PARTITIONS OF MULTI-PARTITE NUMBERS
E. M. WRIGHT

1. Introduction. In what follows all small latin letters denote non-
negative rational integers. We suppose for the present that | X .-I <1
(1=4=j) and write

k k;
Fi¥) =Fi(Xy, -+ X3 1) = [+ X" - Xi'7)
and
-1 k1 ki =1
6 ={F(-n} =I10-Xi"---X77)",

where the products extend over all non-negative %, - - -, k. If
| ¥| <1, we have

GAY) = 14+ 3 0i(m ¥,

n=1
where

Qilm) = QiXy, - -+, Xssm) = 2 qlm, -+, mimXy e X5

nyye ey nj=0

and g(m, - - -, n;; n) is the number of partitions of the j-partite
number (#;, - - -, n;) into just # parts, that is the number of solu-
tions of the “vector” equation (or equation in single row matrices)

1) i (®1ky =+ oy @) = (na, -+ -, ).
k=1

The order of the vectors on the left-hand side of (1) is irrelevant.
Again
Fi(¥) =14 2 Ri(m¥™,
n=1
where
g

Rin) = Z r(ny, - -, ni;-n)X:' o X7

and r(n;, - - -, nj; n) is the number of partitions of (m, - - -, %;)
into just # different parts, that is, the number of solutions of (1) in
which the vectors on the left hand side are all different.
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If j=1, we have

(1 = 1G(Y) = G:«(X,Y)

and so
Qi(m) — Qu(n — 1) = XiQi(n),
whence
in — 1 1
0(n) = OQi(n — 1)

1—Xt (A—-X)A—X)---(1—X)
Similarly we find that

n(n—1)/2

Xi

R =i -m a-x

Macmahon (Combinatory analysis ii, Cambridge, 1916) discussed
in detail the case j=1 and referred briefly to the more general case,
commenting on its complexity. More recently Bellman (Bull. Amer.
Math. Soc. Research Problem 61-1-3) has asked for a formula for
Q:(n). My object here is to obtain formulae for Qj(n) and R;(n) for
general j and #. For > 1, these formulae cannot be reduced to any-
thing as simple as in the case j=1, but we can make some progress
in this direction and deduce certain results about partitions.

2. The formulae for Q;(n) and R;(n). Let
(2) oy, 02, O3y * * °

be any infinite sequence such that || <1 for every k and Y|l
< . We write

Ccy) = fI(1 +a¥) =1+ f:A(n)Y"
k=1 n=1
and

D) = (e} =TT+ ¥ +ar’+ )
1

=1+ i B(n)Y™

nesl

Clearly A (n) is the sum of the products of every set of n different
and B(n) is the sum of the products of every set of » numbers «,
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repetitions permitted. We write also

Sim) = Y ax.
k
We see at once that
© L S(m)
3) logD(¥Y) = — D log(1 —ay¥) = 2, — Y™
kasl m=1 M
Hence
© S
D(Y) = exp {Z -@ Y"‘}
m=1 M
and

B = © 1 S,

™ B !mhm
the sum extending over all partitions of # of the form
n=2 hum
and the product over all the different parts m in the partition. Again
C(—Y) = exp {— i i(ﬁ) Y"‘}
m=1 M

and so

—1)m{ s b
A(n)=(—-1)"ZH( Y {S(m)} b=

n) hm !mh"‘

Next, if we differentiate (3) with respect to ¥ and multiply through
by D(Y), we obtain

ilnB(n)Y"‘1 = f,: S(m)y =1 {1 + Z‘:B(n)Y”}
and so, equating coefficients of ¥*!, we have
4) nB(n) = i}S(m)B(n - m).
Similarly

(5) nA(n) = Z”: (—=1)™S(m)A(n — m).
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If we now take all of
(ks20,1=i=))
for the « in (2), we see that
A(n) = Ri(n), B(n) = Qi(n)
and
1
?
Bi(m)

Sem) =L X X7 = H( x-) B
where
Bi(m) = II (1 - x7).

