SOME TAUBERIAN PROPERTIES OF
HOLDER TRANSFORMATIONS

AMNON JAKIMOVSKI!

1. Introduction. The result which follows was proved by me, re-
cently, in [1],2 Theorem (9.2). If, for some a> —1, the sequence
{s,.}, n=0,1,2, - - -,is summable 4 to s, that is

()
n=0

is convergent in the unit circle and

1.1) 1im(1—x)«+12(”+°‘)s,,x»=s (|s] <+ ),
zt1 na=0 n
and, for some pair 3, v of real numbers with 8<¥,
(1.2) lim (#& - 27y =0
n—©
then
(1.3) lim & =5,
n—ro

when generally? {h‘,‘,’} denotes the sequence of the Hélder transform
of order & of {s,}.

The Holder transform of order & {h‘:’} (or, in short, the (H, a)
transform), where a is a real number, is defined as the Hausdorff
transform generated by the sequence p,=(n+1)"2, n=0,1,2, - - -.
It is known that the Hélder transformations are regular for « =0. We
say, too, that a sequence {s,} is summable Holder to s if it is sum-
mable (H, &) to s for some real number o.

In this note we obtain an extension of my above result to the case
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1 This note is in part a part of a manuscript On relations between methods of sum-
mability of infinite series and integrals submitted as a thesis for the degree of Ph.D.
to the Hebrew University, Jerusalem.

2 Numbers in brackets refer to the bibliography at the end of this note.

3 Concepts and propositions mentioned or used in this paper without definition or
proof are to be found in Hardy’s book Divergent series, Oxford University Press.
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where {#(?} is replaced by certain linear combinations of Hélder
transforms as well as some other results of similar type (see §§8 and
9).

In the proof of the extensions just mentioned we use some proper-
ties of general and special Hausdorff transformations as well as two
tauberian propositions for 4 methods of summability, formulated
below in §§2-7.

2. Some properties of the J@® and J (a; B

) transformations.
a,

For any pair a, 8 of real numbers, with a <f, we call (see [1, p. 378])
the linear transform {t&*®} of {s.},

(a) ®)

as, a a) a i h' _hv
=T T =T —— w>0,
w1 (B— )

the J@#® transform of {s.}. {s.} is called summable J@® to s if
limg., &9 =s.

The following two properties of J@# transforms were proved by
me in [1, Theorem (9.1) and Theorem (9.2)].

THEOREM A. For any pair o, 3 of real numbers, with a<pB, the
J@® transform of {s.} is a Hausdorff transform generated by {u.},
where po=1; po=((n+1)"*—(n+1)7)/(B—a)n, n>0.

THEOREM B. For any pair a, B of real numbers, with a <, the
J @8 method of summability is equivalent to the (H, a—+1) method; thus,
for —1=a <P, the J@P transformation is regular.

A simple consequence of Theorem A and Theorem B is

THEOREM 2.1. Let a, b, a, B and v be five real numbers satisfying
a+b=1,a<<y,0=a and aa+b3>0. Let {sn} be an arbitrary se-
quence. The linear transform

{ US"?%,Z)}

defined by

=% 1) (G BN A P AN Y M
) 5. U, R O] » [eh,” + ]

= ’ ) n
° ° C Al + by — )l
is a Hausdorff transform of {s.} generated by the sequence {p.}, po=1;

pa={[a(B—a)+b(v —a) In} - [(n+ 1)~ —a(n+1)# —b(n+1)~7],
n>0.

>0,
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DEFINITION. The linear Hausdorff transform
P
{ UE a, b) }

of the sequence {s,} defined in Theorem 2.1 is called the

J(a; B, 'y)
a, b

transform of {s.}.
The transformation

](a; B, 7)
a, b

is, clearly, regular whenever a = —1.

3. Some properties of Mellin transforms. Given a function f(¢)
of bounded variation for 0 <¢<1, then the function F(2) defined by
F(z) = [otzdf (t) is called the Mellin transform of the function f(¢). A
result concerning Mellin transforms, which we use later, is

TrEOREM C (PITT’s THEOREM). Let the function T(2) be a Mellin
transform of the function o(t) where a(t) is of bounded variation in
(0, 1) satisfying a(0)=a(+0)=0; a(l)=1. If |T(s)| 2d>0 for
Re 220 then {T(z)}~'is also a M ellin transform of some function B(t)
of bounded variation in (0, 1) satisfying 8(0) =B(+0)=0; B(1) =1.

