10 B. R. BHONSLE [February

REFERENCES

1. R. P. Boas, A theorem on analytic functions of a real variable, Bull. Amer.
Math. Soc. vol. 41 (1935) pp. 233-236.

2. Alberto Calderon and Allen Devinatz, Sur certaines courbes dans l'espace de
Hilbert, C. R. Acad. Sci. Paris vol. 241 (1955) pp. 539-541.

3. , Sur certaines courbes & courbure constante dans Vespace de Hilbert, C. R.
Acad. Sci. Paris vol. 241 (1955) pp. 586-587.

4. Carl-Gustave Esseen, Fourier analysis of distribution functions, Acta Math.
vol. 77 (1945) pp. 1-125.

UNIVERSITY OF CONNECTICUT AND
WASHINGTON UNIVERSITY
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1. The object of this paper is to obtain some relations involving
Legendre polynomials with the help of a series given by E. D. Rain-
ville. The results are believed to be new.

2. We start with the series given by E. D. Rainville
1 n n 1 —_ n—k
(2.1)  Pa(cose) = (sm “) > tnk [il—n—([i—“)] Pu(cos 6).

sin B/ k=0 sin

Putting =2« and cos 2a=x, we get

1 1/ n
(2.2) 2712(1 + x)~2P, (( + x) = D caxPu(x).
k=0
From (2.2) and the orthogonal property
1 1 _l_ x 1/2
f 1 4 x2)*2P,(x)P, (( . ) )dx
= __c,,,.,—_, 0<y=<a,
(2.3) 27212y + 1)
= 0, r>n

Using (2.3) with Adams’ expansion (Modern analysis, p. 331) for
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P,(x)Py(x), where p and ¢ are positive integers and ¢=p,
! 14 2\Y
a1 + x)»2p, ((—2—) Z)P,,(x)P,(x)dx
-1

_ 1 2 Ap_zyA‘yAq—an,p-l-q—ﬁ‘y _ (1/2)1)(1/2) G”l
2071 000 Apre(2p+ 29— 2y + 1) (1/2)z>+<1+117!q!2"/2

@9 % GFS[—Q» =0i—t—¢—-30p+9,—30p+q¢—-1,% 1]
—g—p3—2i—¢ i+ 1—-p—93(n+ 2—p—9);
where
- 1-3-5- -7-!(2r - 1),
(@y=ae+1)---(a+r—1), (ao=1,
and = (p+9q).

Also when s=p+p:+ - - - +p,, following the method of Dr.
N. G. Shabde (1945) we obtain,

1

®* 1P, (%) Ppy(x) + + + Pp (%) Po(22* — 1)dx

0
S @)
T 225 + 1)1 i pelpe!

(2.5)

With Gormley's result,
tmi2] (2m — 45 + 1)m!T(1/2)

™= P2,
T A Tearm—s+3/2) @)
we find that,
1 1 1/ 1 1/2
oo () ()
-1 2 2
(2.6) X Ppy(%) + + + Ppyp (2) Pi(2)dx

_ mlQNIT(1/2)(2m + 1) e (2p)!
T ambe2D(m 4 3/2)(20 + 1)1 i pelpe!

where
prtpet -+ py=35, po=m

and
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Stmt Pyt o+ Py =L

Differentiating both sides of (2.2) r-times and using Grosswald’s
formula (1950),

[efor o (5 )L

ic (B+ !

N3
ey 2MMy IR — )l

1 — 2v;
27—nl2 (—) Cn,y 2F1[ " + v 1 + i —1].
2/, 14+ v;

Using Neumann'’s formula with (2.2) we get,

. o ((F3))

(2.8) dx = 21-n/2 i Cn,ka(y)

-1 y—x k=0

2.7

where y>1.
Also (Higher transcendental functions, p. 171, result (23))

1 1 1/ - .
f w(1 + x)"/’P,,(( + x) Z)F,, (“" o :L-x%z) dx
0 2 P Bly Y BQ;

2.9) = i ek T(1 + 0/2)T(1/2 + ¢/2)
) im0 2172T(1 + o/2 — k/2)T(3/2 + o/2 + k/2)
ay -y ap 14 0/2,1/2 + o/2: )
+ £
X paabios (ﬂl, e Bl /2 — k)2,3/24 /24 E/2; T

|| <1 when p=g+1, and the hypergeometric series should be ter-
minating when p>g+1.

We can get many particular cases of the result (2.9).

We have due to Fred Brafman (1951, p. 944) the following gener-
ating function for Legendre Polynomials P,(x)

a, 1 — a; a, 1 — a;
7 (1—1t—p) % oF (1+41t—0p)
! 2 ! 2

1; 1;

(2.10) (@ )

had n — a)n

= T Y p ()

n=0 nin!

with p= (1 —2xt+12)V2,
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The series in (2.10) is absolutely and uniformly convergent for x,
when |t| <1, and therefore,

a, 1 — a;

1(1 + x)nl22F1 (il.i;p_)_
-1

2
1;

()"
2 J 2
1;

(2.11)
_ i enx(@)r(1 — a)s .
ko 2712 1kIRI(2E 4 1)
piniz [—n, e, 1 —a, 1/2; t]
? 1, 1, 3/2;
with

p=1—2xt4 )12

When in (2.11) a = —m, where m is a positive integer we obtain,

1 14 2\V
(1+x)»/sz<t+p>Pm<z—p>P..(( : )’)dx

2 Cai(—m)i(m + 1)
2.12 = E
@12 E’o 201112k + 1)
—m, 14+ m, 1/2; t]
1, 1, 3/2;

—n,
= 21—»/24}?' [

with
p = (1 — 2xt 4 1212,
Again the series (Fred Brafman, 1951, p. 946),

b2, 0+ 1)/2 ]
(2.13) (1 — 21)=b ,F, Pt — 1| $ D)aPal®)
1: (1 — xp)? n=0 n!

is uniformly and absolutely convergent, when It] <1, therefore,
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1(1 + )1 — )™

-1

b/2, (b+1)/2;
t}(x? — 1) 1+ 2\
X ofy ) R Pn(( 5 ) )dx

’

(2.14) EESNO)

k=0 2721RI(2F 4 1)
3. In (2.2) putting ((1+x)/2)V2=y, we get

—n, b, 1/2;

1, 3/2;

n

3.1) 2797 Pa(y) = 2 (—1kcaiPr(1 — 29?).

k=0

We have also (Mitra)
! 1
3.2 [ att = 297313y = — Tl
0
Using (3.2) with (3.1) we get,

1 1 n
(3.3) f Y o(yx) Pa(3)dy = —— 22 (= 1)*cn 1 2r1(2).
0 2™% o
I am extremely thankful to Dr. N. G. Shabde for suggesting the
problem to me. My thanks are also due to him for his help and guid-
ance during the preparation of the paper and to Principal S. P.
Chakravarti for the encouragement and facilities he gave to me. I am
also highly grateful to the referee for putting the results (2.4), (2.7),
(2.11), (2.12) and (2.14) in hypergeometric form, and giving other
useful suggestions.
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