ON THE STRUCTURE OF ALGEBRAS
AND HOMOMORPHISMS!

C. B. BELL

Introduction. The subject matter of this paper belongs to the
general theory of sets. The objectives here are the examinations of the
structure of classes of sets which are closed under various finite and
transfinite set operations and those transformations which preserve
these operations. The major results of this paper are partial extensions
of (a) the well known theory of g-algebras (e.g. [4]), (b) the work of
E. Marczewski [1] on isomorphisms, (c) the work of R. Sikorski [2]
on g-homomorphisms and (d) the work of A. Tarski [3] on fields of
sets and set functions. Three classes of sets—the algebra, m-algebra
and total algebra—as well as four transformations—the m-homo-
morphism, weak isomorphism, m-isomorphism, and total isomor-
phism—are studied.

A class X of sets is an algebra if it is closed under finite set opera-
tions, i.e. addition of two sets and complementation. Analogically &
is an m-algebra if X is closed under m-operations, i.e. complementa-
tions and addition of not more than m sets, where m is an arbitrary
fixed cardinal number. X is a total algebra if it is closed under all
operations, i.e. complementation and arbitrary addition.

Two classes of sets, & and £, are weakly isomorphic if X and £
considered as partially ordered by the relation of proper inclusion are
similar. X and £ are m-isomorphic if they have the same properties
from the point of view of m-operations; and, finally, X and £ are
totally isomorphic if they have the same properties from the point of
view of all operations on sets.

The most important structure theorems concern the m-operations
for m=2Ny. The formulation of the corresponding finite and total
structure theorems follow easily from the m-theorems and will be
omitted except in special cases.

The work is divided into two parts: (1) algebras of sets and
(2) homomorphisms. In (1) the existence, composition and construc-
tion are treated; and, further, the relation between algebras and the
“natural set units” is developed. In (2) are discussed some properties
of m-additive, complementative transformations. Homomorphisms
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are characterized in terms of the “set units”; and several sets of
equivalent conditions for homomorphisms and isomorphisms are
given.

Terminology and notation. A space is understood to be an arbitrary
nonvoid set. The letters X and Y will denote arbitrary spaces. & will
denote the empty set of any space. ®(X) denotes the class of all sub-
sets of X. For each set ACX, 4° denotes X —A4 and A! denotes 4.

Each class & of subsets of X will be considered indexed, i.e. can
be represented in the form % = { 4, }.c#. If m is an arbitrary cardinal
number, a class & of subsets of X is called an m-class of subsets of X
whenever the cardinality, X, of X is such that x <m.

A class %= {4,}.e% of subsets of X is called (1) complementative,
(2) subtractive, (3) m-additive and (4) m-multiplicative, respectively,
when for every m-class M= {4,},egC%, (1) X-4,=4€x,
(2) 4,,—4,€%, (3) Uegip 4.€X and (4) Nvegy 4.€X. If K is
m-additive [m-multiplicative] for all finite m, X is said to be additive
[multiplicative]; if % is m-additive [m-multiplicative] for all m, X is
said to be totally additive [totally multiplicative]. It is easily seen
that X is additive [multiplicative] if and only if X is m-additive
[m-multiplicative] for some m =2; totally additive [totally multipli-
cative], if and only if @(X)-additive [®(X)-multiplicative]. Further,
one finds that each complementative, m-additive [m-multiplicative]
class is also m-multiplicative [m-additive] for each m; and finally,
that each complementative, multiplicative class is subtractive.

A mapping ¢ with domain X and range £ is called a transformation
of X onto £. A transformation, ¢, of a class & (of subsets of X) onto
a class £ (of subsets of Y) is said to be complementative if for each
4, X—A=4'€XR, ¢(X—-A)=Y—-¢(4), ie ¢(49)=[p(4)] for
1=0, 1. Similarly, one defines subtractivity, m-additivity and m- -
multiplicativity for transformations. Finally, ¢ is inclusive if for
each 4, BE X such that A CB, ¢(4) C¢(B).