For a proof of Theorem C and a generalization of it see [3, pp. 178—
179].
The main result of this section is

THEOREM 3.1. Let a, b, a and B be real numbers satisfying a+b=1,
0<a<B, 0=a and aa+bB>0. Then the sequence {p,.} , defined by po
=1; pa=a-[aa+88]*- [1—(n4+1)~=]- [1 —a(n+1)=—b(n+1)—"],
n>0, is a regular moment sequence.

In the proof of Theorem 3.1 we use two auxiliary propositions,
Lemma 3.1 and Lemma 3.2; the first proposition

LeEmMA 3.1. Let a, b, a and B be four real numbers satisfying a+b=1,
0<a<B, 0=a and aa+bB8>0. Then the function T(z) defined by
T(z) = (aa+b8) -a~t- [1 —(z+1)~2] [ —a(z+1)*—b(z+1)"], is a
Mellin transform of a function v (t) of bounded variation on (0, 1) satis-
fying ¥(0) =v(+0)=0; y(1) =1.

follows simply from
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LeMMA A. For 0<a, 8 the function T(2) defined by

a 1—(z+1)F

((z4+1)—2=¢a"1wz+D where we choose for log (z+1) its principal
branch) is a Mellin transform of a function (t), of bounded variation in
(0, 1), satisfying a(0) =a(+0)=0; a(1) =1.

For a proof of Lemma A see [1, Lemma 9.1].
It is easy to prove the second auxiliary proposition

LeEMMA 3.2. With the suppositions of Lemma 3.1 on a, b, , and 8
and for the function T(z) defined there, there exists a positive number g
such that for Re 220, | T(z)[ =g>0.

The proof of Theorem 3.1 follows immediately by combining
Lemma 3.2 with Theorem C.

4. Further properties of J (a; B ;) methods of summability.
a,

In this section we prove a property of the

J(a; B8, 7)
a b

method of summability which is formulated in

THEOREM 4.1. For all real numbers a, b, a, B and v satisfying
a+b=1,a<B<y,0=a and aa+b3>0 the

J(a; B, 7)
a, b

method of summability is equivalent to the (H, a+1) method of sum-
mability.

Proor. Since both the transformations

J<a; B, ‘v)
e b

and J@® are Hausdorff transformations and, by Theorem B, the
J@P and (H, a+1) methods of summability are equivalent, it is
enough (by a well known theorem of Hausdorff) to show that the
following two sequences {u,} and {\.}, where
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B—a 1= (n+ 1)-6-=
b= b e —a) ¥ br — @) 1= aln + 10 — b+ D
n>0,
e gy, 2 S @)y @) 1=t )60 = b 4 1)
B—a 1= (n+1)-6-= ’
n > 0,

are regular moment sequences; which is precisely the content of
Theorem 3.1 and Lemma 3.1, respectively. Q.E.D.

5. On products of summability methods. The following result on
the product of 4@ and regular Hausdorff methods of summability
was proved by me in [1] (the special case a =0 of this proposition is
due to O. Szisz. See [4]).

TrEOREM D. If, for some a> —1, {s.} is summable A@ to s and
{t.} is any regular Hausdorff transform of {s.} then {t.} is also sum-
mable A@ to s.

6. Two tauberian properties of the 4@ methods of summability.
The two tauberian theorems for 4 methods of summability, formu-
lated below, are known (compare [2, Theorem 3.1 and its proof ]).

THEOREM E. If, for some a> —1, {s,.} 1s summable A to s and
Sn—Sa1=0(1/n), n— oo, then {s.} is summable (H, —1+¢) to s for
each €>0.

THEOREM F. If, for some a> —1, {s,} is summable A to s and
Sn—Sn1=01(1/n), n— o, then {s,.} s convergent to s.

7. A tauberian theorem for Holder summability. The tauberian
theorem, for Hélder summability, stated below is also interesting in
itself.

