ON LIMITS OF MODULE-SYSTEMS
JOHANN SONNER

1. Introduction. This paper is concerned with a generalization of
direct and inverse limits. The construction uses local sections de-
fined on sets of a filter § on M. Usually, M is a directed set (see [1]).
The purpose of the order-relation is a twofold one: First it serves to
generate a filter on M, second it is responsible for the existence of
certain homomorphisms 72. That both tasks can be separated was
already pointed out in [2]; that only the filtering property of the
order relation is necessary for the construction of limits will be shown
here.

2. Definition of module-systems.

DEerFINITION 1. A pair (f, g), where f is a surjective map of E into
M and g a map of M? into B(E?), defines on a pair (E, M) of sets a
structure of a module-system over the ring R if it possesses the follow-
ing properties:

(SMi) For each a& M, the reciprocal image f~'(«) of « under f
is a module over R;

(SMm) For each pair (o, ) & M2, the part g(a, 8) of E?is a sub-
module of the product-module f~!(a) Xf~1(8) over R;

(SMi1) For each a & M, the set g(w, «) is a part of the diagonal of
() Xf~H (o).

Write E, instead of f~!(a).

ExaMPLE. Let E be the sum of the sets E, (¢ & M) of a direct (resp.
inverse) system of R-modules over the directed set M and f the map
of E into M which assigns to each x&E, the element & M. If
a=f3, denote with g(«, B8) (resp. g(B8, @)) the graph of the homo-
morphism 745, if not =g, let g(a, B) = E4 X Es. The pair (E, M) to-
gether with (f, g) forms an R-module-system.

Definition 1 can readily be modified in order to suit any algebraic
structure, e.g. group-system, vector-space-system.

3. Construction of limit-modules. Let (E, M) be a module-system
and § a filter on M. A function s=(S, 4, E) defined on a set ACF
with values in E is a local section of f, if the composition f o s is the
canonical injection of 4 into M. The section s is said to be g-admis-
sible if (a, B) & M? implies (s(a), s(B)) Eg(e, B).

Denote the set of the g-admissible local sections of f, defined on a
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set AEF, by S(F, f, g)- The relation K for some AESF, sa=t4>>
is an equivalence relation R, in S(@, f, g); write So(g, f, g) for
S(F, f, g)/Rs. We shall endow S.(§F, f, g) with the structure of a
module over the ring R.

If s=(S, 4, E), t=(T, B, E) are g-admissible local sections of f,
define s+¢ by a—s(a)+ta)(@&EANB), A-s by a—\-s(a)(aEA4),
which is possible by axiom (SMj). Clearly, s+¢ and \-s are local sec-
tions which are g-admissible by axiom (SM11). Note, that addition
and multiplication are compatible with R,. Therefore it is allowed to
pass to the quotient, thus obtaining a structure 9, of a module
over the ring R. We call limit of the R-module-system (E, M) with
respect to the filter & and denote by limg (f, g) the quotient So(g, f, £),
endowed with the structure 9.,

ExaMPLE. In the case of a direct system, let & be the filter of the
sections of the direct set M # ¥, in the case of an inverse system, take
the reduced set {M}. The module limg (f, g) is isomorphic to the
direct (resp. inverse) limit as was proved by Griffiths (see [2]).

4. Maps.

DEFINITION 2. Let ¢ =(®, E, E’) and ¢y = (¥, M, M’) be functions.
The pair (¢, ¢¥) is called a map of the module system (E, M) into the
module-system (E’, M’) over the same ring R, if it satisfies the fol-
lowing conditions:

1°. yof=foe;

2°. For each pair (o, B) & M?, (x, y)Eg(a, B) implies (p(x), ¢(¥))
€g' W), ¥(B));

3°. For each a& M, the map ¢, of E, into Ey, induced by ¢, is
a homomorphism.

