ON THE COEFFICIENTS OF MEROMORPHIC SCHLICHT
FUNCTIONS!

Z. NEHARI AND E. NETANYAHU

1. We denote by S the family of functions
1
(1) f(z)=_+alz+azz2+"'y IZ] <1’
Z

which are univalent in the unit circle, and we set 4,=sup la,.l R
f(2) €S. 1t has been known a long time that 4;=1, and it was shown
in 1938 by Schiffer [6] and Goluzin [2] that 4,=2/3. This gave rise
to the conjecture A,=2(n+1)~1 [7] which, because of the simple
mapping properties of the “extremal”

2
n+41

(2) fa3) = 231 + grHL2UGHD = _1_+ 24 e,
3
looked very convincing at the time.

It has, however, recently been shown that this conjecture is false,
at least for odd # [1; 3]. Garabedian and Schiffer [1] succeeded,
moreover, in proving that the exact value of A3 is 1/2+¢~% While
this disposes of the conjecture (n41)A4,=2 in the case of the general
class S, one may nevertheless attempt to save the inequality
(n+1) | a,.| =2 by imposing suitable restrictions on the class S. Tak-
ing our cue from a somewhat similar situation which arose in the early
discussion of the Bieberbach conjecture, we are led to the considera-
tion of two particular sub-classes of S: (a) the class of functions f(z)
with real coefficients a,; (b) the class S; of functions f(z) which map
I zl <1 onto the complement of a point-set starlike with respect to the
origin. The case (a), however, is ruled out immediately, since the
Garabedian-Schiffer extremal function happens to have real coeffi-
cients. We are thus left with the case (b).

It may be remarked that the choice of the origin as the “star
center” of the map appears natural in view of the fact that, because

of (1),

i . fe®)dp = ” f(pei®)dd = 0,

lim —
27 0 -1 21 0
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i.e., the center of gravity of the boundary of the map is at the origin.

In what follows we shall describe a method which, for a given #,
may be used to prove that (n41) I a,,] =<2 for f(2) €S:. The computa-
tions which are involved become, however, more and more laborious
as n grows larger, and very soon a point is reached beyond which
the importance of the result does not seem to be commensurate with
the labor required to obtain it. We shall here treat the cases n=3, 4,
5, 6, and thus prove

THEOREM 1. Let S; denote the class of functions (1) which are univa-
lent in |z| <1 and map Izl <1 onto the complement of a point-set star-
like with respect to the origin. Then
3) | s—

an| = —
! n+1
for n=3,4,5, 6. This inequality is sharp, as shown by the functions (2)
(which belong to Sy).

We shall supplement Theorem I by the following result which is
valid for all » (n=1, 2, - - - ) and which yields information about
the functions solving the problem |a,| = Max. within the class S,.

THEOREM 11. 4 function f(z) which solves the extremal problem

(4) Ia”l = Max., f(Z)ESz, n = 1) 2,"'
is necessartily of the form

n+1
(5) f@) =1 (1 = wa)™

=1
where |k,| =1, N, 20, and M+ - - - +Xpp1=2.

Theorem II reduces the problem (4) to an elementary problem in
the ordinary calculus. This might be expected to make the proof of
(3) easy but—unless the present authors have overlooked something
obvious—the proof of (3) via Theorem II seems to be difficult even
for n=3.

2. We now turn to the proof of Theorem I. It is well known that
the class S is closely related to the class P of functions g(z) =1+4b12

+b:32+ - - - which are regular, and have a positive real part in
|z| <1. If f(z2) €S., we have
zf'(z)
= — g(a),

f(z)
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where g(2) is a suitable function of P. (1) shows that we have, more-
over, by =0. Writing
(6) gz) =14+G@R) =14 baa®+ baz® + - - -

and integrating (6), we obtain

=L { [750)

7
™ 1 { 1 Baa? 1 bgt
= exp 5 22 3 32 }
Because of (1), this gives rise to the following identities:
(8a) —2a; = by, —3a; = b,
1, 5
(8b) —'403 = b4 _—— bz, "‘5(14 = ba _—— bzbz,
2 6
3 1
(8C) —605 = be - 'Z bzb4 bl —b3+ bz,
7 7 2
(8d) —Ta¢ = by — 0 babs — P b3b, + — bzbs.

The inequalities |a)| <1, |a,| £2/3 are trivial consequences of
(8a) and the classical inequality Ib ] <2,n=2, 3, . In order tc
obtain the corresponding inequalities for the hlgher coefﬁcients Gn,
we have to show that the absolute values of the right-hand sides of
(8b), (8c), (8d) are bounded by 2. This will be accomplished by means
of the following two lemmas.