THEOREM 7.1. Let {s.} be summable Holder to s. Then, given a real
number o arbitrarily a necessary and sufficient condition for {s,.} to be
summable (H, &) is that for a system of 2n real numbers a,, az, + + + , G,

a0, ¢ ¢ o satisfyinga<an< - - - <anand aitast - - - Fa,=1
holds
(7.1)  lim {hy = [aha® + ashu” + - - + aaha ]} = 0.

m—rco

An argument similar to that used in the proof of Theorem 2.1 of
my paper [1] establishes Theorem 7.1 as well as a similar result for
Cesiaro summability. I do not state the last result explicitly here.
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8. Tauberian theorems for the 4@ methods of summability. We
can prove now the generalizations just mentioned in §1.

THEOREM 8.1. Let a, b, o, B and v be five real numbers satisfying
a+b=1, a<f<y, 0Za and a(B—a)+b(y—a)>0. Then necessary
and sufficient conditions for the (H, a) summability of {sn} are

(8.1) lim {h" = [ahy + bh"]} =0

n— o

and that for some 8> —1 {s.} is summable A®.

Proor. It is easy to see that (8.1) and the 4® summability are
necessary for the summability considered. Now we show that (8.1)
together with the 4® summability are sufficient for the same pur-
pose. First we suppose that «=0. By Theorem D and Theorem 2.1
we have for

{ US‘"&I 1)) } ,

J(a; B, 7)
a, b
transform of {sn} )

© ;B
lim (1 — x)#1 Z(n + 6)-U£ a'z)x” =s.

z11 =0 n

the

From Theorem 2.1 and Theorem E we infer, by (8.1), that {s,.} is

summable
7 (a; B, 7)
a b

to s. Hence, by Theorem 4.1, {s,.} is summable (H, a-+}1) to s; thus
Theorems 7.1 and 8.1 yield lim,, ., B =5s. Our theorem is proved in
the case a20. If, now, <0 then there exists a positive integer d
such that a4+d >0, hence, by taking the (H, d) transform of the se-
quence {A® —[ah® +bh{]}, possessing the limit zero, we obtain
Bt D — [ghP+D £ phlr+9]—0, n— o, and the last relation shows, by
the first part of the proof, that { s,} is summable Halder; whence the
rest of the proof follows now by Theorem 7.1. Q.E.D.

Theorem 8.1 and the other results of this section have already
been proved in [1] in the case a=1.
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An argument similar to that used in the proof of Theorem 8.1 (but
exploiting now Theorem E entirely and also using Theorem F as in
[1, proof of Theorem 6.2 and proof of Theorem 6.3]) yields

THEOREM 8.2. Let a, b, a, B and v be five real numbers satisfying
a+b=1, a<B<y, 0=a and a(B—a)+b(y—a)>0. If, for some real
number 8> —1, {s,} is summable A® and (i) b —[ah® +bhE]
=0.(1), as n— o, then {s,.} is summable (H, a+1) to s. If, further,
(i) A — [ah,(f)+bh,(,’)] =0(1), as n—x, then {s,,} 1s summable
(H, —14a-e) to s for each ¢>0.

The argument used in the proof of Theorem 5.2 of [1] together with
Theorem 3.1 of the present paper enable us to obtain

THEOREM 8.3. Let the nine real numbers a, a’, b, b, o, B8, 8, v and v’
satisfy a<f<y, a<pf'<vy’, a+b=d'4+b' =1, a(B—a)+b(y—a)>0
and a' (B’ —a)+b' (v —a) >0. If

S L
lim =

o a(f — @) + bly — @)

then also

h,(‘a) _ [a,'h,(.p’) + b,h,(.‘y’)]

lim =],
n—w a’(B’ - a) + b,(‘Y, - a)

REMARK. Combining arguments of [1, §7], with propositions of this
note we may obtain results for the Borel method of summability,
similar to those of this section, which generalize those of [1, §7].
I do not state these results explicitly here.

