,Sa(N(r)) and v,Ea(N(p)).

In the case p(z) =1 we are able to give explicitly all the sequences
of o(N(q)) respectively a(N(g)). Suppose that {r,,} satisfies the con-
ditions of the first theorem above. Let a; (=1, 2, - - -, k) be the
zeros of r(z) for Izl <1, a; having the multiplicity v;>0. Then
sn€0(N()) if and only if sn = D 5.y (1/0) 2155 ¢i;4% 41, where

t, = o(1), An = (n + ]> (cis = constant),
n
and this result remains true with a in place of o.

When 7(z) is a polynomial, the o case of the last result recently was
proved by Petersen.?

We remark that the condition r(2) 0 for Izl =1 is essential as is
easily seen® from the example p(z)=1/(1—32), 7(3) =142 —7 <&
<. If s, Eo(N(p)) =0(C1), we have s,=o(n), and if s,So(N(r))
we have s, =o(n), butif s,E0(N(¢q)) we have s, =0(n?) while s, =0(n%)
is not true for any a <2 and all s,E0(N(gq)).

We shall apply our results to the methods of Cesiro and Riesz
(discontinuous), and we shall obtain the difference between the con-
vergence fields of these methods with index 2k+1 (k an integer).

1. The main theorem. Consider a sequence { p,.} of complex num-
bers with the property

4 The regularity of p(z) for ! zl <1 follows easily from P,41/P,=140(1) because
of (2). Cf. Hardy [1, p. 65].

§ Petersen [5, Theorem 2.2, p. 452].

¢ By use of the Toeplitz theorem.
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) p0#0, and there exists a number N such that X", $,70 for
n=N.

Let Ny=0 be the smallest number N with Y_*_, ,70 for n=N.
We define a sequence {Pn} by P.= 2. *.o p» for n=N,, P,=1 for
0=<n<N,” If a sequence {p,} satisfies the conditions (5) and (2),
the functions Y _p.z» and ) P,z are regular for || <1 (because of
(2), cf. footnote 3), and if s,E0(N(p)) or s,Ea(N(p)), where N(p) is
the Norlund mean (1), the series Y_sn2z» has a positive radius of con-
vergence.?

From (5) and (2) we obtain the relations

(6) p"-i'k = O(Pn)’ Pn+k/Pn =1 + 0(1)
(n-—)oo,k:-(), il, i‘2,"°).
LeEmMA 1. If a,=a(l), b.=a(1), then a,+b,=a(l), awbn=a(1). If
a,=a(l) and a,—c#0, then a; ' =a(1).

The proof of Lemma 1 is trivial.
If a sequence {p.} satisfies the conditions (5), (2), and
(7 pn = a(Pn) (n — =),
then we obtain by use of Lemma 1 the relations
(8) p"‘”‘ = a(Pﬂ)t Pn+k/Pn = a(l)
(”-9°°,k=0, i-lv izv"')'

LEMMA 2. Consider a sequence subject to the conditions (S) and (2).
Given a number €>0, there exists a number K, with

"9) | Pasa/Pa| S Kx(1 4+ for nz0, k=0, +1, £2,--
K, independent of k(P_y=P_s= - - - =0).

Proor. From (6) we obtain the relation 1/(1+€)<|Pus1/Pa|
=<1+e€ for n=n.(€), and the estimation (9) follows by an easy con-
sideration.

LeMMA 3. Consider a sequence {p,.} subject to conditions (5), (2),
and (7). Given a number €>0, there exists a number K, with

(10) Z

Porr Popryr
Pn Pn+l

< K;

B+ ¥ for k=0, +1, £2, - - -,

7If we change a finite number of the numbers P, in (1), the convergence field
o(N(p)) respectively a(N(p)) will not be altered. Therefore, in order to avoid some
(formal) difficulties, we define the numbers P, so that P,»<0 for n=0.