LemMA 1. If the functions

14 > b2, 14+ > ¢z
Pl

ye=1

belong to P, then the same is true of the function
1 o
14— Z b,c.2”.
2 yuul

LemMa II. Let h(2) =1-+Piz+Poz?+ - - - and 1+Gy(2) =1+b{z
+by 22+ - - - be functions of P, and set

) [1 L g( )a] —

If A, is defined by
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(10) > (=0 iGile) = X A,
y=1 n=1
then
(11) | 4.] = 2.
Proor orF LEMMA I. We write g(2) =1+biz+b22+ - - -, g21(23)
=14cz+c22+ - - - and we note that the function g(2) = [gi1(z*) ]*
=1+c*z+c; zz+ - likewise belongs to P (asterisks denote com-

plex conjugates). If O<p<1 and |K| =1, we thus have

osxe {-f " glore) Re [gn(pet) Lo}
= Re {-1— fo 2’rg(»olce”) [g2(pe®) + gz*(pe")]dB}

1 0
= Re {1 + > > b,c,(p’x)’} .
p==]l

Since p% may represent any point in the unit circle, this proves
Lemma I.

Proor oF LEMMA II. Since the mapping w—(1+iow)(w+ia)~!
(a real) transforms the right half-plane into itself, the function

1+ il +Gi(2)]
ie + 14 Gi(3)

h(z) =

- (1 + wz) 2 (=t a il(Z))v—l

1— (1 ) > Ba(a)z"

1+ 1(1 n=l

will also belong to P. By the classical inequality mentioned further
above, we thus have

(5)Bte

i )\xBn(ax)

k=1

where A, =0, \;+ - - - +A\n=1, and oy, * + +, @ are arbitrary real
numbers. By a suitable passage to the limit we obtain

(12)

]

Il

= |B,.(a)| =2,

or, more generally,

<2,
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(13) <2,

f " o() Bala() |t

where the only restriction on the real function «(t) is the condition
that B,[a(f)] be a continuous function in 0 <¢<2w, and ¢(f) may be
any function which is continuous in this interval and such that

(14) o) 2 0, f " it = 1.

We now specialize (13) by setting a(t) =tan £ (12) shows that
B, [a(t) ] is a linear combination of expressions of the form [1 +ia(t) ],
v=1,2, - - -, and we thus have to compute the integrals

27 a(t)dt 2r )
Y = f —_— = f et cos'la(t)dt
0 (1 + 1 tan t)’ 0

27

(15) = % (1 4 e*t)ra(f)dt

1 v v 27 .
= — Z( ) f etita(t)dt.
Vid p=0 \ M 0

If we write 71(z) =h(pz?) (0<p<1) and observe that k(z) EP, it is
clear that the function ¢(¢) =(1/27)Re {hl(e“)} is continuous for
0=<t¢=27 and satisfies the conditions (14). This function ¢(¢) may
thus be used in (135). Since

27 1 2r 1
[ oo = — [ et + iela = - g =0,
0 drJo 2

we find, on letting p—1, that v, takes the value (9). A comparison
of (12) and (15) shows that

had 1 P hd 2=
Zl<—1>’+ YriGi(s) = 2 " o o(t) B, [a(t) |dt.

In view of (13), this completes the proof of Lemma II.

3. We now compute the leading coefficients 4, in the expansion
(10). Assuming that b{ =0, we obtain

(163) Ay = b4’ - ‘Ylbgl 2, Ag = bs’ - 27152’ ba’,
(16b) As = b§ — 2v1bfb{ — v1b5 2 + v2b73,
(16C) A7 = b7' - 2’71b2’ bs’ - 2’)’11)3’ b4, + 372b2’ 263'.

By Lemma (2), these coefficients satisfy the inequality (11) if
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1404 224b{ 28+ - - - isa function of the class P. By virtue of Lemma
I, we may also set

1
17 bv, = - bv 7]
(17) 5 be
where g(2) =14b,224b324 - - - is the function (6) and H(z)
=14cz+ce22+ -+ - is an arbitrary function in P.

With the values (17) of the b/, the expressions (16) become poly-
nomials in the coefficients b,, of the same general character as the ex-
pressions (8). If, by judicious choice of the functions which give rise
to the constants ¢, and 4, we can make the coefficients of the cor-
responding monomials in (8) and (16) identical, Theorem I will be
proved. Indeed, 4, is subject to the inequality (11), and the left-
hand sides of the identities (8) are of the form (z+1)a,. We proceed
to carry out this program for n=3, 4, 5, 6.

n=3: In view of (8b), (16a) and (17), we have to show that the
functions H(z) =14+cz+c2?+ - - - and h(z) =14+B1z+B:22+ - - - of
P may be so chosen that v,c; =2, where v; is given by (9) and ¢,=2.
This can be done in many ways, e.g., £(2)=1 (leading to y1=1/2),
H(E)=142)(1—2)"1=1422+2224+253+224+ - - - .

n=4: In this case, the conditions to be satisfied are 7yic:c3=35/3,
¢s=2, where y1=(1+p1/2)/2. One of the many possible choices is
H(E)=04+2)(1—-2), h(z)=5/6+(1—2)(1+2)"1/6=1—2/3+ - - -

12=>5: The conditions are now
yicees = 3/2,  vics = 4/3, yacs =1, s =2,
where, by (9),
(18) Y1 = (1 + 51/2)/2, Y2 = (1 + 81+ /32/2)/4-