Hence we have

(6) Qi(m) = 22 I (hm))=2{mp(m) } ==

(n)

and

o) Ri(n) = (=) 20 TT (= 1)Mm(hm!)~t {mB(m) } .

(n)

These are the formulae for Q;(n) and Rj(n). For j=1, they were
found by Macmahon (loc. cit.).
Again, (4) and (5) become

®) nQi(n) = El Qiln — Py ™
and
aRin) = 32 (~1)r DK ™)
m=1 :(m)
If Eh,,. m=mn, it is easy to show that
1-X0-X3).-.-(1—X"
IIa — xm)bm

is a polynomial in X. Its degree is clearly

Zk—zh m—-—~n(n+1)—n=—n(n—1)

h=1

Hence, if we write
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Pi("’) = Pi(Xh Sty Xi; n)
= B;(1)Bi(2) - - - Bi(n)Qi(Xy, - - -, X3 )

we see from (6) that P;(n) is a polynomial of degree at most
n(n—1)/2 in each of X3, - - -, X;.

It follows from its definition that Q;(x) is a multiple infinite power
series in X3, « - -, X, the coefficient of each term being a non-nega-
tive integer. Since the § are polynomials with integral coefficients, we
see that all the coefficients in the polynomial P;(z) are integers. It
seems very likely that all these coefficients are non-negative, but
this I have not been able to prove. In §1, we saw that

(10) Pi(n) = 1

©)

for all #. Unfortunately nothing so simple is true for j>1.

3. Properties of P;(n). We now suppose that Q;(z) and R{n) are
defined by (6) and (7), so that Q;(z) and Rj(xn) are rational functions
defined for all values of the X, except the mth roots of unity for
which 1 =m <. Again, since P;(n) is a polynomial, it can be defined
for all values of the X; without exception. We write P;(0)=Q;(0)
=R;(0)=1 and see that P;(1)=1.

We have now

BilXs, vy Ximg, X7 5m) = (1 — X1) -+ (1 = Xp)(1 — X7
— X7 Bi(Xy, -+, Xima, X1 m).

Hence, by (6) and (7),
QX1 -+, Xicy, X73m) = X7 2 IT (= 0)"(ht) " {msm)} ™™
(n)
= (=1)"XiRi(Xs, -+, Xs=1, Xi3 n)
and
Ri(le R Xi—l’ X-;l; n) = (_l)nX,;Qi(Xh Tty X]; n)'

This transformation applies also with any one of Xy, - - -, X; in
place of X ;. Applying it twice, we have

(1) Qi(Xy -+, Ximg, Xiog, X7 37) = X7 X104(Xy, - -+, X5 m).
Using (9), we see that

n(n—1)/2 -1
X; Pi(Xy -y Xj, X5
Ri(Xy -, Xym) == X n Xiin),
Bi(1) - - - Bi(n)
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so that, if we can evaluate Pj(n), we have a simple form for both
Qj(n) and Rj(n). Again

n(n—1)/2

PiXy, -+, Xya X7, X7 5 1)
=Pi(X1)"'in;n)°

(Xi1X3)

If, then, we write

g=n(n—1)/2
and
g kl kj
Pi(Xy -+, Xiun)= 2 Nky-+-, kX1 -+ -X;
kyyoee, k=0
we have

>\(k1, Tty ki—z, ki—-—ly ki) = 7\(k1, Tty ki—2: §— ki—-ly 8§ ki)

and similarly for any other pair of the k;. We can see at once by put-
ting X;=X,= .- =X,;=0, that A0, 0, ---, 0)=1. Hence
g, g, 0,0, - - -,0)=1and so on. It follows that, for j =2, P;(n) is of
degree exactly g in every X..

