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1. Introduction. It is assumed throughout the present paper that

f(t)EL(— °°, <»). Then the Fourier integral of f(t) at t=x is

1 /* M /* oO

(1) — J    <Zm I     /(/) cos u(x - t)dt.
T  «/ o •/ -oo

This may be written in a form analogous to that of the Fourier series

as

/I 00

{a(u) cos xu + b(u) sin xu}du,
0

where

1-00 1     /•»

(3)      a(u) = — I     /(/) cos utdt,       b(u) — — I    f(t) sin uldt.
IT  J _M IT  J _oj

The allied integral of the Fourier integral is then

/I 00

[b(u) cos xu — a(u) sin xu\du
o

(4)
1 y» 00 /» 00

= — I    <f« I     /(0 sin w(< — x)dt.
IT  J 0 J -oo

Thus the allied integral of an odd function f(t) belonging to 7(0, oo) is

2   r°° r°°
(5) — |     cos xudu j     f(t) sin m/<&.

ir J o Jo

We write

(6) m = /(* + o - f(x -1).

Definition. We say that the integral fog(u)du is summable (C, 1)

to sum 7, if

lim   j   (l-\g(u)du = I.
x-»°o J o  \ X /

In this paper we are concerned with the integrals of the type
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(7) ua{b(u) cos xu — a(u) sin xu}du,
J 0

where 0<a<l, and first prove the following

Theorem. Integral (7) is summable (C, 1) to

T(l + a)          1          /•"   Mt)   ,
-cos — air I       -dt,

w 2        J„o   P+«

whenever this integral exists, and

(8) 4>(t) = o(ta) as t-*0.

2. Proof of the theorem. We are to consider the behaviour of

i fY     «\      r°°
I = — I    I 1-\u"du I     /(/) sin u(t — x)dt

1   /*V u\ f00
= — I    I 1-I Wdu I     v^(0 sin »**

as X—* °o. Now

J   f 1 - — j«°(iM J    iK/) sin «<* =  j    yp(t)K(\, t)dt,

where

K(\t)=   J    (l-J«asinM/ciM

= X1+" I    (oia — aia+1) sin oj\tdco
J 0

[cos uXn1

-X<   Jo

X" /*Jr ,
-|-I      acoa_1 — (a+ l)waJ cos oiXtdoi

t Jo

aX<"  rl cosw\t (a + l)Xa  T1
=- I      -dca — - I    03" cos uiktdoi

t   Jo      to1-" t Jo

a    rucos0 /    1    \
= — I    —de + o[-).

ii+°J0   el~a Vx1-"*2/

Hence
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a    r" cos 9           — a  r°° cos 9                /    1    \
K(\,t)-I      -dd =- I      -dO + 01-).

tl+aJo   e1-"       t1+"Jxt  o1-" Vx1-^2/

By the second mean value theorem, we have

/■" cos 0                  2-dO   ^ -,
u   01-"             X1""/1-"

and consequently

T(a + 1) 1 A
(9) K(\, t)-cos — air   <-

ti+a 2 \i-*/2

Plainly

(10) | K(\, t) |   < ilX»+«.

It follows at once that, if 5>0,

ir°° r(i + a)      l      r°° <K0
lim — I    f(t)K(\, t)dt = -cos -ax — dt.
x-» ir J s v 2        J,    t1+a

Also by (9), we have

1   rs
— I     xp(t)K(\, t)dt

T(l + a)       l       r> m ,  , nf fs   |*(<)l  A
= -cos — av I       -dt + 0 {   I      J-dt}

and, if condition (8) holds, the last term is

by choosing first 5 then X.

Finally, by (8) and (10), we have

ii rx_1 rx_1
— I      +(t)K(\,t)dt   <4X1+«|       \yp(t)\dt

I   T  J o J 0

= o(l).

This proves the theorem.

3. Evaluation of a definite integral. Let us consider the odd func-

tion e-H0-1 (j3>l+a) defined in (0, <»), then the integral (7) at x = 0

reduces for the present function to
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2       /.» .,00

— I    uadu I    e-'^-1 ■ sin utdt
IT   J 0 " 0

2 r00 «asin {/3 tan-1 u\du

IT J0 (1  +  M2)"'2

Obviously this integral is a convergent integral, and since this spe-

cial function satisfies the conditions of the theorem, we have by the

theorem

/' °° ua sin (j3 tan"1 u)             Y(a + l)r(0 - a — 1) 1
-Jm = -cos — air,

(«2 +1)<"2                       r(j8)                 2

where

|8>a+l.
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