CONSISTENT LIMITATION METHODS
CASPER GOFFMAN AND G. M. PETERSEN

It is known that if a bounded sequence does not converge there are
regular matrix methods which limit it to various values. It is thus
pertinent to ask whether there is a collection ¥ of regular matrix
methods which are consistent and such that every bounded sequence
is limited by at least one method in the collection. No examples of
such collections seem to have been published.

We define such a collection of methods and discuss its relation to
other possible collections.! The problem of finding all such collections
seems to be extremely difficult.

A collection U of methods is consistent if for every A €YU, BEY,
and bounded {s.} which is limited by both A and B, we have
A4 lim, ., 5o =B lim, ., s,. We consider the collection ¥ of all methods
A = (amn) such that:

1. A is regular.

2. A is positive; i.e., Gma =0 for all m, n.

3. For every m, there is a k(m) such that ¢urm) =1/2, and for every
n there is an m such that n=Fk(m); i.e., the number 1/2 appears at
least once in each row and in each column of 4.

LeEMMA 1. The collection N is consistent.

Proor. Let {s,.} be a bounded sequence, let 4 €Y, and suppose
A4 lim, ., s, exists. We show that 4 lim,., s,=(x+/)/2, where
% =1im SUpa .. S, and /=lim inf, ., s.. For, let {n,} and {#,} be in-
creasing sequences for which lim,.., s,,=! and lima., sa,=u. Let
{t,.} be the 4 transform of {s,.} . Define m, and m, so that k(m,)=n,

and k(m))=mn/, for u=1, 2, - - - . Then
l
HM tmy, = WM D GmynSn +—
ol KR nping 2
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1 The discussion of such relations was suggested by the referee to whom we express
our thanks. <
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Similarly, lim,.. tw, 2 (#+1)/2. Hence, if {s,.} is A limitable, then
A lim,., ss=(u+1)/2. This shows that U is consistent.

LEMMA 2. For every bounded {s.} there is an AECY such that {s.}
is limited by A.

Proor. For every m, there are ¢120, ¢220, c;+¢c2=1/2, such that
liMy.e (Sm/24ciu+col) =(u+1)/2. We define 4 as follows:

Amm = 1/2 for all m,
Cmn, = C1 where | s., — u| < 1/m and n. > m,
mnr,, = C3 where l Sty — l| < 1/m and ng. > m,
Amn = 0 for n # m, nm, N,

Then A €Y and {s,} is 4 limitable.
We now have:

THEOREM 1. The collection % is consistent and every bounded {s.} is
limited by at least one A €.

We shall designate this limit by ¥ limy., $a.

THEOREM 2. For any regular matrix C, there is a consistent collection
B of regular matrix methods, all consistent with C, which limit all
bounded sequences.

Proor. Let 8B consist of all B=AC, A&

The collection % in Theorem 1 is such that ¥ lim,., s,=(x+1)/2,
where /=Ilim inf,., s, and #=Ilim sup.. Ss. It is natural to ask
whether, for every consistent collection 8, which limits all bounded
sequences, there is a function f(/, #) such that 8B lima.. s.=5(, %).
That this is false follows from Theorem 2.

COROLLARY 1. There is a consistent collection B which limits all
bounded sequences such that for every f(l, u) there is a bounded {s,} with
B lim,., s.#=f(, u).

Proor. Let the matrix C of Theorem 2 be the Cesaro (C, 1) method
and let {s,}={1,0,1,0,---} and {t.}={1,0,0,1,0,0, .- }.
Then f(I, #) is the same for both {su} and {t,,} ,but 8 lim,,., s,=1/2
and 9B lim,., t,=1/3.

In contrast to this, we have:

THEOREM 3. If A is any collection of consistent methods which limits
all bounded sequences, and if the A limit is given by a function f(I, u),

then f(l, u) =(u+1)/2.
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ProoF. Suppose A and f(I, u) satisfy the conditions of the theorem.
Let {s.}=1{1,0,1,0, - -} and suppose {s,} is limited by 4 €%
to the value k. Then, for every # =0, {usn} = {u, 0,%0,--- } is
limited by A4 to the value ku. Suppose #=1I. Since the sequences
{u—l, 0, u—1,0,:-- } and {l, i .- } are limited by 4 to the
values k- (#—1I) and I, respectively, the sequence { w, l,ul --- }
is limited by 4 to the value k- (v —1)+!=ku+ (1 —k).. Hence f(I, u)
=ku+(1—k)l.

It remains for us to show that £=1/2. We write 4 = (@) and ob-
serve that the 4 limit of {s.}={1, 0, 1, 0,---} is given by
liMmce Dommy @m2n1=Fk, so that the 4 limit of {t.} ={0,1,0,1, . - -}
is given by limg e Doy Gmgn=1—F. But, 4 lim,., tn=Fku+(1—E)!
=k, sothat 1—k=F and k=1/2.

We wish to remark in closing that Theorem 2 indicates the diffi-
culty of determining all consistent collections which limit all bounded
sequences. In particular, we may ask the following question: If ¥ is a
consistent collection of regular matrix methods, is there a consistent
collection B such that 8D and every bounded sequence is limited
by at least one BE9?
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