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In this note we prove that if fi, • • • , fn are holomorphic functions

on B, the unit ball in complex n-space, and if

(A) £ Zafa = 0
o-l

on the boundary of B, then fi=0, ft = 0, ■ • ■ ,/n = 0 throughout B. We

assume that the/a are continuous in the closure of B.

The above theorem can be considered as a special case of a bound-

ary value problem for forms of type (1, 0) on a finite Kahler manifold

(see [l]). Namely, let

n

i>  =   X fadZa
a=l

and

n

3=1

then if condition (A) is satisfied and if

(a) A(+ A *) = 0

(where A is the laplacian

» Qt

a=-4£—r
,_i dz„dzv

which on differential forms acts separately on each component) it

follows that \(/ is zero. Note that condition (A) is a type of contraction

of ^ with $ and that (a) is necessary and sufficient for the holomorphy

of the /„. Further note that d$, the exterior derivative of <P, is the

form associated with the Kahler metric on B.

Proof of Theorem. Let
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B=   Uzlt ••.,«.)    E  |z«|2<l|

and

S =   <(zh  •  •  ■ , Zn)    X)   | 2„|2 =  1 >    •

The   subspace   in   complex   w-space   orthogonal   to   the   vector

(fi, z2, • • ■ , zn) is spanned by the vectors

Ai    = (z2, —zi, 0, • • • , 0),

A2    = (z3, 0, -zi, • • • , 0),

An-i = (zn, 0, • • • , 0, -zi),

so that condition (A) implies that there exist functions Xi, • • • , X„-i

on 5 such that

(fh   •••,/»)   =   Al/ll + X2A2  +   ■   ■   ■   + Xn-lAn-l-

Writing this by components we get

/l   =   Al22 + X2Z3 +   •   •   •   +  An-lZn,

f2=~  Xlfl,

ft   =   ~  A2Z1,

/n —   — Xn_iZi.

So on 51 we have

fa=— \a-iZi for a = 2, 3, ■ ■ ■ , n.

Multiplying by Z\, we get

Zlfa  =   -  Xo-l|  3l|2   =   -  Xa_l(l   -    I  22 I2  -   •   •   •   -    I  2n|2).

Hence if zi=^0

-zifa_

1   —    I 22 [2  —   •   •   •   —    I  Zn\2

Thus the X/5 can be extended to functions on B— {(zi, • • • , z„) | Zi

= 0} which are holomorphic in z\. Now differentiating Xa-i with re-

spect to z$ we obtain
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( 0 if fi = 1

-"- =  \ —ZlZpfa
dzp -j-j-j-;— if fi > 1

l(l-|„|i-\zn\2)2

on B — {z | Zi = 0}.

Differentiating/i with respect to z$:

dXi d\2 _ dXn-i
0 = -z2 -I-— z3 + • ■ • H-— zn + \a-i     for fi > 1.

dzp dzg dz$

Substituting the expression for d\a-i/dz$ into the above equation we

obtain

0 = n—i  i, ~ZlZ0—r~W2 fcf* +■■■ + '^u\ + Vi.
(1 -  | Zi |2 - • • • -  I zn\2)2

Evaluating on 5 by use of condition (A)

Z/j/i + | zi|2Xu_i = 0.

But since

ZlX/3-l  —   ~ ffi

we obtain

Zjtfl =  Ziffi.

Multiplying by z$ and summing over fi

( | Z2 |2 +  | Z3 \2 + ■ ■ ■ +  | Zn \2)fi = zi(z2/a + • • • + znfn) = -  | 81 |2/i.

Adding | zi\ % to both sides and evaluating on 51 we get

/i = 0.

Similarly by appropriate choices of bases for vectors orthogonal to

(zi, ■ • • , zn) we get/j = 0,/, = 0, • • • ,/„=0. Q.E.D.
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