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i. If 2= D ", t:y: then z has the properties of the z in the proof of
Theorem 3.3, and it follows that || P =2.
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EXPANSIONS OF PARABOLIC WAVE FUNCTIONS
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1. Introduction. The main result of this paper is an expansion of
parabolic wave functions in a series of spherical wave functions with
coefficients expressed in terms of Pasternack’s functions. The series
can be inverted, giving spherical wave functions as integrals of para-
bolic wave functions. Special cases include an expansion due to
Hochstadt [1] and the limiting case where the wave functions be-
come potential functions. We also give a new derivation of the bi-
linear generating function in the continuous case for the parabolic
wave functions.

We call either Y(&, Ny (5, —N)e*®, or simply ¢(&, MY (&, —N\), where
Y(£, N) satisfies
a , d’z bt dz

) £ g

dg?
a parabolic wave function. The solution of (1) in which we are inter-
ested is given by
Y(& N) = & exp(kE?/21Fy((w + 1 + 1)/2; 1 + 15 —ikE),
or in Whittaker’s notation
Y& N) = (—ik) (= ikE) T M j2,2(— 1RED),

where N and k£ are real and w= —d\/2k. In physical applications
p is often an integer since then ¥(£, N) is regular and single valued

+ (k% + A2 — 9z = 0,
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for all £. However since the analysis is straightforward for arbitrary
u we shall not restrict it unless so indicated.

2. The expansion. We assume the expansion
(2) Kb(‘g) )\)III(E, ’—>‘) = Z az+u].n+u(kr)P::y(COS 0)
n=0

where j..,(kr) is a spherical Bessel function, P,{,(cos 6) a Legendre
function and the af,, are to be determined. The reiations between
spherical and parabolic coordinates give 2r=£*+%? and cos @
=(£2—9?)/(£2+19?%). Dividing both sides of (2) by &9* and letting
¢, n—0, we find o} =T'(2u+2)/k"

Further if we divide (2) by #* and let 7—0, we get

@3 YENTE 4 1) = 3 dat urn(bE/2).

ne=0

We now require that the right side of (3) be a solution of (1) and this
leads to

4 ;0 Cniul (@) + (1 = Wjnu(0) + @ + iw)jnpu(®)] = 0

with v=£k£2/2. If we make use of the recursion formulas and differ-
ential equation for j.4.(v), we can reduce (4) to

= Tn42w+1)
2t ——— @[+ s+ D) 2+ Demp
n=0 P(n + 1)

+ w(2n + 24 + 1)enpu — 1(n + p)cnpu] = 0,
where we have put nleg,,=(Q2n+2u+1)T'(n+2u+1)i"ch,,. This
implies that the ¢, , satisfy
(n+ 2+ D+ p 4+ Denrurs + w20 + 2 4 1)cara

— n(n + p)npp—1 = 0

©)

which is also the recursion formula for the functions Ff, (w) studied
by Pasternack [2]. In terms of hypergeometric functions

Frns(®) = sFa(=n —myn+ u+ 1, 0+ w +p)/2;1, 1 + ;1)
and is defined for all u except negative integral values. Moreover
Fy(w) = oFs(—p, (1 4w+ w)/2; 1; 1)
_ T[(1 4 x — w)/2]
T+ DT[A - u — w)/2]

.
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We choose that solution of (5) for which

B B
Ontn Frvu

it )
ch Fi

and find the coefficients of (2) given by

u p
Qntp T(n+ 2u+ 1) Foyu(w)
= (2 2 1 " .
- (2n+ 2p + 1) Tn t2) i P

(6) T(n+1)

The convergence of (2) is assured for all values of the variables since
for large n, Fiy,(w)=0(n*), P,t, (cos 8) =0(n?), with a and & inde-
pendent of #, while j,,.(kr) =01 /T (n4+n+1)).

Although an alternative derivation? of (2) can be given the above
method has the advantage of being applicable to other expansion
problems. However for the sake of completeness we sketch the second
method which starts with the representation of the parabolic wave
functions [3]

M uio(at) My 2(bt) =
(7

1(ab) 2 [T + w) ]
(1 +w)/24T((1 4+ p)/2 =«

. ff exp [M cos ¢] J.(t(ab)? sin ¢)(cot ¢/2)%d¢
0 2

and the expansion [4]

(sin « sin B)~*J,(z sin « sin B) exp (42 cos a cos B) = 2%(2xz)~1/2

(8) 0 N4,
. [I‘(u+1/2)]2 Z "nl(2n+2u+1)

nm0  (n+2p+1)z
where the C¢*'? are the Gegenbauer polynomials. If we substitute
(8) into (7), integrate termwise and use some of the usual trans-
formations of hypergeometric functions we get (2) with the coeffi-
cients given by (6).

Turur128)Cot " (cos @) Cit " (cos B)

3. Inversion of (2). The functions Fj,,(w) form an orthogonal set
with a weight factor. Precisely we have

sin mu fw Fuss( =) Pl _ .
]

2u cosh wt + cos wu

©) )

T ntwm+)

2 This was pointed out to one of the authors by A. Erdélyi.
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This result is due to Bateman [5],3 and was established for F% with
n integral. Extension of the result to F4,, can be made without diffi-
culty. By means of (9) we invert (2) and obtain

smujwzﬁu—mﬁww@num—ww

2u —w cosh wt + cos mu

(10) =TQu+ 2T+ 2u+ 1)@ /n)E " jupu(kr) Prru(cos ),

a result which is equivalent to one given by Buchholz [3].

4. Miscellaneous results. There are several interesting special cases
of (2) and (3) as well as some known results which follow from (2)
and the properties of the Pasternack functions. Of these we mention
without proof:

(1) For p=m an integer, we have from (3)

® (2n m) lgn—m r
1y wen = 3 DM R ),

— ml(n — m)lkm FI(w)

(2) For —w=2s+14m, s and m integers, the expansion (2) re-
duces to that of Hochstadt [1].

(3) If we put u=m in (2) and let k>0, we get after some simplify-
ing
© gm(—Ar/2)n

(12) TnERInaN = 3 n e

which may be thought of as an expansion of parabolic potential func-
tions in terms of spherical potential functions.

(4) Finally we sketch a derivation of the bilinear generating func-
tion in the continuous case for the parabolic wave functions. The
result, due to Erdélyi [6], is

(txy)r/
1+twd—u+wu—ona+aumwwwva+n]

P':(cos )]

(13)
_ 1 P12 =24+ wT1/24 2+ p)
C 2mid [P + 1)]? M. (x)M, . (y)dz

where L is a path from —Z® to i separating the poles of
I'(1/2—3z+u) from those of I'(1/2+z+u). To give a derivation of
(13) based on the properties of the Pasternack functions, we start

with equation (8) and the following representation of the Legendre
functions [2]:

& The result given in [5] omits the factor sin mu/2u.
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(14) 20 + 1)¢ sech xPys,(tanh x) = f &

—o0

T2
atu(iz — u) sech o> dz.

We now express the Gegenbauer polynomials in (8) in terms of
Legendre functions and use the representation (14) for P4, (cos o)
with cos a=tanh x=(1—¢)/(1+¢). Interchanging integration and
summation together with the use of (2) yields, after some manipula-
tion, the result (13). The interchange of integration and summation
can be justified without difficulty.
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