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CAMBRIDGE, ENGLAND

THE MULTIPLICATION PROBLEM FOR
DIRICHLET SERIES

J. P. TULL

E. Landau [1, §214] has given a theorem on the multiplication of
Dirichlet series to the effect that if «, 8, p, 7, are real numbers with
min (p, 7) >max (o, B8) and if D a.£,* converges for ¢>a, absolutely
for o>p, D_b.&;* converges for ¢>f3, absoutely for ¢>7, then the
Dirichlet product of these two series converges for

ot — af3
ptrT—a—28

(If min (p, 7) < max (¢, B) then we have convergence for
oc>max (o, B).) H. Bohr [2, Theorem XIX] gave an example to
show that in the case a=8=0, p=7=1 the above conclusion cannot
be improved.

In this paper we shall use a variation of Bohr’s example to give,
for each «, B, p, 7 with min (p, 7) >max (@, B3), two Dirichlet series
whose product has abscissa of convergence exactly

pT — af8
ptr—a—2g
Thus we show that Landau’s theorem is the best possible in all cases
(the trivial cases being handled similarly).
Bohr [2, Theorem XVII] defines a certain Dirichlet series > amm=

as follows. Let (@), (t.), (Bx), (v») be sequences of positive integers
such that for all n=1
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2
an < ln < Bn < Vo < any1, an < (tn)llzy Yu > lny

146, . . —0n
Bn = l,,+ , where limé, =0, lim¢ =0.
n n

For example, we could take
ty= 22" 8, =27 B, =20+ g, =22 1 g, = 28"

Let ¢ be a given positive number and define S,,= Y ", a; by

0 for an = m < Ba,
(1 Sp = {micin for B, = m = va,
1 for vo» < m < agy1.

(In Bohr's original work ¢=1). Since | S.| <1 for all m and the se-
quence (S,) has no limit, it is clear that the series Y a,m~* has con-
vergence abscissa 0. Thus the abscissa of absolute convergence is at
most 1, and so u(e) =0 for 6 =1, where u is the Lindelsf function for
f(s) = D amm~*. Bohr shows for c=1, 0<g<1, that u(o)=1—c. If
throughout Bohr’s proof we replace ¢, by c¢t, we will find that for
0<0¢<1,as n— o,

1€ 1 gy(14+8s) 1—09 (1+3,)

2) floo+ ict) = — 1, + o(tn

ao

).

(Hence, u(o)=1—0 for 0<o <1; actually, from [1, §229], we can
show, with Bohr, that u(¢) =1—0¢ for 0<o<1).
Now, given a<p, take c=(p—a)~! and let

1/ (p—ea) ’

§—a ’ 1—8 ’ re
g(s) = f( ) = Z amém , where &, =m ) Gm = Gmém .
)

Then for a <y <p, since 0<(co—a)/(p—a) <1, by (2), as n— »

am+u»=fC°_“+it”)

® et

T 1-(sg—a)/(p—a) (1+5) 1—(og—a) / (p—a) (14+82)
= tn + 0{ tn } .

go— &

Similarly, given 8 <7, take c¢=(r—8)~! and let

=22

Then for B<ao<7,
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. T 1 (e0=B)/ (r=B) (1+8,) 1= (09—B) / (—8) (1+3,
(4) k(ﬂo‘i"lin) - I 0 + + 0{[,, i} 8) (1+ )}.
oo — 8
If max (a, B) <oo<min (p, 7), then by (3) and (4), as n— =
. . '—1 2—{(v—a/ —a To— 7—8)} n
o(00 + it) h(oo + its) = et )/ (p—a)+ (7g—B) / (r—B)} (1+8,)
(00 — @) (g0 — B)
—{ (cp—a —a 09— —B8)} n
n o{l: (a0—a) [ (p—a)+(0g—B) [ (r—B)} (145 )}.
Thus the Lindelsf function for gh satisfies, since f; *—0,
c—a o—2f
plo) = 2 — —+
p—a 71—

in this interval, and so u(s) >1 for
o< (por—oaB)/(p+ 71— a—p).
Observe that

() < ——% < min (5, )
max (a, ——————— < min (p, 7).
prr—a—24
Therefore, by [1, §229], the Dirichlet product of g and & cannot con-
verge if 0 <(or—aB)/(p+7—a—p), and so the abscissa of conver-
gence is exactly (o7 —af)/(p+17—a—0).

Note that the above examples can also be applied to the case
min (p, 7) £max («a, B).
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