Next, we see that, in the sum on the right-hand side of (6), the
factor (1—X,)" occurs in the denominator only in the term in which
m=1, by =n, i.e. the term corresponding to the partition of # into n
units. But the factor (1 —X;)" occurs in 8;(1)8;(2) - - - Bi(n) and so

PXa -+ Ko 130 = lim 080
b 7 X;-1 n'{ﬁ,(l)}”
- ﬁi—l(l) e ﬂ,’_l(n)

{Bima(1)}"

-1 n

=OIIA+ X+ X+ +X).

i=1 m=2

(12)

Hence

GZ)‘(klr Tt k:)

k=0

is the coefficient of J]iz! X¥ in the double product on the right-
hand side of (12). Also, putting

we have

I
™
-4
F

Pi1,1,- -+, 15n) ©y ky) = (n))"N
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Again
Pi(Xy -, Xi, 050) = Pia(Xy, -+, Xjoasm)
and so
ANEy - -0y Bimy, 0) = N(ky, - -+, Bjoy).
By (10), A(k1) =0 unless &, =0. Hence
Ak, 0,0,---,0) =0,

unless k; =0. Thus there is no term in P; which consists of a power of
one X only, i.e. apart from the term of zero degree, viz. 1, every term
contains at least two of the X. A number of other properties of the A
may be obtained similarly.
From (8) and (9), it follows that
n {n —m + 1 o oo (n
(13) nPi(n) = 3, B )+ Bilm) Pi(n — m).
m=1 Bi(m)
For m =2, the factor 1 —X; occurs at least once more in the numer-
ator of

Bin—m+1) - Bi(n)

Bi(m)
than in the denominator. Hence
npin) = 25 b — 1) + 80T,
Bi(1)

where T is a polynomial in the X,.
For a small value of m, we can find the terms containing X7 in
Pj(n) as follows. It is easily verified that

Gi(XY)Gi(Y) = G{(Y)
and so
0 0 l 1 -] .
Somr = { emxir} { Somwr '},

whence

n—1

(1 — XDQi(n) = ZOsz,-(z)Q,-.l(n -,
1=l

that is
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a9 row = Sxid 01 o - xd)

M 41
_Bi—l(" —=I+1) - Bialn)
Bia(1) - - - Bia(D)

where, as usual, each empty product denotes unity. The terms in X
occur in the first m+41 terms on the right and can be expressed in
terms of P;(!) and P;_y(n—1) for 1 <]l <m. Thus the term in Xj is

X;{%(—n)‘ Piy(n—1) — Pi'l(n)} )

Pi(OPja(n — 1),

i-1(1)
4. Calculation of P;(2) and P,(3). By (6) and (9),
_ Bi(1)Bi(2) 1 1
P = S oy mm}
_ 1782 .
- s +840)

- {a+x+Ta-x)

fm]
=142 XiXo+ 2 XiXoXaXo+ - - - .
Similarly, since 3=2+1=1+41+1, we have

1 1 .
Pi(3) = Bi(1)8;(2)8;
(3) = Bi(1)8i(2)8:3) {6{,3,.(1)}3 + 26.08.2) + 3/3,'(3)}
CL BB
6 { (o) TG+ 2:3,(1)3,(2)}
=% {H(1+Xi)(l-|-X'.+X§)+3H(1_X§)

+2II(1—X.~)(1—X§>}.
Now
Ha+2x+2xi+x) + 3]0 - x)+ 2] - X: — Xi + X))
=3TIa+x)+3110 - x)+ X {20+ (=1)2)
XX XaA 4 X)) (1 XA 4 Xews) -+ - (1 + X))

and so
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3 .3 _3_3

P3) =1+ XiXs+ 3 X1XaX3Xs+ - - -
-2

1
X X0 XD (U X) X o 27 (-0

b=0

.E<X1_1+Xil).--(x,,—1+}l:).

Macmahon (loc. cit.) gives the above form of P;(2), but dismisses
P;(3) with the remark that it is very complex.
From the above, we have

P2(2) = 1+ X1X2, P3(2) = 1+ X1X2+ Xsz'l‘ X3X1
and

Pi(3) = 1 + XoXs + XuXo(1 + X)(1 + X3),

Py(3) = 1 + X1Xs + XoX; + X:X1
1
+X1X2X3(1 +X1)(1 +X2)(1 +X3){2X1 -2+ E?} .
1

The formulae (6) and (9) enable one to evaluate P;(n) for small j
and z and, in particular, to pick out the coefficient of any given term.

