A FREE BOUNDARY PROBLEM FOR PSEUDO-
ANALYTIC FUNCTIONS!

MARTIN SCHECHTER

1. Introduction. In this note we consider free boundary problems
for equations of the form

(1) Ad = g(x, y, ¢z, ¢y)
and
(2) W;: = P(Z, W)

In the latter equation W and p are complex, and
1
W:= 7 (Wz + in)-

We shall show that a simple method can reduce free boundary prob-
lems for these equations to the same problem for harmonic or analytic
functions. The corresponding problems for analytic functions can
readily be handled by conformal mapping techniques.

We employ a method developed by Bers [1]in the study of pseudo-
analytic functions. In order to illustrate the ideas, we have picked
an example which has no technical difficulties. More involved ap-
plications will be considered in subsequent publications.

2. The problem for equation (1). Let I" be a simple closed curve
with continuously turning tangent and assume that its interior D
contains the origin. Assume that there is a (possibly multiple valued)
function ¢ having continuous second derivations in D — [0] and such
that

1. ¢ satisfies equation (1) in D— [0],

2. ¢ has continuous first derivatives in D— [0] and

¢:+ ¢, =1onT,

3. The normal derivative of ¢ vanishes on T,
4. (¢zt+¢y) (x2+y%)—A2#0 as (x, y)—0.
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If T and ¢ satisfy conditions 14, we shall say that they solve prob-
lem I.
Our result concerning problem I is the following

THEOREM 1. Assume that g(x, v, u, v) is Holder continuous in all
arguments in every closed subdomain of 0 <x?4y?< e, 0<u?4v2< »
and that for x*+y?< R?

|8(x,y,“,v)l éNR(lul + |'DI),

where the constant Ng depends only on R. Then there exists a positive
constant Ny depending only on Ng such that problem 1 has a solution for
all 0<N<No. If g=0, then Ao= o, I' 1s the circle x*+y*=N\?, and
¢ = ttan™! (y/x).

Theorem 1 follows from a more general theorem given in the next
section.

3. The problem for equation (2). Now assume that I' and ¢ solve
problem I and set

W = ¢. — i¢, = 2¢..

Then W has continuous derivations in D — [0] and has the following
properties
1°. W satisfies equation (2) with

3) p(z, W) = g(Re z, Im 3, Re W, —Im W),
2°. W is continuous in D— [0] and
| WI =1on T,

3°, If n=n,+1n, is normal to T,
Re Wn =0 on T,

4°. | Wz| >\ >0 as z—0.
If T" and W satisfy conditions 1°~4° with any complex function p(z, W)
not necessarily satisfying (3), we shall say that I" and W solve prob-
lem II.

Concerning problem II we shall prove the following result

THEOREM 2. Let p(z, W) be Holder continuous in z and W in every
closed subdomain of 0<|z| <w, 0<|W|< =, and assume that for
|z| =R

| o(z, W)| = Nz| W],

where the constant Ny depends only on R. Then there is a positive con-
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stant No depending only on Ny such that problem 11 has a solution for
all 0<N<No. If p=0, then No=w, T is the circle || =\, and W
=tz L

The proof of Theorem 2 will be given in the next section.

Now assume that I' and W solve problem II with p(z, W) a real
function. We shall show how to construct a solution of problem I.
In fact if we set

W =u-— 1,
the condition
Im W; =0
implies
Uy = V.
This means that the possibly multiple valued function
1 p- 1 z
o(x,y) = — | udx + vdy = — Re Wdz
2 Z, 2 Z,

exists in D — [0], where Z,50 is some fixed point in D. Moreover ¢
has continuous second derivatives in D —[0] and

W = 2¢,.
Hence

(4) Ap = 44,5 = ZP(x + iy: ¢z — 'Ld’u) = g(x’ Y bz, ¢u)
Since the normal derivative d¢/dn equals

¢

— = un, + vn, = Re W,

on
I' and ¢ solve problem I. Since the hypotheses assumed for p(z, W)
in Theorem 2 imply those assumed for g(x, ¥, %, v) in Theorem 1 when
g is defined as in (4), Theorem 1 follows immediately from Theorem 2.

4. The proof of Theorem 2. That
T:|z| =2, w = % g}

is a solution of problem II with p=0 is easily checked. It also is the
only solution with smooth boundary. For let I' and w be any such
solution, and let f(z) be the analytic function which maps the interior
D of T onto lz] <\ in such a way that f(0) =0. If n=n,+1in, is nor-
mal to T,
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2
= /@) = e e?)
on I' and hence
Re zw(f(2))f'(2) = 0
on |z| =\. Since
5) | sw(f@)' @) | ~ | ()] =2

as 2—0, the function zw(f(z))f’'(2) is analytic in |z] <A\ and imaginary
on the boundary. Thus it equals an imaginary constant, and this
constant is +¢\ by (5). Since ]w(f(z))] =1 on |z] =N}, [f’(z)| =1
there. Since f’(2) #0 in Iz[ <\, we must have f'(z) =e?. Hence fw(f)
= 44\ and T is the circle |f| =\.