It is easily confirmed that this is satisfied by the functions

| 2212 /1 + 2 _ 2(2)1/2>1 + 22
() 3 (1 - z) + (1 3 1 — 32

4(2)12 4(2)12 4(2)1/2

=1+ 2+ 22+ 2%+ 2z¢ 4 3 242254 -
and
h(z)=_l_+i(1—z>+i(1+zz)
2 4 \1+ 2 4 \1— 2?
b4 2 3 1
=1—?—7+"' <71=‘8—’72=_8‘>y

both of which belong to P. The reader will have noticed that in all
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these cases the construction of appropriate functions of P is based
on the obvious fact that the function Mfi(2) +Nof2(2) 4 - - - +Aafu(2)
will belong to P if \,20, i+ - - - +An=1, and fu(2)EP (n=1,2,

-, m).

n=6: (8d), (16c) and (17) show that we must have
7 7 B 7 2 _
5 = Y102Cs, 6 = Y1C3Cs, 9 = Y202C3, C1 = 4.

These conditions will be satisfied if

(19) 28 56 (6)”2
"= gs T u\s)
3 3/ 5\
(20) Cy = Cp = '—2-7 63=C4=?(—6-) i C7=2.

That (19) is a possible choice follows from (18) and the fact that the
function
224 / 6\'? 44 11/1+4 3
hz)=—(—) ——+—
) 243(5) 45+45<1—z)
n (78 224(6)”7><1 - z’)
45 243\ 5 14 22

belongs to P (the sum of the first two numerical terms is positive).
A function H(z) which belongs to P and has the coefficients (20) is

1 *
o - (LEE 4 L) (12

1—wz 1 — w*s

+(1—2x—y>(1+z7),

1—37
where w=exp (272/7) and

0-())

= )

T 37
8| cos — — cos —
7 7

S\ 3r

31— (— cos —

3 6 7

w=—4

4 ( T 31r)
4 cos — — cos —
7 7
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(it is easily confirmed that 1—2XA—u>0). This disposes of the case
n=6 and thus completes the proof of Theorem I.

4. The proof of Theorem II is again based on the representation
(7). Comparing (1) and (7), we find that

_(n + l)a” = bn+1 + F(bZ’ b3y Tty bn)!

where F is a polynomial of the indicated variables and b, - - -, bap1
are the leading coefficients of the function (6). The problem Ia,,l
=max. (f(2) €S,) is thus equivalent to the problem |b,,+1+F(b2, cee,
b,.)l =max. (g(z) €P). Since a, may be assumed to be negative (re-
placing f(2), if necessary, by «f(kz), IKI =1), this problem may also be
stated in the form Re {b,.+1+F (bsy - + +, ba) } =max. Because of the
compactness of P, there exists a function solving this problem, say
go(2) =14b422+bf 2%+ - - - . It is evident that the same function
will also solve the extremal problem

Re {bpp1} =max, b =08/, v=2,---,n b =0 g EP

Except for a trivial passage from bounded functions to functions
with a positive real part, this is identical with the Pick-Nevanlinna
interpolation problem for bounded functions, which is known to be
solved by a function w=g(2) mapping [z| <1 onto the m times
covered half-plane Re {w} >0, where m<n+1 [4; 5]. Itis easy to see
that go(z) must be of the form

w14 kg
(21) 8 = 2o (77)
y=al 1 — K,Z,
where [k,| =1,0,20 =1, - - - ,n+1),and o1+ - - - +0oap1=1. In-
deed, the reflection principle shows that go(2) can have no singularities
except for m simple poles on |z| =1, say &}, - « -, kn, and that go(3)
is continued across | zl =1 by means of the formula go(2*~1)* = —go(2).
It follows that
n+1 C» n+1 Cy*K,,Z
go(2)=co+z =—Co*+z ’
1 1 — K32 =1 1 — K2
whence
*
Cy
" 1—— k2
n s
co+c’;—l—zc, —F— =0
=1 1— ka3

This shows that those constants ¢, which are not zero must be real,
and that 2Re {co}+cl+t:g+ -+ + 4¢,41=0. Hence,
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i

20(2) iIm{60}+'§c»[ ! —-1—]

y=1 I—KyZ 2

1 n+1 1 .
iIm {co} +?Zc.< +xz>.

=1 1-— K2,

Because of go(0)=1, Im {co} must vanish, and go(2) is indeed found
to be of the form (21) where the o, are real constants such that
o1+ -+ +0op1=1.On Iz[ =1, both g¢(2) and (1-+«,2)(1 —«,2)~! are
pure imaginary. If 6,0, both functions tend to —iw if z—x«} in the
positive direction. It follows therefore that

o, = lim (1 — sz) 2o(2)

et \1 + K,z

must be positive.
The function f(2) which maximizes Ia,,l within S; is related to
20(2) by means of the identity

2f'(2)
f(2)

Substituting the expression (21), integrating, and writing \, = 20,, we
arrive at the formula (5) for the extremal function. This completes
the proof of Theorem II.

= — go(2).
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