1. ALGEBRAS OF SETS

1.1. m-algebras. An m-algebra of subsets of X is an m-additive,
complementative class of subsets of X, an algebra is an m-algebra for
all finite 7; and a total algebra is an m-algebra for all m. [The usual
o-algebra is an Np-algebra in the present notation. ]

Since each @(X)-algebra is a total algebra and each 2-algebra is an
algebra, one need consider primarily m-algebras for m =N, in order
to grasp the general theory.

From the definitions it follows easily that each m-algebra is m-
multiplicative, subtractive and contains & and X. Further, to each
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class & there is associated a unique m-algebra in the following man-
ner.

TuEOREM 1. If X is any class of subsets of X, then there exists a
unique m-algebra Fn, such that XCFn and such that if F is any other
m-algebra containing X, then §,CF.

PRrOOF. ®(X) is an m-algebra and, hence, there exists at least one
m-algebra containing X. Furthermore, the intersection of an arbitrary
family of m-algebras is again an m-algebra.

The intersection of all m-algebras containing X is, then, found to
be the desired m-algebra F.n.

The m-algebra F,, the least m-algebra containing X, is called the
m-algebra generated by X; it will be denoted by F,(X). Similarly,
F(x) and 3(X) will denote, respectively, the least algebra and least
total algebra containing X.

Since each m-algebra is the least m-algebra containing some class
of sets, the discussions of m-algebras can be limited to discussions of
least m-algebras without loss of generality.

THEOREM 2. If X is any class of subsets of X and A is any set of
Fm(XK), then there exists an m-subclass M of K such that A EF,,(IN); or
equivalently Fn(X) =UmC %, g=m Fn(IM).

ProoF. The union of all those m-subalgebras of §,(X) which are
generated by some m-subclass of X is an m-algebra containing & and
contained in §,(X); it is therefore identical with F,(X).

Theorem 2 above is essentially the classical composition theorem
for o-algebras. A more thorough understanding of the composition
of m-algebras can be obtained if one studies the “natural set units”
of m-algebras treated in the next section.

1.2. Constituents and atoms. If %= { 4,},c% isan arbitrary class
of subsets of X, then each set of the form N.egy A where i,=0or 1
for all v and M= {4,}.cq is an m-subclass of X, is called an m-
constituent of X; each m-constituent where m is finite is called simply
a constituent of X; and each N, Ay is a fotal constituent of X. Each
nonempty total constituent of X is called an atom of X. g(x) will
denote the class of all atoms of X.

For algebras it has been proved [1] that:

THEOREM 3. If X is any class of sets, then F(X) is the class of all
finite unions of constituents of XK.

For total algebras an even stronger result is available. In fact
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Marczewski [1] has essentially proved the following theorem.

THEOREM 4. If G and X are classes of subsets of X, then G=G(X),
.. G is the class of all atoms of R, if and only if (a) the union of the
elements of G is X ; (b) the elements of G are mutually disjoint; (c) 3(%)
is the class of all unions of elements of G; and (d) each element of 3(X)
can be uniquely represented as a union of elements of G.

On the basis of the preceding two theorems one might be lead to
believe that each m-algebra can be represented as the class of all
m-unions of m-constituents. This result is unfortunately not true. The
Borel sets in the unit interval provide a classic counterexample to the
m-analog of Theorems 3 and 4.

Let X be the half open unit interval [0, 1]. For k=1, 2, - - -, let
D, be the set of all points of X, whose dyadic expansions ( {il, g, * ¢+ }
where 4, =0 or 1) have 1 as the kth digit. Let X={D;, Dy, - - -,
D, - - } Fro(XK) =®, the class of Borel sets of the unit interval.
The No-constituents of & are the single points and finite unions of
some special subintervals. It is well known that Fxo(X) =® is most
definitely neither the class of all No-unions nor the class of all unions
of the intervals and points mentioned above.

The strongest known theorem concerning the relationship between
m-constituents and m-algebras is the following weak result.

THEOREM 5. If X is any class of sets, then F.(X) contains the class,
My, of all m-untons of m-constituents of X, and F,(X) is contained in
the class 3, of all unions of m-constituents of X; but there exists at least
one class of sets Xy and one infinite cardinal my such that My, 7 Fm, (K1)
L .

1.3. Construction of m-algebras. Although a complete character-
ization of m-algebras in terms of m-constituents is not known, it is
possible to formulate a transfinite construction process for least m-
algebras. One such construction is described below.