8 Because of 5(z) =Y _saz" = (p (2))1 2. Pnon 2% p (0) 5 0. Cf. Hardy [1, p. 65].
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K independent of k (P_y=P_3= - - - =0).
ProorF. From
(Patr/Pn — Puy1sr/Pny1) = (Prir/Puirer — Pn/Pni1) Pri14r/Pa

(where n4k4120 in case k£ <0) the estimation (10) follows because
of (8) and (9).

LEMMA 4. Consider a sequence { p..} subject to conditions (5) and (2).
If {da} is a sequence with 3 ¢*|d.| < « for some ¢ >1, then

(11) gb,d,_,, = {"(P ») b, = {o(P..)

Pu(d + o(1)) (@ = 2 dn) P.(1 + o(1)),
and
» _ fo(Pa) L. fo(P)
a2 Dbd = {Pn(d+o(1>) ¥ = {P,.<1+o(1>>.

Proor. Because of (9) (with 14€<¢) we have for any m=n-c¢
(c20)

)

Pty n

P,

ldaw| s E. A+ |du| s K X046,

and from this estimation the relation (11) follows at once (observing
relation (6)). In a similar manner we obtain the estimation (12)
(notice that |du/Pa| SKi(14+€)*|da| =0(1)).

LeMMA 5. Consider a sequence { pﬂ subject to conditions (5), (2),
and (7). If {dn} is a sequence with Y $»|da| <  for some ¢ >1, then

(13) > bidn = o(Pr) i b = a(P2),

and

(19) > bday = a(PY) if by = a(Pa).
r=(

Proor. Consider a sequence 8,=a(1). From

Ont2Pust/ Pn — Snyis1Payiy1/ P
= 8n4t(Pntt/Pn — Puiii1/Pny1) + Patis1/Pas1(Bnss — Snsis)
(6, =0 and P, =0in case» < 0)

we obtain (because of (9) and (10)) the relation
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had P P %
(15) 22| 0nsk M Ont1tk s
N0 Pn n+l

+Ey(1 4+ K S Ko(| B| + 1)1 + ¢)'¥,

(=0, 1, £2, - - - ) with K; independent of k.
Putting b, =0,P, and B,= )_,_, (b,/Ps)d,— we have

® P,y Porrir
Bo— Bor1 = 2 (6..4.. © = Snirir )dn
e P, n P n+1

< KKs| k| (1 + ¢)1%

and by use of (15) we obtain

> |6n—bons] SK LG+ DA+|d| =K (1+e<),
n=0 =0

which proves (13).
By use of (15) we obtain (14) in a similar manner.

LEMMA 6. Let r(2) = 2 _r.8* be convergent for zl =p, p>1, r(0) =0’
7(1) %0, and define q(z) by ¢(2) =7(2)p(2) (¢(2) = 2_gaz", p(2) = D_pnz").

G) If {p,.} satisfies conditions (5) and (2), then {qn} satisfies (5)
and (2), and the relation

(16) 0./ P. = 7(1) + o(1)

is true. (Because of (5) the sequence {Q.} may be generated by {g.} in
the same way as is {P.} by {pa}.)

@) If § p,.} satisfies conditions (5), (2), and (7), then {q,.} satisfies
(5), (2), and (7), and the relation

(17) Qﬂ/P’l = a(l)
is true.

ProoF. Putting Q.= > "0 ¢,, P¥= D "0 p, (P*=P, for n= N,)’
we have the relation

(18) 0 =3 Prro..
yu=0

If { p,.} is subject to conditions (5) and (2), we obtain from (18) by
(12) the relation

(19) Q:*/Pa* = 1(1) + o(1) (n— =),

and therefore {q,.} satisfies the condition (5) (notice that go=rgpy).
Considering ¢n/Qn=¢a/Pa-Pa/Qs we obtain the statements of the
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lemma from the relation g,= D" ps¥»—», by (19), Lemma 4, Lemma
5, and Lemma 1.

LEMMA 7. Let p(3) = D_paz~ be convergent for |z| <1, and define p(3)
by p(2) = (1 —2/a)*p(3) with 0<|a| <1 and k>0 an integer.

