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We choose the corresponding Fourier coefficients to define as be-
fore a new function g(x), whose Fourier series converges almost
everywhere since ) ;,D,< ». Now we define {m,} to take on the
values m, n(, <M <miqn4 for each u. Since the sequence {mi} is
lacunary, the almost everywhere convergence of s, (x; f) to f(x) fol-
lows as before. For the sequence {m,},
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for each u. Since the limit of the right side is 1, the theorem is proved.
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1. Let f(¢) be integrable L in (—w, 7) and periodic with period
27 and let

1 i 1 d
1.1 f@ ~—2—- ao + 2 (@, cos nt + b, sin nt) = Bl a0 + Z A(2).
1 1
The differentiated conjugate series of (1.1) at t=x is
(1.2) — > %(an cos nx + basinnx) = — 3 nda(2).
1 1

We write

o(1)

o) = fx+8) + f(x — ) — 2f(x), h(t) = tenl

where d is a function of x.
Let S,, ¢., and o, be the nth partial sum, the first Cesiro mean,
and the first logarithmic mean of the series (1.2) respectively. The
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object of the present note is to prove the following
THEOREM. If

1.3) f" Ih(u)l du = o(log—t—) as t— 0,

u

then

d
lim (o’gn - d,‘) = — lOg 2.
™

n— 0

This is analogous to results for the conjugate series of (1.1) contained
in [3; 1]. Plainly condition (1.3) implies that k(¢) is integrable L in
(0, 7). In a previous note [2] it was proved that, under condition

1.3),
2d

ln ~ — log n,
w

which in turn implies that
d

on ~ — log n.
™

Justification for this statement is provided by the identity

ta 1 & e

(to = 0).

On =
logn  lognio: k
It is enough to prove the theorem for the special case in which & =0.
To justify this assertion, we may restrict ourselves to the special case
in which x=0 without any loss of generality.
Consider first the case in which

f(t)—lt lt’ 1 R icosnt
T2 Ty 6 = m

In this special case both the hypothesis and the conclusion of the
Theorem remain true. In the general case, write

0 = 50 =2 (-7,

with d corresponding to f(#) taken as 0.
2. Proof of the Theorem. We have
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1 L 4
rd,(x) = — f o(D)r cos ridi
T Jo

4f'h(z) in 12 (cin o)
= — n —t— (s 2
g B si T in 7,
Therefore
4 prr 1 d/ &
S,,=——f h(?) si —-t—( i t)dl
= J, ()sm2 7y Z;smr

2j”';z(:)' lzd{ g1 ) + si t}dt
== sin — ¢ —<{cot—#(1 — cos sin 3
™ 0 2 dt 2 ¢ " "

Thus we have

1 2 S:
=2, —
logn ka1 k
d 1 — cos kt
= f h(t) sin — t—-{cot—tz
wlogn d 2 k
" sin k
+ > - ’}dt.
PR
It follows that
(2.1) T — Op = ———f k() K. (1)dt,
= log nlog 2n
where
1 2" n
K.(t) = sin—z—t[logn >~ cos kt — log 2n Z cos kt]
1
N ltd{tlt[l El—coskt
S — — — —_—
in 247 co 5 ogn .
L I kit
—log 2n ), ——%?—]} .
1

By means of the elementary relations

m 1 m 1 1
> cos kt = 0(?11(%-)’ Zl: sin kt = 5 cot 0 t(1 — cos mt) + O(1)

1

we obtain
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1 1 1 — cos kt
K.(t) =O(log n) — — cosec—t[logn > —
2 2 k
1 — cos kt
(2.2) — log 21 ), : ]
1

1 1 1
+ —2—cos—2—tcot-§—l[log n(1 — cos 2nt) — log 2n(1 — cosnt) |;

the first square bracket may be also written in the form

1 — cos kt 1 — cos kt

logZZ ognz

n+1l k

We now use the result [1, proof of Theorem C] that (1.3) implies
r 1
f h(?) cot —2—t(1 — cos nt)dt = o(log n).
0

Since k(t) is integrable, this is also true with k(¢) cot (¢/2) replaced by
h(t) cosec (¢/2), or by h(t) cos (¢/2) cot (¢/2). From (2.1) and (2.2)
we obtain

o — an = o(1) + O(IOg“2 Z —_ + log™ ' n Z ) = o(1).
n+1
This completes the proof of the theorem.
Finally we must express our thanks to the referee for some sug-
gestions which improved the presentation and simplified the proof.
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