Let ® be an arbitrary class of subsets of X. Since F,(X)
=§m(JCU{X }), one may assume without loss of generality that
X EX. For each class D of subsets of X, let (D), be defined to be the
class of all m-unions of differences of elements of D. Let o= & and
Kg=(Uecp Ka)m for each ordinal 8. Now HKoCF.(%K). Further, if
KpCFn(X) for all B<7, then Upc, KgCFn(K) and K, =(Up<y Xg)m
C3Fn.(X). The use of the principle of transfinite induction is, then,
sufficient to establish the fact that X.CF,.(X) for all ordinals a.

If Q(m) is the first ordinal such that Q(m)>m and Fm=Ue<aim) Kas
the preceding paragraphs guarantee that X CF,,CFn(X).
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Further, if 4, BESF,, there exist ordinals a, 8 and ¥ such that
AEXR,, BEXs and «a, B <y <Q(m). Consequently, A —BEX,CFn.
In particular X — BESF,, for all BEF,,. F is, therefore, complementa-
tive.

If now M = { B, } .4 is an arbitrary m-subclass of %, there exists
for each vE91 an ordinal a(v) such that B,E K. If 0= Zveiffé a(v),
o= ZveﬂTl &) Em-m=m; c>a(®) for all vEM and o <Q(m).
Hence U,egfi B.E X, CFm and F, is m-additive.

These considerations establish the following theorem.

THEOREM 6. If Xo=X is a class of subsets of X which contains X ;
(L)m is the class of all m-unions of differences of sets of £ for each
ECO(X); QUm) is the first ordinal such that Q(m)>m; and X
= (Uacp Ka)m for all B, then

Fn(X)=U XK.
a<Q(m)
An immediate corollary to the construction theorem is the hier-
archy theorem below.

THEOREM 7. If K is any class of subsets of X and m and n are two
infinite cardinals such that n <m, then

X C F(%) C Fa(X) C Fu(X) C 3(X) C ®(X),

where the first, second, third, fourth and fifth inclusions are, respectively,
proper if and only if (1) X is not an algebra; (2) X=No; (3) X>n,
(4) x>m; and (5) at least one atom of X contains more than one point
of X.

2. TRANSFORMATIONS

2.1. Homomorphisms. Since an m-algebra is an m-additive, com-
plementative class of sets, it is not unreasonable to expect that an
m-additive, complementative transformation will preserve the alge-
braic properties of an m-algebra. This result is in fact true.

THEOREM 8. If ¢ is an m-additive, complementative transformation of
an m-algebra M of subsets of X onto a class £ of subsets of Y, then £
is an m-algebra. If, further, XKCIM, then ¢(Fm(XK)) =Fm(d(X)).

Proor. To prove the theorem it is sufficient to prove the latter con-
clusion. To establish this result it is sufficient to prove that ¢(X;)
= (¢(X)); for all 8 <Q(m). The proof is by transfinite induction.

(@) ¢(Ko) =0(X)=(6(X))o.

(b) Assume that ¢(Xa) = (¢(X))a for all a <B.

(c) Since ¢ is m-additive and complementative on m-algebra I,
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it is also m-multiplicative and subtractive on 9. These properties and
assumption (b) guarantee that

s =o((3%)) = (8 %) (3 0)

_ ( u (¢(sc)).,)m = (6(%))

for all 8 and in particular for all 8 <Q(m). The theorem, then, is
proved.

From the above theorem one is led in a natural manner to the
following definition of an m-homomorphism.

A transformation ¢ of a class X of subsets of X onto a class £ of
subsets of Y is called an m-komomorphism of X onto £, if there exists
an extension ¢*, of ¢, which is an m-additive, complementative
transformation of F,(X) onto F.(£). Homomorphisms and total
homomorphisms are defined analogously.

The elementary properties of m-homomorphisms are the usual
ones. It is readily established that the extension ¢*, of an m-homo-
morphism ¢, is m-multiplicative, subtractive and inclusive; and, fur-
ther, that ¢*(X) =Y and ¢*(&) = .