(i) If {pn} satisfies conditions (5) and (2), then {p.} satisfies (5)
and (2), and the relation

(20) /Pn/Pn = (1 - l/a)—k + 0(1)

is true. (For the definition of P, ¢f. Lemma 6 (i).)
(i) If {pa} satisfies conditions (5), (2), and (7), then { 13,.} satisfies
(5), (2), and (7), and the relation

(21) P,/P, = a(1)
s true.

Proor. Stﬂ)pose first k=1. Putting PJ}= Zf-o py (PF¥=P, for
n=N,) and P*= D ", p,, we obtain from p(z) = (1 —z/a)~'p(2) the
relations

~ 1 n 0
(22) Pa=—2 b’ =— 3, pa* (because of p(a) = 0),
a® y—o y=n+1
and
- 1> @
(23) P¥=—_Y P* = — Y, Paon for n = N,.
a® ,—o y=n+1

If { p,l} is subject to conditions (5) and (2), then we obtain from
(23) by (11) (putting d,=a**') the relation

(24) BX/P.= (1= 1/a)" + o(1),

henf\e (because of ﬁ/o\ =po) {pa} satisfies the relation (5). Considering
Pn/Pn=7pn/Pn-Pa/P, we derive the statements of the lemma from
(22) and (24) by Lemma 4, Lemma 5 (putting d, =a*t!), and Lemma
1.

For £>1 the result follows by induction.

LEMMA 8. Consider a function p(3) = D_paz», regular for lzl <1, and
a number o with 0 < lal <1. Suppose that p(z) has a root of multiplicity
A0 for s=a (i.e. p(z) =1 —2z/) h(z) where h(z) = I haz~ is regular
for [z| <1 and h(e) #0), and define q(2) by q(z) =(1—z/a)p(2).

() If {pa} satisfies conditions (5) and (2), then {q.} satisfies condi-
tions (5) and (2), and s.Eo(N(q)) if and only if
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A
n

Sa =l c—>
a”

ta € o(N(p)), (A:‘. = (” : )‘), c= constant).

@) If { p,.} satisfies conditions (5), (2), and (7), then {q,} satisfies
conditions (5), (2), and (7), and s.Ea(N(q)) if and only if

(25)

(26) 5o = ta + c(dnfa), tn € a(N(p)).

PRrOOF. Suppose that {p,} is subject to conditions (5) and (2). By
Lemma 6 the sequence {q,.} satisfies conditions (5) and (2). Consider
a sequence s,E&0(N(g)). The series s(z) = > sa2» has a positive radius
of convergence, and we define a function #(3) = > t.z* by £(z) =s(3)
—c(1—2/a)~™D  (c=constant). Putting ¢(3)s(3) =a(z)= D anzn
(an=0(Q.) because of s,E0(N(q)), so that a(2) is regular for |z| <1),
we have

p(x)Uz) = o (s(2) — ¢(1 — 2/a)= D) = : (a(2) — ch(2))
1—3/a 1-32/a
1
=1__z/a2b,.z (bn = Gn — cha).

If we put c=a(a)/k(a), we have

27 p@)iGe) = — izn “2 by (because of Y, bua™ = 0).

=0 pu=n4-1

From (16) and a,=0(Q,) we obtain a,=o0(P,), and by use of
Lemma 7 we have

(28) h, = o(P,),

so that b, =0(P,), and from this estimation we get

(29) i b = o(P,)

y=nd-1

by Lemma 4. As is seen from (27), the estimation (29) means that
taE0(N(p)).

It remains to show that any sequence (25) is contained in o(N(g)).
If t.E0(N(p)) we have p(2)t(2) =b(s) = 2_baz~ with b,=0(P,). Put-
ting g(2)(z) =a(z) = 2_anz*=(1—3/a)b(3), we obtain a,=0o(P,) (by
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use of (12)), and because of Qn=P,(1 —1/a+o0(1)) (by Lemma 6) we
have a,=0(Q,) so that ¢,Eo(N(q)).

Finally we have A}/a*€0(N(g.)) because of g(8): D mo (AL am)z»
=h(z), (28), and (16).

Writing a instead of o, the proof of (ii) runs in exactly the same lines
as the proof of (i).

