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ON A SERIES OF RAINVILLE INVOLVING
LEGENDRE POLYNOMIALS

B. R. BHONSLE

1. The object of this paper is to obtain some relations involving

Legendre polynomials with the help of a series given by E. D. Rain-

ville. The results are believed to be new.

2. We start with the series given by E. D. Rainville

/sina\n   " rsin (/3 — a)~]"-k
(2.1) P„(cosa) = (-)   £c..J-        Pk(cosP).

\sin PJ   k=0        L      sin a     J

Putting P = 2a and cos 2a = x, we get

(2.2) 2»'2(1 + x)^2Pn(C-~\  ) = Z Cn.kPk(x).

From (2.2) and the orthogonal property

j\l+   x)»l2Pr(x)Pn(^-^j     ^dx

=-> 0 ^ y ^ n,
(2.3) 2"'2-1(2t + 1)

= 0, r > n.

Using (2.3) with Adams' expansion (Modern analysis, p. 331) for
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Pj,(x)Pg(x), where p and q are positive integers and q^p,

J   (1  +  xYI2Pn{^Y^J'^jPp(x)Pll(x)dx

= _1_    « ^p-^^^Cn,^,-^ _       (l/2)p(l/2)gWl

(2 4) _ 2"/2_1 ̂  ^^^ + 2<? ~ 2y + 1}      (l/2)p+?+i/'!?!2"/s

5L-«-M-M-?.K»+l-#-S,).K»+ 2-p-q);   J

where

1-3-5 • • • (2r- 1)
.4v =->

(o)T = a(a+l) ■•■(a + r-l),      (a)0 => 1,

and n^(p+q).

Also when s = £i+£2 + • • ■ +py, following the method of Dr.

N. G. Shabde (1945) we obtain,

f x'+1PJ)l(x)PJ)2(x) • • • P^(*)P.(2x2 - V)dx

(2.5) °
(5!)' y    (2pt)\

' 2-+\2s+ 1)! tt pt\ptl'

With Gormley's result,

Imm (2m - 45 + l)w!r(l/2)
xm = y.-pm_2,(x)

Zi   2™+hW(m - 5 + 3/2) V

we find that,

/>+*^(c-7-o")-'-(c-7-r)
(2.6) X PP7+1(x) • • • PP7+n(x)Pl(x)rfx

»iqn»T(l/2)(2m + 1)      yp(2fr)l

" 2m+»'2r(w + 3/2)(2/ + 1)1 ii ft!;,.

where

#i + p* + • • • + Pi = s,       po = m

and
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s + m+ py+i + • • • + py+n = I-

Differentiating both sides of (2.2) r-times and using Grosswald's

formula (1950),

[£{<•+■»-*■ (C-fOlL
N- (*+7)!

(2.7) =  2JCn,k-
t, 2^2+->y\(k - y)\

/ 1\ T-n + y,    1 + 2T; 1

- 2""(t)/"'4     I+Ti -■]•
Using Neumann's formula with (2.2) we get,

(1+w((i±fy/2)

(2.8) j     -dx = 2'-»'2 X) c».*e*(y)
•/_i y — x t_0

where y > 1.

Also (Higher transcendental functions, p. 171, result (23))

/.'*(1 + ■»""'-((Lr)"),''C:'•'•'."fc HJ*
_ V Cn,.r(l + o-/2)r(l/2 + q/2)

£o 21+»'2r(l + <r/2 - k/2)V(3/2 + 0-/2 + k/2)

/«i, ■ • • , o„   1 + <r/2, 1/2 + <r/2; +     \

P+   "+%i, ■ ■ ■ ,&,, 1 + <r/2 - k/2, 3/2 + «r/2+ k/2;   '       /

\t\ <1 when p = q-\-l, and the hypergeometric series should be ter-

minating when p>q+l.

We can get many particular cases of the result (2.9).

We have due to Fred Brafman (1951, p. 944) the following gener-

ating function for Legendre Polynomials Pn(x)

'a, 1 — a; fa, 1 — a;
(1-t-p) (1 + t-p)

1F1 -    X 1F1-
2 2

1; J L       1; J
(2.10)

-iM-('-">.(»)i-
._o n\n\

withP = (l-2xt + t2y<2.
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The series in (2.10) is absolutely and uniformly convergent for x,

when |/| <1, and therefore,

'a, I — a;
f1 (l-t- p)
I   (l + *)"Vi-—-

J _i 2.
_ A»                                 -

"a,  1 — a;
(1 + % - p) //l + *y/i\

(2.11)
_   "      c.,t(g)t(l - a)t     h

' Zo 2"l2^klkl(2k + l) l

r-w, a, 1 - a, 1/2;       "1

L 1,      1,      3/2;       J

with

p = 1 - 2xt+ t2)1'2.

When in (2.11) a= — m, where raisa positive integer we obtain,

j\i + xy2pm(t + P)Pm(t - p)p»(C-y^) *)dx

(2.12) - t CU~mUm + 1}> |»
m  2n'2-1*!/fe!(2/fe+ 1)

[ —»,  —w, 1 + m. 1/2;

1, 1-       3/2;       J

with

p = (1 - 2x^ + <2)1'2.

Again the series (Fred Brafman, 1951, p. 946),

rb/2,  (b+ l)/2; "1
/2(x2   -   1) »      (b)nPn(x)

1 »

is uniformly and absolutely convergent, when |/| <1, therefore,
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f   (1 + x)"'2(l - Xt)-»

rb/2,  (b+ l)/2; "I
t2(x2 - 1)        //l + x\u*\

x^[      1;      V^¥\pih-) )-*

(2"14)   -1   c"'*w*   i>=2-/Vtr-«' ••l/2: -,i
£j 2-/»"1*!(2*+ 1) L 1, 3/2;       J

3. In (2.2) putting ((l+x)/2)1'2 = y, we get

(3.1) 2»y"Pn(y) = £ (-l)*c..*P*(l - 2y»).
*=0

We have also (Mitra)

r1 i
(3.2) P„(l - 2y2)J0(yx)ydy = — 72„+1(x) .

Jo x

Using (3.2) with (3.1) we get,

(3.3) f y"+1/0(yx)P»(y)<fy = — E (-l)»ft,.^i»fi(*).
J o 2"X A_o

I am extremely thankful to Dr. N. G. Shabde for suggesting the

problem to me. My thanks are also due to him for his help and guid-

ance during the preparation of the paper and to Principal S. P.

Chakravarti for the encouragement and facilities he gave to me. I am

also highly grateful to the referee for putting the results (2.4), (2.7),
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useful suggestions.
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