The most important property of an m-homomorphism ¢ concerns
the behavior of the m-constituents and their images under ¢. If ¢ is a
transformation of & onto £, and N.e4df 4+ is an m-constituent of X,
then Nuegi [#(4+) ]* is the corresponding m-constituent of £ under ¢.
In terms of these entities the m-homomorphism can be characterized
as follows.

THEOREM 9. A transformation ¢ of X onto £ is an m-homomorphism
of X onto £ if and only if (0m): whenever an m-constituent of X is
empty so is ils corresponding m-constituent.

Proor (NEcEssity). If ¢ is an m-homomorphism and ¢* is its
m-additive, complementative extension, then ¢*(&)=. Further,
each m-constituent of X is an element of F,(X). Hence (6m) holds.

(SUFFICIENCY). Suppose condition (§7) holds, i.e. if N.egf A7 =&,
then U, [¢(4,)]"= for all m-subclasses, oM = {4, <9 of K.
Let A be an arbitrary element of F,(X). Then there exists (Theorem
2) an m-subclass, N = {A,,}.,e’gi, of X such that 4 &5, (90) C3(N).
But each set expressible in the form N.gd; 4; is a total constituent
of 9 (as well as an m-constituent of X). Therefore, A can be repre-
sented (Theorem 4) uniquely, up to empty total constituents, as a
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sum of total constituents of 31. Define

A = U ( A., .‘) .
$u(4) N,e9taCa vgf)/‘z lo( )]'

Since (dm) and unique representation hold, ¢ is well defined for all
elements of 3(9) and, in particular, the elements of F,(91).

Now let 9 = {4, },cqy be an arbitrary m-subclass of % such that
¢ is a subclass of M. It is seen that F,(IM) DF,.(9); in fact, each
atom of 9 is uniquely representable as a sum of atoms of 9 (Theo-
rem 4). Define ¢g1;(4) in the manner of the preceding paragraph. It
is found, then, that since Y is the union of all of the total constituents
of ¢(M—9) (Theorem 4),

o(A4) = n. [¢(A.,)]‘v)

u
N,e914,°Ca \ €N

(nvegg,;jvc,l (,gﬁ[qb(A")]iﬂ))n

C v (o bwr)
N,eM-954"Cx \ »EM-IN

S o
nvefﬁA:"C.{ N,eM-arCx vgﬂl[¢( )] n
(0 buare)]

2EIM-I

W) =

ﬂ,esyngj"CA( D le(a]" ) = dgn(4).

Therefore, for any m-subclass ® of & such that A EF.(®), poy(4)
=¢qua(d) =9g(4). [U® is an m-subclass of & containing both
9 and ®.]

Define now for each 4 EF.(X), ¢*(4) =dgp(A4), where I is an
arbitrary m-subclass of X such that 4 EF,(IM). ¢* is well defined.

{4} is an m-subclass of & such that AEF.({4}). Therefore,
o*(A) =¢4)(4) =¢(4) for all AE XK. Hence ¢* is an extension of ¢.

It will be sufficient to prove the complementativity and m-additiv-
ity of ¢*, in order to complete the proof of the theorem.

(a) For any m-subclass, U of &, ¢q(X) is the union of all total con-
stituents of ¢(U) C L. Hence ¢*(X) =¢q (X) =Y.

(b) For arbitrary 4 €F (&), it is already known that there exists
an m-subclass, U= {4,},3, of % such that 4 €F,,(). Then, since
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representation in 3(V) is unique up to empty total constituents of U,

P*A) =¢*X -4 = U N [e42) ]
N,eV47Cx—4a \ €D

u (UA [¢(A.)]'~)
ﬂ,evoa;vi P1=40]

u ( 64 ,.,)
ﬂ”efﬁAvaA 02’0 [¢( )]

¢H(X) — ¢*(4) = ¥ — ¢*(4) = [¢* (D]’
and ¢* is complementative on X.
(c) Let ®={B,},c® be an m-subclass of elements of F.(X). For

each s€@, there exists an m-subclass, M, = {4, } .4 of & such that
B&F(M,).

"= g&m; - {A”},EU.E&ﬁ" =

is also an m-subclass of X. Therefore,

o(27)
£8

= m( U_ B.) -, v (”nA[qb(A.)]'")

€8 LENM4SCU c@Be\ €M

= u (U (k)= U e,
€8 \ N,eg4,’Ca, \ »€M £6
¢* is, then, m-additive and the theorem is proved.