LEMMA 9. Consider a function p(z) = Y _pnzn, regular for | zl <1, and
a function r(3) = D_r.z, regular for Izl =1 with r(2) =0 for Izl =1.
Define q(2) by q(2) =r(2)p(2).

@) If § p,.} satisfies conditions (5) and (2), then {qn} satisfies con-
ditions (5) and (2), and we have o(N(p)) =0(N(g)).

(i) If {pa} satisfies conditions (5), (2), and (7), then {ga} satisfies
conditions (5), (2), and (7), and we have a(N(p)) =a(N(g)).

PRrOOF. Suppose that {p,} is subject to conditions (5) and (2). By
Lemma 6 the sequence {g¢.} satisfies conditions (5) and (2). Consider
a sequence s, o(N(p)). Putting

p(@)s(z) = a() = X aaz(s(z) = 2 saz"),

we have a,=0(P,). Putting q(2)s(2) =b(z) = 2_b.2"=r(3)a(s) we have
the relation

(30) bo = 2 fns
r=0

Using Lemma 4, we derive from (30) the relation b, =0(P,), and by
Lemma 6 we obtain b, =0(Q.). Hence we have s,&0(N(g)) and there-
fore o(N(p))Zo(N(qg)). From p(z) =r(2)~'¢(2) where r(2)~! satisfies
the same conditions as does r(2), we obtain the relation o(N(g))
Co(N(p)), and this yields the result desired.

The proof of (ii) runs in exactly the same lines as the preceeding
proof of (i).

The following theorem is obtained by a combination of Lemma 8
and Lemma 9.

THEOREM 1. Consider a function r(3) = Y _raz», regular for Izl =1,
r(2) 0 for 2=0 and |z| =1, and having inside the unit circle the roots
oy - -+ - o, With the multiplicities y1 - - - Y«

(i.e. r(z) = ﬁ (1 — z/a))viry(5) where ri(z) # 0 for | zl =1,7v:> 0)-

Let p(2)= D _paz® be a function regular for |z| <1 and suppose
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that a; (i.e. the ith root of r(2)) is a root of p(z) with multiplicity
\i20 (6=1,2, - - -, k). Define q(2) by q(2) =r(2)p(2).
(i) If {pa} satisfies conditions (5) and (2), then s.Co(N(q)) if and
only if
1 Mty

sn=tn+27 E

Pl Q0 g
tn € o(N(p)), (Ai = (n + j), Cij = constant).
n

@) If { p,.} satisfies conditions (5), (2), and (7), then snEa(N(q)) if
and only if (31) holds with t,Ea(N(p)).

In case (i) the sequence {q.} satisfies conditions (5) and (2), and in
case (ii) the sequence {q,.} satisfies (5), (2), and (7).

ct‘iAi:
(31)

Proor. Considering the functions

(1 = z/a))p(z), (1 — 2/e))’p(2), - - -, (1 — z/c)p(3),
(1 = z/a)(1 = z/a)mp(a), - - -, Hl (1 = z/a)np(z) = $*(),

we obtain by a repeated application of Lemma 8 the result that the
convergence field of p*(z) is given by (31) (respectively by (31) with
t.Ea(N(p)) in case (ii)). By Lemma 9 the convergence fields of the
Norlund means belonging to p*(2) and r,(2)p*(2) =¢(2) are not differ-
ent.

Finally we shall show that the theorems stated in the introduction
of this paper are special cases of Theorem 1. These theorems deal with
regular (absolutely regular) Nérlund means while the weaker condi-
tions (5) and (2) ((5), (2), and (7)) imply that the N(p)-transforma-
tion of any sequence {s.} with s,=0 for all large # tends to zero
(tends to zero and is absolutely convergent).

