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FLEXIBLE ALMOST ALTERNATIVE ALGEBRAS1
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1. Introduction. Almost left alternative algebras were defined by

Albert in [l ]. They are algebras A over a field F of characteristic not

two which satisfy these postulates:

I. The elements of A satisfy an identity of the form

z(xy) = a(zx)y + P(zy)x + 7(xz)y + 8(yz)x + ey(zx)

+ r\x(zy) + txy(xz) + rx(yz)

for elements a, j3, y, 8, e, n, <r, r in F which are independent of x, y, z

in A.
II. The relation xx2 = x2x holds for every x of A.

III. There exists an algebra B with a unity quantity e such that B

satisfies (1) and is not a commutative algebra.

An algebra is called almost right alternative if I, II, and III hold

with (1) replaced by an identity of the same form but with z(xy)

replaced by (xy)z. These two identities are the general shrinkability

conditions of level one, as defined by Albert in [2 ]. An almost alterna-

tive algebra is one which is both almost left alternative and almost

right alternative.

Reference is made in [l] to several results which are proved here.

In addition to the above postulates, we assume the flexible law, that

is, (xy)x = x(yx) for every x and y in A. This makes Postulate II

redundant. Albert confined his investigation in [l] to nonflexible

algebras.
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It is shown in this paper that flexible almost left alternative alge-

bras are also almost right alternative, power-associative, Jordan-

admissible, and that they are quasiequivalent to alternative algebras

except when the parameter a+/3 = 3/4. Results for the latter case

will be presented in another paper. The class of flexible almost left

alternative algebras includes quasiassociative algebras. It is included

in the class of noncommutative Jordan algebras as defined in [3].

2. Almost left alternative algebras. From Postulate III, if we re-

place x, y, z in (1) by e, we obtain

(2) a + p + y + 8 + e + v + « + T=l.

Next replace only z by e. Then (1— a—y — rj— r)xy = (P+b + e+a)yx

and (2) implies that (1 — a— y — rj — r)(xy— yx) =0. Since B in Postu-

late III is not commutative, xy^yx for some x and y. Hence

(3) «+7 + i7 + T=l,        p + o + e + <r=0.

Now replace x by e. Then (1 — a—P— y — rj)(zy— yz) =0, and so

(4) a + p + y + V=l,        5 + e + <r + r = 0.

Finally replace y by e. Then (1 — a—P — 5 — e)(zx—xz) =0, and so

(5) a + p+5 + e= 1,        y + v + <7 + r = 0.

From (4) and (5),

(6) t=l — a — P — 6,        7]=1 — a — P — y.

From (3) and (6),

(7) a = a - 1,        r = p.

Hence there are only four essential parameters in (1).

The identity (1) may be expressed in terms of right and left

multiplications of A and is equivalent to

Rxy = aRxRy + PRVRX + yLxRy + SLyRx + eRxLy + r\RyLx
(8)

+ oLxLy + rLyLx.

Interchanging x and y, we obtain

Ryx — aRyRx + pRxRy + yLyRx + SLxRy + eRyLx + riRxLy

+ oLyLx + rLxLy.

If we interchange y and z in (1), the resulting identity is equivalent to

.    .       LxLy = aLyx + pLyRx + yLxy + 5RyRx + eRyX + -nLyLx

+ o~Rxy + tRvRx.
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Interchanging x and y in (10), we obtain

LyLx = aLxy + fiLxRy + yLyx + 8RXRV + eRxy + -nLxLy

+    cRyX   +    TRxLy.

If we interchange x and z in (1), the resulting identity is equivalent to

RyLx = aLxRy + fiLxy + yR zRy + 8Lyx + eLxLy + rjRXy

+ o~RxLv + tRvx.

Interchanging x and y in (12), we obtain

RxLy = aLyRx + fiLvx + yRyRx + SLXV + tLyLx + rjRyx
\ lo J

+ a RVLX + rRxy

Now add equations (8) through (13). The result together with (2)

is equivalent to

(a + fi + y + 8)(Rxy+yx — LXy+vx — RxRy — RyRx + LxLy
(14)

+ LVLX + RyLx + RxLy — L xRy — LyRX) =■ 0.

Then if a+/3+7 + 5^0, we obtain

(15)    Rxy+yx — Lxy+yx = (Rx + LX)(RV — Ly) + (Ry + Ly)(Rx — Lx).

When the characteristic of F is prime to six, equation (15) implies

that xx2 = x2x [2, p. 555] and so Postulate II is redundant.

By combining equations (8) through (13) in a different way, we

obtain

J\-xy—yx  ~~ JLt xJ-'y    t    *~*y*~/ x J\.yl^ x ~~l~  ■*\-x*-'y

(16) =   (a  -  fi  -   y +   S)(Lxy-yx +   RxRy   ~   RyRx   ~  LxRy  +  LyRx)

+     (fi    -    T)    -    C   +    T)(RXy—yX    -   LXLy   +   LyLX    -    RyL X   +    RXLy).