Similar theorems hold for homomorphisms and total homomor-
phisms. The other special homomorphisms of interest are the iso-
morphisms. These are treated in the next section.

2.2. Isomorphisms. A 1-1 transformation ¢ of X onto £ is said to
be an m-isomorphism of X onto £ if there exists an extension ¢*, of ¢,
which is a 1-1, m-additive, complementative transformation of
Fn(XK) onto Fn(L). Isomorphisms and total isomorphisms are analo-
gously defined. A transformation ¢ of & onto £ is said to be a weak iso-
morphism of X onto £ if ¢ is 1-1 and both ¢ and ¢~1, the inverse of ¢,
are inclusive.

From the definitions it is readily seen that an m-isomorphism is
simply a “two-way” m-homomorphism and has the corresponding
properties. What cannot be readily seen is that a weak isomorphism,
when its domain and range are m-algebras, is an m-isomorphism, i.e.
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the preservation of order (by inclusion) is sufficient to establish
m-additivity, complementativity, etc. These results are summarized
in Theorem 10.

THEOREM 10. The following four conditions are equivalent:

(1) ¢ is an m-isomorphism of X onto £;

(2) ¢ satisfies (nm): corresponding m-constituents under ¢ are
stmultaneously empty or not;

(3) ¢ can be extended to a weak isomorphism of Fn(X) onto Fn(L);
and ’

(4) ¢ is an m-homomorphism of X onto £ and ¢! is an m-homo-
morphism of £ onto K.

Proor. The facts that (1) implies (3) and that (1), (2) and (4) are
equivalent follow immediately from Theorem 9 and the definitions.
To complete the proof it will be sufficient to prove that the extension
¢*, of ¢, which is a weak isomorphism of F,(X) onto Fn.(£), is m-addi-
tive and complementative. [To simplify notation ¢ will be sub-
stituted for ¢* in the following proof. |

Ifm= {A,. } M isany m-subclgss of §,,(X), thensincegis inclusive,
¢(Av) C¢(UvE§\n 4,) for all v&9n and Uveﬁ ¢(Av) C¢(UvE§fC 4,).
But ¢! is also inclusive and, therefore,

¢-1[¢ ( ” gﬁ A.)] Dot [.}:ggnqS(A.)] D gﬁ ¢~ [6(44) ],

U 4. ¢_,[ u_ ¢(A.)] S5 U_4,
EM +EIMN +EM

s( U 4)D U_otanDs(U_4).
2EM €M +EM
So ¢(U.egiy 4+) =U.ediy $(4,) and ¢ is m-additive.

Since ¢ and ¢! are both inclusive, ¢(X) Dp(4) for all A EF.(K)
and ¢~ Y(Y)D¢(B) for all BETF,(L). But ¢(Fu(X))=F.(£L) and
¢ H(Fm(L)) =Fm(X). Consequently, ¢(X)DY, ¢~ (¥) DX, and ¢(4)
=Y if and only if A =X. Further, ¢(4)=4& if and only if 4 = .

If B is any element of §F,(X), then Y=¢(X)=¢(B"JB) =¢(B"
Ug(B). If ¢(B)N¢(B) =, then ¢(B°) =Y —¢(B) =[¢(B)]° and ¢
would be complementative. If C is such that ¢(C)=¢(B°)N¢(B),
then ¢(C)C¢(BY), ¢(B) and CCB?®, B. Therefore C=, ¢(C)=G
and ¢ is complementative. The theorem is proved.

The theorem for total isomorphisms analogous to Theorem 10 can
be obtained from Theorem 10 by putting m = ®(X). However, Theo-
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rem 5 enables one to establish an added equivalent condition for total
isomorphisms.

THEOREM 11. The following five conditions are equivalent:

(1) @ is a total isomorphism of X onto £; (2) ¢ and ¢~! are both
total homomorphisms; (3) ¢ can be extended to a weak isomorphism of
3(XK) onto 3(L); (4) ¢ satisfies condition (nr): Corresponding total con-
stituents are simultaneously void or not; and (5) ¢ induces and is in-
duced by a 1-1 transformation of G(X) onto G(£).
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