Given a regular (absolutely regular) Nérlund mean® N(p) and a
sequence {r,} such that r(z) = > rn3n is convergent for Izl =¢,8>1,
r(0)0 and r(1)0, then by ¢(z) =r(2)p(s) a regular (absolutely
regular) Norlund mean N(q) is defined. In fact, suppose that s, =0(1)
(sn=0(1) and s, =a(1)).!° Putting

Opn = (I/Pn) Z Dn—rSy
p=0

% And {p.} subject to condition (5).
10 Obviously it is sufficient to consider only sequences tending to zero.
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we have

> GusSy = 2 tavPoo, = 0o(Pa)(= o(Ps) and = a(P.))
y==0 ye=(

by Lemma 4 (Lemma 4 and Lemma 5) because of o, =0(1) (6,=0(1)

and ¢,=a(1)) and from (16) ((16) and (17)) we obtain the relation

200 gnrsy=0(Qa) (=0(Qa) and =a(Qn)) q.ed.

If we put p(z) =1, the last theorem of the introduction follows at
once from Theorem 1, and combining this result again with Theorem 1
we obtain the first and the second theorem of the introduction (the
second term in (31) (with A\;=0) plus all sequences tending to zero
represents all sequences belonging to o(N(r)), similarly in the ab-
solute case).

2. An application. As an application of Theorem 1 we shall investi-
gate the convergence fields of the Cesaro means Ci=N(p) with

P = (" TE- 1) (£>0),

n

and the discontinuous Riesz means R;=N(q) with ¢.=(n+1)*—n*
(E>0). We shall assume that £ is an integer. The sequences {p.} and
{gs} thus defined satisfy conditions (2), (5), and (7), and G; is con-
nected with the function p(z) =1/(1 —2)* while R} is connected with
the function

1 _ Pk_l(Z)
1—z 1 -2

0 d k
(32) qx)=(1—2) zo(n + 1)kzn = (1 — 2) (E z)

Pi_1(z) being a polynomial of degree k—1 (this follows easily by
induction from Py=1, Py,=1+43, P;=1+4z-+}3?%).

From (32) we obtain the relation g(z) = Px_1(2)p(2), and therefore,
in order to apply Theorem 1, we have to investigate the distribution
of the roots of P;_(2).1!

LeMMA 10. The polynomials Pi(z) (k=0, 1, - - - ) are reciprocals,
i.e. Pi(z) =2*P:(1/2).

PRroOF. Starting with Py(z) =1, we proceed by induction. Assuming
that Py_(s) =2*-1P;_1(1/2) (k=1), we have for k=1 the relation®

11 Some properties of the function Y (#n+1)*z" (including the distribution of the
roots) have been investigated by Lawden [3]. Here we shall give a short proof of
those properties of the roots of Pi_i(z) we need for our purposes.

12 Because of the (formal) relation (d/dr)f(r)l t=lla= —x’(d/dx)f(l/x)l,...
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P()=(1- 1)L el
z b4 dc (1 — ¥y,
(- Ly Wty
’ dz (1 — 1/z)k

z
I\*2 d 3zPr_.(3)

_ﬁ(l__> & 2P

z dz (z — 1)¥?

— 32 (1 —- 1_)k+2 (—1)++1 __P_k(i)__ iPk(z).
z ( 2k

1= ke

LeEMMA 11. All roots of Pi(z) (E=0) are located on the negative real
axis. Exactly k different roots of Py (2) and Pai1(2) are contained in any
of the intervals — © <z<—1, —1<2<0, and we have Py (—1)0,
.sz+1(— 1) =0.

Proor. Putting fi(2) =Pi(2)/(1 —2)**2 we have fiu1(2) =(2fi(2))’
(2#1), and by integration the formula

(33) fbful(x)dx = bfi(d) — afr(a) (xreal,a <b< +1,k=0).

From (33) we derive at once the following properties of Pi(z):

(i) Given two real numbers @ and 8 with a <8 <0 and Pi(a) = Pi(3)
=0, there exists a real number ¥ with o <y <@ such that P;.1(y) =0
(put a=a, b= in (33)).

(ii) Given a real number a <0 with P(a) =0, there exists a real
number vy with @ <y <0 such that Px.1(y) =0 (put 5=0, a=a in (33)).

Starting with P,(2) =142z and proceeding by induction, we obtain
the result desired by an easy consideration from (i), (i), and Lemma?®
10 (observe that P, has at most k different roots).