Now consider complex functions s(2) defined in ]z] =N If s(2) is
bounded there, set

sl = max [s@)] .

If s(2) is Holder continuous in lz] =\ with exponent «, set

| s(z1) — s(z2) |

|sla=1lub
el Shlglsh | 31— 22|
lslla = llsll + 15 ]e.

We denote the space of all s(z) such that
l[slla < o
by C.. Next we define
27 610 +

Re s(\ei®)db + ¢ Im s(0).
o A — g

As(z) = —

It is easily recognized that As is the analytic function in |z| <\ such
that

Re(s— 4s) =0 on |z| =2,
Im (s — 4s5) =0 at z=0.
By a theorem of Privaloff [2] and Bers [1] we have
LEMMA 1. If s&€Cy, then As&Cy and
| Asle £ Kel sla

where the constant K, depends only on o.
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Since A is linear, Lemma 1 shows that 4 is a continuous trans-
formation of C, into itself.
Next, consider the operation

1 a(¢)dtdn
Tols) = = 7f»ﬁrl<x §—2

where { =£+41n. Concerning 7" we have
LEMMA 2. If 0(2) is bounded in | 2| <\, then To & Cy for all <1 and
[[74]| = 2\]|o]],
| To |s = Mo

where the constant Mg depends only on (.

Lemma 2 shows that T is completely continuous in any Cs, f<1.
Since it is linear, it is also continuous.

LeEMMA 3. If o(2) is Hilder continuous in every bounded subdomain
of 0<|3| <\, To has continuous derivatives in 0<|z| <\ and

(To);: =&
there.

The proofs of Lemmas 2 and 3 may be found in [1].
We are now ready for the
ProoF oF THEOREM 2. Let By be the set of all s&€C, such that

s« = M.
If s€Bu, let f(2) be the analytic function defined by
f(0) =0,
f'(z) = eAstidis,
Now by Lemma 1
|4s — s|a S (Ka+ )M
and since As—s is imaginary on the boundary and real at z2=0,
| 4s — s|| = 2M(K. + ).
Similarly
llidis + s|| < 2MA*(K, + 1).
Hence
|| 4s + idis| < AMN(K.+ 1) = L
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and
/@] = e

in | 2| <. Since f(0)=0
(6) [fG)] < net =

Now by hypothesis
) p(z, w) = 7(z, w)w
where
® | 7(z, w)| < Ne

in | 2| <R and 7(3, w) is Holder continuous in every closed subdomain
of 0<|z| <w,0<|w| <. Set

S) = T{{f'&)] 7(f(2), wo(z)e4%)}
= TOS(Z);

where [f’(z)] denotes the complex conjugate of f'(z) and w,=1i\s"L
Applying Lemma 2 to (6) and (8), we see that

S|l = 2w,
| Sla é M,geLN,
for B<1. If we take a <B<1, we have

S]]« = (21 + N—=Mp)erN,.
We now pick N so small that
||S”°‘ é M7

i.e., SEBuy. Thus Ty maps By into itself. By Lemmas 1 and 2 it is
continuous and completely continuous in C.. Hence by the Schauder
fixed point theorem [3] there is a function s& By such that

5(2) = Tos(2).

Lemma 3 shows that s(z) has continuous derivatives in |z| <\ and
that

) s+ = [f(@)] 7((2), wee49).
Let

z = h({)
be the inverse mapping of { =f(z) and set
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(10) w(§) = wo(h(s))e 4

where #(¢) =s(h(¢)). If T is the image of |z| =\ under the map f(2),
we claim that I" and w solve problem II.
In fact, by (10)

wy = Wi
and from (9)
r=slW@] =, )
and hence by (7)
wy = p(§, w).
In addition s—4s is imaginary on |z| =\. Hence
lw| = [wo| - [e=2e] =1

on I'. Moreover, if n=n,41n, is normal to I

==/
A
and hence
wn = woe“At.i.eAeﬂAu
A
= jettidit,
But it is easily checked that s+i4is is real on |z| =\ and hence
Rewn =0
on I'. Finally,
l wﬂ’l ~ I wf’(z)z| ~ l'woe"‘Aﬂ.CAc+iAz’:z|
~ | hertidis| =\

as {—0, since s+4A44s is imaginary at 2=0. Hence I" and w solve
problem II. This completes the proof.
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