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1. Introduction. Almost left alternative algebras were defined by
Albert in [1]. They are algebras 4 over a field F of characteristic not
two which satisfy these postulates:

I. The elements of 4 satisfy an identity of the form

z(xy) = a(zx)y + B(zy)x + v(x2)y + 8(yz)x + ey(zx)
+ n2(zy) + oy(xz) + 72(y2)

for elements o, 8, v, 8, €, 1, ¢, 7 in F which are independent of x, vy, z
in 4.

II. The relation xx?=x2x holds for every x of 4.

I11. There exists an algebra B with a unity quantity e such that B
satisfies (1) and is not a commutative algebra.

An algebra is called almost right alternative if I, IT, and III hold
with (1) replaced by an identity of the same form but with z(xy)
replaced by (xy)z. These two identities are the general shrinkability
conditions of level one, as defined by Albert in [2]. An almost alterna-
tive algebra is one which is both almost left alternative and almost
right alternative.

Reference is made in [1] to several results which are proved here.
In addition to the above postulates, we assume the flexible law, that
is, (xy)x=x(yx) for every x and y in A. This makes Postulate II
redundant. Albert confined his investigation in [1] to nonflexible
algebras.
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It is shown in this paper that flexible almost left alternative alge-
bras are also almost right alternative, power-associative, Jordan-
admissible, and that they are quasiequivalent to alternative algebras
except when the parameter a+8=3/4. Results for the latter case
will be presented in another paper. The class of flexible almost left
alternative algebras includes quasiassociative algebras. It is included
in the class of noncommutative Jordan algebras as defined in [3].

2. Almost left alternative algebras. From Postulate III, if we re-
place x, v, z in (1) by e, we obtain

(2) at+B+y+itetntotr=1

Next replace only z by e. Then (1 —a—y—n—7)xy=(8+0+e+o)yx
and (2) implies that (1 —a—y—n—7)(xy —yx) =0. Since B in Postu-
late III is not commutative, xys<yx for some x and y. Hence

3) a+y+94+7r=1 B+dé+et+o=0.

Now replace ¥ by e. Then (1 —a—8—vy—1)(zy —y3) =0, and so
4) a+B+y+n1=1 s+et+o+r=0.

Finally replace ¥ by e. Then (1 —aa—8—08—¢)(2x—x2) =0, and so
(5 at+p+éte=1, y+at+to+r=0.

From (4) and (5),

(6) e=1—a—F—34, p=1—a—8—+.

From (3) and (6),

) s=a—1, 7=

Hence there are only four essential parameters in (1).
The identity (1) may be expressed in terms of right and left
multiplications of 4 and is equivalent to

® R., = aR.R, + BR,R, + yL.R, + 8L,R, + eR,L, + nR,L,
+ oL,L, + 7L,L,.
Interchanging x and y, we obtain
© Rys = aR,R, + BR.R, + YL R, + 6L.R, + eR,L. + 1R,L,
+ oL, L,+ 7L.L,.
If we interchange y and zin (1), the resulting identity is equivalent to
L.L, = aLy,+ BLyR.+ YLy + 8R,R, + eRy. +nL,L,

(10) :
+ oR.y +.7R,R..
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Interchanging x and y in (10), we obtain
(11 L,L,=al.,+ BL:Ry+ vL,. + 6R.R, + eR., + nL.L,
+ oRy: + 7R.L,.
If we interchange x and zin (1), the resulting identity is equivalent to
1) R,L,= aL.R,+ BLyy + YR.Ry + 6L,z + €L.L, + 1R,
4+ oR.L, + TR,..
Interchanging x and y in (12), we obtain
R.Ly = aLyR,+ BLy: + YRR, + 6Ly + eL,L, + 1Ry
+ oR,L.+ 7R,
Now add equations (8) through (13). The result together with (2)
is equivalent to

(a +B8+v+ 5)(sz+vz - Lzu+vz - RzRy - RuRz + Lsz
+L,L.,+ R,L.+ R.L,— L.R, — L,R,) =0.
Then if a+B+v+850, we obtain
(15) R=v+vz - Lzu+uz = (Rz + L::)(Rv - L,,) + (R,, + L,,)(R,, - L,,).

When the characteristic of F is prime to six, equation (15) implies
that xx2=x2x [2, p. 555] and so Postulate II is redundant.