9. Further properties of the Hélder transformations. Given 2n-4-1
real numbers a;, as, - -+, @y, @, 1, Oz, + * -, @y satisfying a <oy
<< - -+ <apand a1+a;+ - - - +a,=1 we call the sequence

{ Uﬁa;ﬁt e I:'.)}
defined by

ay ***,an
()

.ay ttt,an
a0 (a) ("‘:a'...,%
Uo ' = hy ;Um ' = ho

(ay)

(a) (ap)
nohy — [ahy A 4 aaky ]
+> -

=l [al(al - a) + - +an(an - a) ]'v

, n>0,

the
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J(a; [23 PR an)

al’ IS y an
transform of the sequence {s.}. Using results of the previous sections
it is easy to show that the

ey, @
()
al’ DY y an
transformation is a Hausdorff transformation generated by the se-
quence {pn.}, where

(m+ 1) = [am + 1)1 + - - - + au(m + 1)=]
[ay(ar — @) + - -+ + an(an — a)]-m

IJ'0=1; Mm =

)

m > 0.

Taking this into consideration we can prove now one of the main
results of this section, namely

THEOREM 9.1. Given 2n+1 real numbers a;, as, - - -, @n, @, o,
oy, - - -, Ay salisfying a<on<0p< - - - <y, 0<min (ay, - - -, a,)
and axtas+ - - - +a.=1, the

ay -, o
al’ o o y a"
method of summability is equivalent to the (H, ao+1) method of sum-

mability; thus the
ay, ¢, o
J (a; ! )
al’ o o o y an

method of summability is regular if «= —1.

The proof of Theorem 9.1 is the same as that of Theorem 4.1 but
now we have to use a simple modification of Lemma 3.2.

Now we mention a result which is more general than Theorem 9.1.
This generalization is obtained by using the following argument.

Let a, 8 and v be three real numbers satisfying a <g <. If a(u)
is a nondecreasing and bounded function in 8 Su <y which satisfies
a(y) —a(B) =1 then call

(02
defined by
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(@) L)
@) (w23 A
Uo = hq()a); U,. = h;a)-l- 2 y n> 0,

- j; "t = a)da()

7 (a; B, 'Y)
a(u)
transform of {s.}. It is easy to see that this transformation is a
Hausdorff transformation generated by the sequence {u.} where

the

v
(n 4+ 1) — f (n + 1)-*da()
B8
Ko = 1; Mn = b} n> 0.

n j; 7(t — a)da(t)

-

In the same way that Theorem 4.1 was proved we may prove
THEOREM 9.2. If (i) @, B and v are three real numbers satisfying

a<p<y and (i) a(u) is @ nondecreasing and bounded function in
B=Su v satisfying a(y) —a(B) =1, then the

7 (a; B, 7)
a(u)
method of summability is equivalent to the (H, a-+1) method; thus the
7 (a; B, ¥
a(u)
method of summability is regular if a = —1.

It is easy to see that if in Theorem 8.1, Theorem 8.2 and Theorem
8.3 we replace expressions of the form A% — [ah® 4b1{?] by expres-
sions of the form A% — [3h#da(u), where a(u) is a nondecreasing and
bounded function in B Su <v satisfying a(y) —a(8) =1, and expres-
sions of the form a(8—a)+b(y—a) by expressions of the form
J3(u—a)da(u), then the modified conclusions of these modified theo-
rems remain valid.
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TEeL-Aviv, ISRAEL

ON A THEOREM OF ]J. L. WALSH
ARYEH DVORETZKY

1. In a recent paper [1] J. L. Walsh proved, among other results,
the following theorem:

Let the functions f.(x) (n=1, 2, - - - ) and f(x) be p times differ-
entiable in the interval ¢ <x <b and let f,(x) converge to f(x) in this
interval. Then, given any point x,E(a, b) there exists a sequence of
points x,E& (a, b) such that
1) lim %, = 2,  lim fa" (%) = f©(0).

fn=w 7= 00

The main purpose of this short note is to show that “in general”
there exists a sequence x, satisfying the first condition of (1) and for
which f&(x,) =f® (x,) for all sufficiently large #; and when this does
not occur then for the corresponding # not only (1) holds but f¥(x)
is close, in a sense which will be made precise, to f®(x,) in the
neighborhood of x,. While doing this we shall replace the convergence
assumption by a considerably weaker one.

2. THEOREM. Let f(x) and f.(x) (n=1, 2, - - - ) be p times differ-
entiable in the interval a <x <b and let

(2) lim Inf |fu(y) —f(x)] =0
n=w 21 VET

for every open sub-interval I of (a, b). Then, given any point xy< (a, b),
the sequence N = {n} can be written as a union of two (not necessarily
both infinite) sequences Ni={m} and Ny={m} in such a way that
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