5. The case j=2. By (12), we see that

< mo1 (1 — X1
PouXy, 1;m) = [[(1 + X1+ Xa 4 - - -+ X, 1)=H( - ‘).
m=2 me2\1— X

We see then that
n 1—XI”X;")
P(Xh, Xoyn) — _—
(X, Xa; %) g(l—xlxz

vanishes when Xs=1 and similarly when X;=1. It also vanishes in
virtue of (10), when X;=0 and when X,=0. It follows that

n 1-XZ‘X;”>
Py( X, X3 m) = _—
(X, Xaj m) mI.Iz(l—Xlxz

(15)
+ X1 Xo(1 — X1)(1 — X)) M(X1, Xo;5m),

where M is a polynomial in X; and X,. Since

XIXoPy(X:, X7 3 m) = Po(Xs, Xa; )
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and a similar relation is true for the first term on the right-hand side
of (15), we must have
X{7X7TMXT X35 n) = M(X, Xain)

and so M is of degree at most g—3 in X; and X,.

For a fixed j, the recurrence formula (13) provides a slightly less
laborious means of finding P;(z) than does (6). If we write Z=X,X,
and

im=14Z+Z2 + - +2",
the values of P;(4) and P;(5) found from (13) are
Py(4) = {18aks — Z83Ba(1) — Z5aB(2)
= (1 + Z9¢ + Zto(Xa + Xo) + Ze(Xi + X3)

and
Py(5) = t1babsbs — ZEsEaBe(1) — ZEaaBa(2)
— Z(1 4 Z%)¢3B2(3) — Z%48:(4)
1+ Z + 22% + 328 + 4Z% + 675 + 42¢
+ 327 4 228 4+ 29 4 210
+ Zest (X + Xa) + Zeat (X + X3)
F Z(1 4 Z9¢6(X1 + X5) + 22%:(X1 + X3).

The detailed calculations have no point of interest.

6. Consequences in partition-theory. If
1
1-X1-X»..-(1-=X"

=14+ E ?n(t)Xt:
t=1

then p,(¢) is the number of partitions of ¢ into parts not greater than
n. It is well known (see, for example, Hardy and Wright, Theory of
numbers, 3d ed., Oxford, 1955, Theorem 343) that p,(t) is also the
number of partitions of ¢ into not more than » parts. From the defini-
tion of Q;(z) and P;(n), we see that

q("’lr oty By ") = Z x(kly te ’kf) H?n("t' - ki)'

Ryvo o e kjm0 i1
Hence, if we calculate P;(n), we can express q¢(n1, - -+, #;; n) in
terms of the p,. Again
g H
r("lv M (2 n) = Y‘ )‘(kly k2y ttty kj—l, g — k,) Hpn(”i_ ki)o
kyyeee, k,‘=0 Sl
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7. An asymptotic expansion for large »n. For fixed X, such that
IX .-[ <1 (1S4=<j) we can find an asymptotic expansion of Q;(zn) for
large n. For simplicity, we confine ourselves to the case in which
j=2, X;and X, are real and positive and the ratio of their logarithms
is not rational, so that X} =X} is impossible for any positive integral
u and v. In the complex Y-plane, G3(Y) has a simple pole at each of
the points

—ty . —ty

X1 X (t1, t2 = 0).
If we write 6 =min (|X1|“, le|“),
#la, X) = [T (1 = ax®,
k=0 ® .
k —
J = o(Xy, X)e(Xs, X2 IT II (1 — x7°%3) 7,
k1=1 ko=1

and
K(t, t2; X1, X>»)

t1 t2 -1

“TIIa - x"%:" e x) ILe(xi™, Xa),

k=1 kg=1 ke=1 k=1
we find that
mtl h K(kl, h— kl;Xl, X2)

Go(Y) —'JZ 2

k, yh—
o k=0 1 — XnXp7hyY

is regular on and within the circle | ¥| =8+ It follows that

m h
0xn) =T Y K(kyy b — ky; X1y X9) X5 X7 &

h=0 ky=0

n(m+1)
)s

+ 0(

where the O( ) symbol refers to the passage of # to infinity.
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