By combining equations (8) through (13) in a different way, we
obtain

Reyys— L:Ly+ LyL, — RyL.+ R.L,
(16) =(e—B—7v+ 8Lzy—yz+ R.Ry — RyR, — LR, + L,R.)
+(e—n—0+4+ 7)(Rey—ys — LLy+ L, L. — R,L.+ R.L,).
Using (6) and (7), we see that (16) is equivalent to
(0 =B =7+ 8)(Rey—yz — Ley—yz — L:Ly + LyL, — R.R,
+ R,R, — R,L,+ R,L,+ L.R, — L,R,) = 0.
Then if a—B—+v+4+80, we obtain
(18) Reyyz— Lzyyz = (R: — L)(R, — L,) — (R, — L)(R, — L.).

(13)

(14)

(17)

This is a necessary and sufficient condition that the algebra 4 be
Lie-admissible [2, p. 575], that is, that the algebra A~ in which the
product is [x, y]=xy—vx be a Lie algebra. We have proved

THEOREM 1. If A is an almost left alternative algebra such that
a—B—vy+8#0, then A is Lie-admissible.
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3. Flexible algebras. In terms of right and left multiplications, the
flexible law is the assumption that R,L,=L.R, for every element x
of the algebra. Consequently, R, yL,iy=L,1yR:4y, and so

(19) R.L,+ R,L,= L,R,+ L,R,.
This may also be written in the forms

(20) R.Ly — LyR; = LRy, — R,L,,
and

(21) y(zx) — (y2)x = (x5)y — x(zy).
Interchanging z and v, (21) is equivalent to

(22) Ryz — RyR: = Lzy — LyL..

From this it follows that every flexible almost left alternative algebra
is almost right alternative and hence almost alternative.

Using (6), (7), and (20), identity (8) for almost left alternative
algebras can be written in the form

Rzy — R:Ry = (@ — 1)(R:Ry + L.Ly) + B(RyR. + LyL.)
(23) + (1 —a—B)(R:Ly + R,L2)
+ (v — 8)(L:Ry — R,L,).
If y=x,
(24) R.,;— R,R.= (a+ B~ 1)(R, — L,)?
so that A is alternative if and only if a+8=1 or (R,—L,)2=0.

THEOREM 2. Let A be a flexible almost left alternative algebra which
is not alternative. Then (a—B+v—38)(a+B—1)=4.

Proor. Take y=x in (10) and use (6), (7), and the flexible law to
obtain L7=(a+v)L..— (8+8) R+ 8Ri+ (1 —a—B—v) LI+ 2BR.L..
From (22) it follows that L,,=R.,—R:+L12. Then (a—B-+vy—28)
(Rzz—R3) =B(RE+I12—2R.L,). Combining with (24) we obtain
[(«—B+v—8)(@+B—1)—B]- (R.—L.,)?>=0. Since 4 is assumed to be
not alternative, (R,—L,)?50 and the identity follows.

Because of flexibility, R, commutes with L.. For this reason, any
algebra which is flexible and shrinkable of level one satisfies the rela-
tion R.R,, = R..R,, since R,, is expressible in terms of R, and L,. This
relation and that of flexibility are the postulates for noncommutative
Jordan algebras, and as observed by Schafer in [3] such algebras with
characteristic not two are Jordan-admissible and power-associative.
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THEOREM 3. Every flexible almost left alternative algebra A with
a+B7#3/4 is quasiequivalent in a scalar extension K of F to an alter-
native algebra B=Ag(N).

ProoF. Let K=F(¢) where £2=4a+48—3 and let A= (£+1)/2.
Since a+8=3/4, £0. Thus \ is a quantity of K different from 1/2.
Form Ax(\)=B. Since 4 is flexible, so is Ag. As shown in [2],
Ag(N) is also flexible. Hence to show B alternative, it is sufficient to
show R =R}, where R! is a right multiplication of B. Since R/
=AR.+(1—N) L., Ri;=NRez+(1—N\) Lo =Ree+ (1 —N)(L; — R3) using
(22); and RZ=N2RZ+2\(1 —=\)R,L.+ (1 —\)2L2

Now 1—-A=(1-§)/2 and a+B8—1=(£2—1)/4= —X(1—N\). Thus
(24) becomes R,,=RZ—\(1—\)(R,—L,)? so that R, =RZ—\(1—N\)
(R.—L)2+(1 =N (L2—R%) =\RZ+4+20(1 =N\)R. L.+ (1 —N\)2L: = R

CoOROLLARY. A flexible almost left alternative algebra A with a+f
#3/4 over a field F of characiristic prime to 6 is quasiassoctative if and
only if A is Lie-admissible.

PRroOOF. It is shown in [2] that an alternative algebra over a field of
characteristic not 2 or 3 is associative if and only if it is Lie-admis-
sible; and furthermore that B is Lie-admissible if and only if B(u) is
Lie-admissible. Now Ax=B(u) where u=\/(2A\—1) and Ak is Lie-
admissible if and only if 4 is Lie-admissible.
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