The composition of two maps is a map; for bijections ¢, ¢ the
condition K(p, ¥) and (¢7!, y~!) are maps> is equivalent to the
condition K (¢, ¥) is an isomorphism>>.

ProrositioN 1. Let (¢, ¥) be a map of a module-system (E, M) with
filter § into a module-system (E', M') with filter §'. If §' is finer than
the filter on M' generated by the image of § under ¥, then the pair
(¢, ¥) induces a homomorphism (o, ¥). of limg (f, g) tnto limgs (f', g').

Let s=(S, 4, E) be a g-admissible local section of f. Denote by s’
the correspondence ¢ o s oy4', where ¥4 is the map of 4 into ¥(4)
induced by ¢. s’ isa function (Axiom (SMyy)) which is a g’-admissible
local section of f’. Furthermore, s—s’ is compatible with the equiva-
lence relations R, and R%, thus inducing a homomorphism (¢, ¥). of

So(F, f, &) into So(F', f', &)
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5. Induced structures. Let (£, M) be a R-module-system and N a
part of M. Write Ey for the reciprocal image of N under f, fx for the
subjective map of Ey into IV induced by f and gn for the map of N?
into B(E%) induced by g. Obviously, the pair (fy, gy) defines on
(En, N) a structure of a module-system over R, called the induced
structure. It is obviously an initial structure in the sense of N. Bour-

baki.

TuEOREM 1. Let (E, M) be a module-system, N a part of M, ¢
(resp. j) the canonical injection of En (resp. N) into E (resp. M), and
& a filter on N. If § is the filter on M gencrated by §, then the map
(2, ) induces an isomorphism (i, j)o of limg (fn, gn) tnto limg (f, g).

By Proposition 1, (7, j) induces a homomorphism which is bijective
because of '’ =170 s (see proof of Proposition 1).

6. Cofinality. A pair («, B)EM? is called g-distinguished if the
correspondence (g(«, ), Eq, Eg) is a function.

DEFINITION 3. A filter § is cofinal for a filter § relative to (f, g),
if § is finer than &, and if for every set 4 €/, there exists a set
BE § satisfying the following conditions:

(CF1) For every element & B, there exists an element a EA4MNB
such that that («, ) is g-distinguished;

(CFm) If (ou, B1) and (a2, B2) are g-distinguished elements of (AMB)
X B, then there exists an element «a EAMB such that (o, a)) is g-
distinguished and the relation

g(a?7 /32) o g(a: O£2) C g(BI) 62) og (aly Bl) o g(a, al)

holds (see diagram below).
A filterbase B’ is cofinal for &, if the filter § generated by B, is
cofinal for .

g(aly Bl)

g(a, ), Bo——— E,

Ey / g(B1, B2)

gla, a2) P gla, B2) P

THEOREM 2. Let (E, M) be a module-system, 1 (resp. j) the identity
of E (resp. M) and §, § filters on M. If §F is cofinal for §, then the
map (1, j) induces an isomorphism (4, j)« of limg (f, g) into limg (f, g).

By Proposition 1, (¢, j) induces a homomorphism which is bijective
because of s’ =s (see proof of Proposition 1).
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TureoreMm 3. Let (f, g), (', ') be pairs of maps, defining structures of
R-module-systems on (E, M), §, & filters on M and N a part of M.
Suppose, that the induced structures and filters on N exist and coincide,
and that Fn (resp. Fy) is cofinal for §F (resp. F') relative to (f, g)
(resp. (f', £')). Then the modules limg (f, g) and limg (f', g') are iso-
morphic.

Write & (resp. ®') for the filter on M generated by Fn (resp. Fi)-
Consider the diagram

limg (f, g) — limg (f, g) < limg, (x, gn).

The first map is induced by a pair of identities and is an isomorphism
according to Theorem 2, the second map is induced by a pair of
canonical injections and is an isomorphism according to Theorem 1.
Because the same argument holds for the primed maps, the theorem
follows.
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