A CONGRUENCE SATISFIED BY THE
THETA-CONSTANT 4,

L. CARLITZ

Let
35 =2 ¢%

and let p denote an arbitrary odd prime. The following congruence
appears incidentally in [1, formula (3.7)]:

0 032(;:——1) i<m>2k2' = 1 (mod p),

=0 \ 7

where p=2m-41 and k? has its usual significance in the theory of
elliptic functions. The congruence (1) is to be interpreted in the
following way. Using the familiar identity

© l_l_q?n 8
2 po=16g [[(—2—),
@ QIII(1+q2"—I>

(1) can be written entirely in terms of g or entirely in terms of k2% It
follows from (2) that

®) =3 augr (a1 = 16),
n=1

where the a, are rational integers, and that

4) g = 2 bk (b1 = 1/16),

n=1

where the denominators of the b, are powers of 2. If we substitute
from (3) into (1) we get a certain set of congruences; if we substitute
from (4) we get another set. By Lemma 1 of [1] these congruences
are equivalent. We now show how the second substitution can be
carried out explicitly.

We recall that the complete elliptic integral of the first kind is given

by
T 1 1
K=—F<—;—;1;k2),
2 2 2
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where F denotes the hypergeometric function; also we recall that

0§ = 2K/x.

Consequently (1) becomes

3 1 1 . 1. b2 S m ’ 2r =
(5) {I'(7,—2—,1,k)} E(k)k =1 (mod p).

Now
()2
1 1 B 2/\2/,

<_2_’ ’1’k>=,§% rir! i

also
1 1 3 2r— 1 (2n)!
(7), T2 2 2 2wyl

so that

©) _ (27)
r! AT A

We recall that, if [2, p. 419]

a=a+ ap+ ap?+ - - - (0 = a: < p),
b=0bo+ bip+ bap>+ - - - 0 =b: <p),
then
a a0\ [ a1\ [ a:
<b> - (bo><b1>(bz> T (mod 2
It follows that if
r=ro+ rip+ rop2+4 - - - 0 =7 <p),

then
o ()=CICE) - o

in particular
2r
()=
r

I
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unless
0=r < p/2 (t=0,1,2,---).
Using (6) and (7), we get

1 1
F<—y - 1; k2)
2 2
m m 2,0 2 2,1 2 E\2(rotript--0)
SEE (VY ()
re=0 r;=0 7o 71 4
) m 25\2/ k 2pis
=) E)} emen
j=0 U s=0 \'§ 4
Now it is also easily verified that
()
1 /2s 2/, m
>= - (_1),< ) (mod p)
228\ s s! s

for 0 <s=<m; therefore

11 = m 2
(8) F(;) ? ’ 1,k2> = H Z(T) k2rie (mod p)

If for brevity we put
m m 2
sty = S (7w
s==0 N

then it is clear that (5) reduces to

©) S TI 57k = 1 (mod ).

=0

Thus (9) is the form assumed by (1) when g is expressed in terms
of k2. But (9) can be verified immediately. For if Q(k%) denotes the
left member of (9), it is clear that

0k = 5o(kt) T S71(32)

je=1

= S(k*) IT 7= (ko)

J=1

= Q(k%) (mod p).
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This evidently implies Q(k?)=1. We have therefore an alternative
proof of (1).

It is not clear how to carry out explicitly the transformation of
(1) into what may be called its g-form. Put

er - Z amqs;

§=r

it follows from (2) that the coefficients a,, are rational integers. Now
let

=3 R(me,

n=0

so that R,(n) is the number of representations of # as a sum of s
squares. Then it is easily seen that (1) implies the following two re-
sults.

(10) RMAW0+§:&mmW—%9i(?)%(mwﬁ) (nz 1),

s=1 r=1
) R =Rio/p+ T RO L (") o (mod p).
n=s+pt r=1
If we recall the familiar formulas
kllz = 02/193, k’llZ = 00/08)

where

0

— Z (_l)nqn2’ b p— Z q(Zn—-l)2/4

—00

it is easily verified that (1) implies

(12) 97 US(E) =1 (mod p),
¢13) 90 VSR = K71 (mod p).
Since

14+
Sm=a—@w(1 )

where P,(x) is the Legendre polynomial, (13) can also be written in
the form

1+ &2
1 — &2

(14) 0?,(’””19,,,( ) =1 (mod p).
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Similarly, (1) and (12) can also be written in terms of the Legendre
polynomial.
Finally, since

@93t = 2% [T (1 — ¢,
1
it follows from (1), (12) and (13) that
3 (r—1)/2
(15) {q IIa - qz")”} S3(k?) = (kk')>~! (mod p).
1
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