ON POLYNOMIAL APPROXIMATION WITH DEVIATIONS
IN PRESCRIBED RATIOS

ABRAHAM SPITZBART AND NATHANIEL MACON!

1. Introduction. The standard formulas for polynomial interpola-
tion provide a representation for the (unique) polynomial y(x) of
degree » such that

y(xi)=yi’ i=0’1:""n)

where x; and y; are given, with the x; distinct. (For a discussion of
these methods, cf. [1]). The present paper considers an extended
problem for which a polynomial of degree »—1 approximates the
n+1 values y; at x =x;, respectively, with deviations from the given
values which are in prescribed ratios. Complete results are obtained
for this extended problem, with arbitrary, distinct x;.

The results are then applied to the two important special cases (1)
equally spaced points (2) a distribution of x; determined by a
Chebychev approximation.

2. Statement of the problem. Let x;, ¥;, N\;, 4=0,1, - - -, n) be given,
with the x; distinct, throughout. We seek a polynomial y(x) of degree
n—1 such that

(1) y(xt) = Yi— >‘id’ (7' = 0’ 17 R ")y
where d remains to be determined.
If we write
n—1
(2) y(x) = 2 b,

y=0

then the condition (1) becomes

n—1
A3) > b+ Nd = i, (G=0,1,---,n).
v=0
This is a system of n+1 linear equations in the n+41 quantities
b,, »=0,1, - - -, n—1), and d. Let B denote the column vector con-
sisting of the b, and d; let W be the matrix of coefficients of these
quantities; and let YV denote the column vector of y’s. In matrix
form the system (3) becomes
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WB =Y.

Before proceeding with the solution of this system, we prove a
general theorem from which a simple condition that W be nonsingu-
lar follows. A result in Polya and Szegé [2] is the special case of this
theorem in which A\g=1, \;=0 for =1, - - -, n.

THEOREM 1. Let

k—1 k41 n
1 Xo X0 )\o Xo s X
k—1 k+1 n
1 X1 "X )\1 X1 X
Dk = ’
k—1 k+1 n
1 2, @ AN Xy -2,

and let A, 11 be the Vandermonde determinant obtained by replacing \; by
xf, (1=0,1, - - -, n), in Dy. Then we have
n—k
n—k—j

D, = n+lz _Z(_l) %5 )

=0 ! (x ) j=0

where p(x) = [[7oo (x—x:) and o; is the sum of all products of the x;
taken j at a time without repetitions or permutations, (go=1).

PRroOF. Let m,(x)= D »_, ¢,x" be the polynomial of degree n such
that m, (x;) =N, (¢=0, 1, - -+, ). If we solve the system

) > ow =\, i=0,1,-,m

by Cramer’s rule, it follows that ¢y =D:/A,+1. But ¢ can also be
obtained by applying Lagrange’s interpolation formula to obtain
. (x) and then collecting the terms involving x*, which gives for
¢ the double sum in the statement of the theorem; the theorem is
proved. In particular, we have c,= D 7_o Ni/p’ (x3).

Setting k=# we obtain the following

COROLLARY.
\:
DetW = Ap1 Z 7 = Apti1Cn.
P’ (%s)
Since the x; are assumed to be distinct, we have A,;170. Thus,
the following theorem holds.

THEOREM 2. The system (3) is nonsingular if and only if ¢,#0, i.e.,
if and only if no polynomial of degree less than n passes through the
points (x; No), 2=0,1, - - -, n.
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For later applications we state the result below.

COROLLARY. If the x;, (4=0, 1, - - -, n), are monotonic, and the \;
are alternating in sign, then W is nonsingular.

3. Determination of the deviations. We now assume that the con-
dition of Theorem 2 is satisfied. We may then write the solution of
3) as

(5) B =W-1Y.

The solution of this system depends on the determination of W-1,
which inverse is independent of the y;. Let w;; (¢,7=1,2, - - -, n+41)
denote the element in the sth row and jth column of W-!. Since d,
uniquely determined by (3), is the last element in the column vector
B, it follows that

n

6 d =D Warrjs1¥i

=0
Further, we can prove

THEOREM 3. The elements in the last row of W' are given by

1
cnp’ (%) ’
7i=0,1, - - -, n. Thus, the ratios of the elements in the last row of W1

are completely determined by the distribution of the x;, and are inde-
pendent of the \..

Proor. Rewriting (3) as Y 28 b} =v:—\d, (i=0,1, - - -, n), one
sees that the polynomial y(x) defined by (2) takes on the n41
values y;—\d at the x;, (4=0, 1, - - -, #). Therefore, by Lagrange’s
formula, it may be written

Watl,j+1 =

)
7 = — (5 — \d).
(7) ) = B T (= )

Since, on the other hand, y(x) is of degree #n — 1, the coefficient of x* in
this sum is zero; thus,

il yi - A d
zzo ' (%)

Consequently, we have
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1 n y,'
Cn im0 P(®0)

Since the elements w,41,;+1 are independent of the y;, the result follows
immediately by comparing the above with (6).

The polynomial (7) along with the value of d given by (8) consti-
tutes one form of the polynomial y(x) sought in the original statement
of the problem. Should we require the individual coefficients b,
(»=0,1, - -+, n—1), the following methods are available:

(i) We may substitute the now known value of d into any # of the
equations (3) and solve the resulting system. The matrix of coeffi-
cients is a Vandermonde matrix, the inverse of which is known ex-
plicitly [3];

(i) We may collect terms of the various powers of x in (7);

(i) We may obtain an explicit representation for W—! and per-
form the indicated matrix multiplication in (5).