Using Lemma 11, we derive from Theorem 1 the following

THEOREM 2. A sequence {s.} is an element of o(RE*') (RZ0 an
integer) (a(R¥+Y)) if and only if

k Cs
Sn = tn + E — tn € 0(Caory1)(tn € a(Cary1))
=1 O
where ¢; (=1, 2, - - -, k) is constant and the numbers a; are the roots

of Pau(2) located inside the unit circle.

It may be of some interest to have an estimation for the modulus
of the smallest root of Pi(2).

12 By Lemma 10 we have Py,1(—1) =0 and Pi(1/20) =0 if Pi(zo) =0.
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LEMMA 12. Let ag(k) denote the root with smallest modulus of Pi(z).
Then we have the estimation

14 o(1 14+ 0(1
2—,:1(—)§ | e | ngff—)—
(34)
] _ 1
(w1th 14+ 0(1) = T 2)/2“1).

Proor. From (32) we have P;(0) =1 and therefore
k

Px) =1 G- o)

=1
(k21, observe Lemma 10 and ao=a,=1 (because of Lemma 11)).
Considering the logarithmic derivative of this identity we obtain

0 k
PL@)/Pi(z) = — 22" 2 1/a;*" | 2| being small,
fm]

n=0

From P;(0)/Pu(0) = 2011/ ] el 1/ | co(B)| < 211/ || Sk/| o)
and Py (0) =2%1—(k+2) (this relation follows by an easy calculation
from (32)) we obtain (34).

Finally we consider the Nérlund mean N($) defined by p,=Ek*,
Pr=(n+k)*—(n—1+k)*, n=1 (k>0 an integer). We obtain this
mean from R; omitting the first (¢ —1) elements of the sequence
{ pa}.1 Similarly to (32) we have for (z) the relation

d 1 d \* gk1
20 = (1= Tt Bt = (1= ) (575) T
Qx(2)

=(1__z)k.

We have Qi(s) =1, Q:(s) =22—32+4, Qi(z) = —8z3+3122—442427,
Q. (z) = 812* — 3892 4 73122 — 6552 + 256, Qs(z) = — 102425 + 59012¢
—139342241702622— 109742+ 3125.

By numerical calculation we obtain the following roots of smallest
modulus

Qo 20 =15+41.32---, (=3/24i112/2), |z|2 =4,

Qs: 20 = 0.9710 + 10.8961 +¢,  |e| <3.107%, |z|2=174..-,

Qu: 20 = 0.80299 + 0.71437 +¢, |e| <1075,  |z|>=1.155---,

Qs: 30 = 0.72034 + 0.60896 +¢, |e| <5105, |z|2=089..-.
1 A Nérlund mean of this kind has been considered by Riesz [6].
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From Theorem 1 we see that the means N($) are equivalent with
Ci for k=1, 2, 3, 4, but not for k=5 (and probably, not for any
k=5).
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REARRANGEMENTS OF SERIES
H. M. SENGUPTA

1. Introduction. Professor R. P. Agnew [1] and the author [2]
have considered the metric space E of points x=(x1, x2, %3, * * + )
where the complex (x1, x2, x3, + + + ) is a permutation of the positive
integers and the distance between two points x and y is defined by
o1 [ #n =
) U ) = 2 T To ey
Starting with a given conditionally convergent series  m, ¢, of
real terms, we associate it with the point (1, 2, 3, - - - ) of the space
E. Following Professor Agnew, we sometimes write the series » c,
in the form D c(n). With a given rearrangement of this series, say
c(m)+c(nz)+c(ns)+ - - -, we associate in a unique manner the point
z=(m1, M, m3, + - + ) of the space E. For instance the rearranged series
c+a+cites+ - - - is associated with the point (2, 1, 4, 3, - - )
of E. Conversely, with a given point 2= (#, %3, - - - ) of E we associ-
ate the rearrangement c(#n;) +c(n2)+ - - - of the given series, and if
the rearrangement converges to a we shall say that the series which
corresponds to the point z converges to a.
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