Using (6) and (7), we see that (16) is equivalent to

.    „. (a   —   fi   —   y  +   0)(Rxv-yx  —  Lxy-vx  —  L xLy +  LyL x   ~   RxRy
(17)

+    RyRx   -    RyLx   +    RXLy   +   LxRy    ~    LyRx)     =    0.

Then if a — fi—y + h^O, we obtain

(18) Riy-yX   —    LXy_yx   =     (Rx   —    LX)(Ry   —   Ly)    ~    (Ry    ~   Ly)(RX    ~    L x) .

This is a necessary and sufficient condition that the algebra A be

Lie-admissible [2, p. 575], that is, that the algebra A~ in which the

product is [x, y] =xy—yx be a Lie algebra. We have proved

Theorem 1. If A is an almost left alternative algebra such that

a—fi—y + 8^0, then A is Lie-admissible.
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3. Flexible algebras. In terms of right and left multiplications, the

flexible law is the assumption that RXLX = LXRX for every element x

of the algebra. Consequently, Rx+yLx+y = Lx+yRx+y, and so

(19) RxLy + RyLx = LxRy + LyRx.

This may also be written in the forms

(20) RxLy — LyRx = LxRy — RyLx,

and

(21) y(zx) — (yz)x = (xz)y — x(zy).

Interchanging z and y, (21) is equivalent to

y^JLdd) J\-y$  ~~~  J\.yJ\~x  —  *-*xy  ~~"  Jsylsx*

From this it follows that every flexible almost left alternative algebra

is almost right alternative and hence almost alternative.

Using (6), (7), and (20), identity (8) for almost left alternative

algebras can be written in the form

Rxy - RxRy = (a - l)(RxRy + LxLy) + p(RyRx + LyLx)

(23) + (1 - a - P)(RxLy + RyLx)

+ (y- 8)(LxRy - RyLx).

If y = x,

(24) RXX-RXRX= (a + p-l)(Rx-Lx)2

so that A is alternative if and only if a+P = l or (Rx — Lx)2 = 0.

Theorem 2. Let A be a flexible almost left alternative algebra which

is not alternative. Then (a—P+y — 8)(a+p—l)=p.

Proof. Take y = x in (10) and use (6), (7), and the flexible law to

obtain L2x=(a+y)Lxx-(p+S)Rxx + oR2x+(l-a-p-y)L2x+2pRxLx.

From (22) it follows that LXX = RXX-R\+L\. Then (a-p+y-8)

(Rxx-Rl)=P(Rl+L2x-2RxLx). Combining with (24) we obtain

[(a-P+y-h)(a+P-l)-p](Rx-Lx)2 = 0. Since A is assumed to be

not alternative, (Rx — Lx)2p^0 and the identity follows.

Because of flexibility, Rx commutes with Lx. For this reason, any

algebra which is flexible and shrinkable of level one satisfies the rela-

tion RXRXX = RXXRX, since Rxx is expressible in terms of Rx and Lx. This

relation and that of flexibility are the postulates for noncommutative

Jordan algebras, and as observed by Schafer in [3 ] such algebras with

characteristic not two are Jordan-admissible and power-associative.
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Theorem 3. Every flexible almost left alternative algebra A with

<x+B 5*3/4: is quasiequivalent in a scalar extension K of F to an alter-

native algebra 5=^4x(X).

Proof. Let K = F(£) where £2 = 4a+4j3-3 and let X=(£ + l)/2.

Since a+fi^3/4, £?*0. Thus X is a quantity of K different from 1/2.

Form Ak(t\)—B. Since A is flexible, so is Ak- As shown in [2],

Ar(\) is also flexible. Hence to show B alternative, it is sufficient to

show Rxx = Rx, where Rx is a right multiplication of B. Since Rx

= -KRx+(l-\)Lx, Rxx = -KRxx+(l-\)Lxx = Rxx+(l-\)(Ll-Rl) using

(22); and R'2 =X2R2x+2\(l-\)RxLx+(l-X)2L2x.

Now l-X = (l-£)/2 and a+B-l = (£2-l)/4= -X(l -X). Thus
(24) becomes Rxx = R2x-\(l-\)(Rx-Lx)2, so that R^ = R%-\(1 -X)

•(i?I-Z:c)2+(l-X)(L^-i^)=X2i?^+2X(l-X)i?ILI + (l-X)2^ = i?i2.

Corollary. A flexible almost left alternative algebra A with a+B

?^3/4 over afield F of charactristic prime to 6 is quasiassociative if and

only if A is Lie-admissible.

Proof. It is shown in [l] that an alternative algebra over a field of

characteristic not 2 or 3 is associative if and only if it is Lie-admis-

sible; and furthermore that B is Lie-admissible if and only if B(p) is

Lie-admissible. Now Ar = B(p) where p.=\/(2\ — l) and AK is Lie-

admissible if and only if A is Lie-admissible.
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