A BOUNDARY CONDITION FOR THE VANISHING OF
n HOLOMORPHIC FUNCTIONS IN COMPLEX
n-SPACE

J. J. KOHN!

In this note we prove that if fi, - - -, fa are holomorphic functions
on B, the unit ball in complex n-space, and if

n

(A) z:l zafa = 0
on the boundary of B, then fi=0, f,=0, - - -, fu=0 throughout B. We
assume that the f, are continuous in the closure of B.

The above theorem can be considered as a special case of a bound-
ary value problem for forms of type (1, 0) on a finite Kihler manifold
(see [1]). Namely, let

¥y = Zfadza
a=1
and
@ = 3 zpdzs;
p=1

then if condition (A) is satisfied and if
(a) AP N P) =0

(where A is the laplacian

>-2
A= —4
v=1 azuagv

which on differential forms acts separately on each component) it
follows that ¢ is zero. Note that condition (A) is a type of contraction
of ¢ with ® and that (a) is necessary and sufficient for the holomorphy
of the f,. Further note that d®, the exterior derivative of ®, is the
form associated with the Kihler metric on B.

Proor oF THEOREM. Let
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B = {(zl,---,z,.)

> Iza|2<1}
a=1

and

S Jali=1}
a=1

The subspace in complex n-space orthogonal to the vector
(21, 2, * * +, Zx) is spanned by the vectors

4, = (22, —2, O) Tty 0):
A, = (23: Oy 21", 0)7

S = {(Zl)"',zn)

Aper = (Zn) 0,---,0, _21);

so that condition (A) implies that there exist functions Ay, + + ¢, Npa
on .S such that

(fl) e ;fn) = MA1+ NAdo+ - - -+ Mcidas.
Writing this by components we get
J1 = NZa + NeBs - - -+ NaciZa,

f2 = — M2y,
fa = — AeZy,
fn = - )\,,_121.
So on S we have
Jo = — XaciZ1 fora=23 .-, mn

Multiplying by 21, we get
2ifa = — >\a—l| le2 = — Aol — | Zz|2 — = | anz)-

Hence if 2,70

>\a—-l =

Thus the \s can be extended to functions on B—{(z1, - - -, 2.)| 2
=0} which are holomorphic in z. Now differentiating Aa—1 with re-
spect to 2z we obtain
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0 if 8

= —2126fa
(= Tul = = Taly

Il
o

a)\a—l
02

ifg>1

on B—{z|z=0}.
Differentiating f; with respect to Zg:
3)\1 3)\2 a>\n—l

=—&ht _—Zt+t -+ —
0z 92 02

%o+ N1 forg > 1.

Substituting the expression for d\.—1/0%s into the above equation we
obtain '

— 2128

0 Bafs + - o o 4 Zafal + Moot

_(1—I21|2_"'_lz"|2)2[
Evaluating on S by use of condition (A)
Z,sfl + | 21 |2>\p3_1 = 0.

But since

Zhg-1= — fp
we obtain

28f1 = z1fp.
Multiplying by 2%z and summing over 3
(2|2 |zl - -+ |2 Dfi = 2o+ - +2f) = — |2 ]h
Adding Izl| %f; to both sides and evaluating on .S we get
fi=0.

Similarly by appropriate choices of bases for vectors orthogonal to
(B - - -, Za) we get f5=0, f5=0, - - -, fa=0. Q.E.D.
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