We choose to develop method (iii) in detail, since the determina-
tion of W-1is of interest in itself.

8 d=

4. Inversion of the matrix of coefficients. The elements in the last
row of W' are given by Theorem 3. In this paragraph, we show that
the remaining elements of W~! can be expressed very simply in
terms of the elements in this last row and the elements of the inverse
of the Vandermonde matrix V={x{_}}, (4, j=1, 2, -+, n+1) of
order n+1 [cf. 3].

Again we assume ¢, 0, and rewrite (4) in the form

1 n—1 y n

- Zc,x,-—)\; = Xi.
Cn v=0

Thus, if we write

1 0:-:-0 —cofcn

1---0 —ci/en
A4 = ’
—Cn1/Cn
-0 1/ca
it follows that
WA =1V,

and so
W-1 = AV,
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Let us denote the elements of V-'by v;; (¢,j=1,2, - - -, n+1). Per-
forming the matrix multiplication indicated above, we get

Wnil = Unt1,i/Cny

Ci—-1
Wij = Vij — . Unt1,j = Vij — Cim1Wni1,jy

fori=1,2,---,n;j=1,2,- .-, n+1. Finally, it follows from (4)
that

n+1

Ciot = D Vi,

i=1

fort=1,2, - - -, n+1. We shall call the quantity c;_1 the N-sum of the

ith row of V1
The results are summarized below.

THEOREM 4. The elements of W= can be obtained from those of V-1
as follows:

(a) the elements of the last row are givem bY Wai1,; = Yny1,j/Cay
(j=19 2., n‘+1);

(b) to obtain the ith row of W=! for i=mn, form the N\-sum of the ith
row of V! and subtract the product of this N-sum and the last row of
W1 from the ith row of V—1.

Now let & be any of the numbers 0, 1, - - -, #, and assume ¢;%0.
Let {Dk} denote the matrix of the D; displayed in Theorem 1, and
let d;; be the element in the ith row and jth column of {D;}-1 By
methods similar to those used above, one can derive the relations

dry1,; = Vktr,i/Ck,y

Ci
dij = Vi — —— Uy1,j = Vij — Cim18ky1,j,
Ck
where:1=1,2, - - -,k k+2, - ,n4+1;7=1,2, - . ,n+1. Clearly,
Theorem 4 is the special case in which k=n.

5. Application to equally spaced points. Suppose now that x;
=x9+1h, (¢=0,1, - - -, n). We show that in this case the elements
of the last row of W-! are simple to obtain from Theorem 3; and thus,
the remaining rows come immediately from Theorem 4 and a previ-
ous result expressing the elements of V= in terms of Stirling numbers
when the x; are equally spaced [3].

We have, from Theorem 4,

Warrie1 = 1/[cap’ ()],
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(j=0,1, - - -, n), where p(x) = [[1o (x— x) and ¢a= Do Ni/p' (%)

is assumed to be nonzero. Since here, x;—x;=(j—1)k, one sees that
P () = (=1)jl(n — )b = (_1)n—1n!hn/< )
J

Hence, we have

THEOREM 5. If the points x; (¢=0, 1, - - -, n) are equally spaced,
then the elements of the last row of W' are proportional to the binomial
coefficients; more exactly, if x;=xo+1h, then

Watl,j+l = (—1)""'<7,Z>/(n!h"c,,), (j=01,---,%)

where cn= Y r_o Ni/ P’ (x:) is assumed to be nongero.

As an illustration in which ¢, may be easily evaluated, we choose
the important special case for which \;=(—1)¢ 2=0, 1, : - -, n.
We know from the corollary to Theorem 2 that W1 exists for this
case. We have

= i (=10)i/p' (x) = [(=1)/(nth™)] i(j) = (—1)"2n/(n!h")

=0

wnim = (~07( ) / @i

For a given set of ¥; we may now obtain d, as given in (6), explicitly as

- e S o)

and, further,

6. Application to Chebychev approximation. Another important
special case of the problem here considered was treated in a recent
paper [4]. The points x;, =0, 1, - - -, n are defined by

x():O, xn=1, Tn’(x‘t)=0) 'i=1,2,"‘,n_1
where T,(x) is the Chebychev polynomial of degree » for the interval
(0, 1),

T.(x) = (—1)* cos [# arc cos (2x — 1)]

and \;=(—1)% =0, 1, - - -, n. (For a general discussion of Cheby-
chev approximation see [5, p. 197 ff]. Numerous examples are given
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in [6], and an application to the determination of optimum interval
tables may be found in [7].) In particular, we may write x; explicitly
as

x; = sin? (j/2n)m, j=0,1:-- n
The polynomial p(x) = [ ]t (x—x.) becomes
p(x) = 2(x — DT ()/(n- 227
from which we obtain
T.! (0) T. (1) , wi(x; — 1) T (x5)
p'(xa) = @) = —————

n,22n—l ’ n.22n—1 n.22n—-l

p'(x0) = —

’

i=1,2,---,n—1,
From [4], we then obtain
p'(x0) = n/27% p'(xa) = (=1)"n/272, p'(x;) = (—1)in/2%7,
=12 ---,n—1.

Here again ¢, is easily computed, and is ¢, =221, The last row of
W1 then becomes
1 1 1 (=11t (=D~
Ce ,

b
2n n n n 2n

and the familiar ratios 1, —2, 2, - - -, (—=1)""12, (—1)", appear.
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