EXISTENTIAL HORN SENTENCES
R. C. LYNDON!

A. Horn [2] has shown that every sentence of a certain class,
which we define precisely below, is true in a direct product of algebras
whenever it is true in each component algebra. McKinsey [4] had
already shown essentially that every universal sentence preserved
under direct product is equivalent to one of these Horn sentences. We
establish here the analogous result for existential sentences. This
answers a question raised by Chang and Morel [1], who showed that
the parallel result does not hold for universal-existential sentences.
The problem for existential-universal sentences remains open.

An algebraic system A will be taken to consist of a nonempty set of
elements, upon which are defined various operations, and various
relations in addition to equality. Thus 4 is a model for a first order
language L with symbols for the operations and relations of 4. (For
details, see [3].) Only those models will be considered in which the
equality symbol is interpreted by a relation having the usual formal
properties of equality—that is, by a congruence on the algebra 4;
but we do not require that the equality symbol be interpreted by
strict identity.

The direct product of “similar” algebras, that is, models for the
same language, is defined in the usual way. Under this definition the
direct product of an empty set of algebras is a trivial algebra, in
which all relations, including equality, are universal.

A transformation of the prenex conjunctive normal form shows
that every formula of L is equivalent to a conditional formula, of the
form

QA [A atiD \% Bik])
ser Ljes; keK;
where @ is a string of quantifiers, and the a;; and Bix are atomic
formulas indexed by finite sets I, J;, K;. A conditional formula is a
Horn formula if each K, has at most one element; for K, empty, the
expression in brackets is interpreted as ~Ajes; ;. It is a strict Horn
formula if each K; has exactly one element.

LEMMA. If a Horn formula H without quantifiers implies a disjunc-
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tion v1\/ - - - \/v» of atomic formulas, where n>0, then H implies vy,
for somev=1,2, - - n

The formula H, together with the axioms for equality, is equivalent
to a set H* of conditions h, each of one of the two forms

hitaa A\ - - - Nam DB,

he: ~(aa A\ - - - NACtm)
where a1, - - -, an and B are atomic formulas, and m=0. If F is any
set of atomic formulas of L, let F* be the set consisting of all @ in F,
together with ~« for all atomic formulas a not in F. If F* is consist-
ent with H¥*, it is clear that F satisfies the conditions

hi:if o, -+ -, Qm, and an, are in F, then B is in F,

hy : not all of au, + -+, Am—1, and oy are in F,
corresponding to each h in H*. Conversely, for any F, F* is consistent
(in predicate calculus without axioms for equality), and if F satisfies
the conditions (h{, hy), F* implies h for each h in H*, whence F* is
consistent with H*.

From the form of the conditions (h{, hy) it is clear that, for >0,
if F, - - -, F, satisfy these conditions, then F=F/N\ - - - NF, also
satisfies them. Thus, if each of F¥, - - -, F¥ is consistent with H¥,
so also is F*. To prove the lemma we show that, if each of ~v,, - -
~, is consistent with H*, then {N*yl. R N‘y,,} is consistent with
H*. That ~, is consistent with H* implies the existence of a func-
tion assigning the truth values 0 and 1 to atomic formulas of L under
which 7, receives the value 0, while each formula % of H* acquires
the value 1. If F, is the set of atomic formulas receiving the value 1
under this assignment, then F¥ is consistent with H*, and F, does not
contain v,. But then F* is consistent with *, for F=Fi"\ - - - N\F,,
and F contains none of vy, - - -, v,. It follows that {~71, ce, ~'y,,}
is consistent with H*, as required.

ProposITION 1. Let S and T be existential sentences of a language L
such that T holds in every direct product of a (possibly empty) set of
algebras satisfying S. Then there exists an existential strict Horn sen-
tence U such that S implies U and U implies T.

We note that the converse follows immediately from Horn’s result,

To prove the proposition, we may first replace L by a language
containing, in addition to the equality symbol, only the finite number
of operation and relation symbols that occur in .S and T. Let Z(z)
be the conjunction of formulas z=w(z, 2, - - -, 2) for each operation
symbol w, and p(z, 2, - - -, z) for each relation symbol p. Then the
sentence Z = 3z-Z(3) expresses of an algebra that it contains a trivial
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subalgebra. Suppose that 4 is a direct product of algebras satisfying
S'=SVZ. Then A contains a subalgebra B that is a direct product
of algebras satisfying S together with trivial algebras. Since B is iso-
morphic to the direct product of its nontrivial components, which
satisfy S, B satisfies T. Since T is existential, and holds for the sub-
algebra B of A, T holds for A. Thus the hypothesis of the proposition
holds with S replaced by S’. Since S implies S, the conclusion for S’
would imply the conclusion for S. Thus, in the remainder of the
argument, it suffices to consider S’ in place of S; dropping primes, we
may henceforth assume that Z implies S, that is, that S holds for
every algebra that contains a trivial subalgebra.

Supposing S written in conditional form, as above, it now follows
that none of the K; are empty. Replace each part Ajes; @i; D Viex, Ba
by Viex; [Ajes; @i; DB ], and distribute the conjunction with respect
to 1E€1, and the existential quantifiers, over the disjunctions. This
shows that S is equivalent to a disjunction of existential strict Horn
sentences

3x, - - - ap A I: AN a; D Bix(.')]
el Ljed;
for all elements k= (k(7)) in the cartesian product [[.er K..
We may now suppose that S =H'V .-\ H¥, where H"

=3x, - - - xpH"(x), and H"(x) stands for a strict Horn formula
Hr(x1, - - -, xp) without quantifiers. We may suppose also that
T=3y ---yeT(y) where T(y) stands for a conditional formula
T(y, * - -, yr) without quantifiers.

Let A be the direct product of algebras 4!, - - - , A%, and, for each
n, let @, aB, - - -, ap be elements of A~ If H*(a®)=H"(d}, - - -, ap)

holds for each #, then each 4™ satisfies H" and so S, whence A must
satisfy T. Therefore H(a)=H (@ )A - -+ AH¥(a") is inconsistent
with the failure of T on A4, hence with the truth of Wy - - - yr
.~T(y) on 4, and thus with some finite set of instances ~T(b(1)),

-, ~T(b(M)) of ~T(y), obtained by replacing each y, by an
element b,(m) of A. Here in fact each b,(m)= (b}(m), - - -, b (m)),
a vector whose component b}(m) is some expression built out of
at, - - -, ap by means of the operation symbols w. Replace T by
the conditional form of the equivalent sentence

3y1(1)> T yR(1)7 e )yl(M)) ] yR(M)
TV - - -V T(M).

Then we may suppose that, reverting to the earlier notation, H(a)
implies a single instance T(b) of T(y). Here the components of the
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b, are still expressions #(a”) in the af, - - -, ¢p. Adjoining to the
Hr(x) suitable new clauses of the form x’=¢(xi, - - -, xp) and pre-
fixing new existential quantifiers, we obtain, upon reverting to the
original notation, that each component &} of a b, is one of a}, - - -, ap.

To restate the result of these considerations, if f is any function
from {1, 2, - -, N} into {1, 2, - - - ,P}, let a; denote the element
(@ay * - aflyy) of A. Then we have justified the supposition that
for some elements a;, ---, a7, of A, H(a) implies T(ay)
=T(afu T de).

If y(as)=v(as, - -+, as,) is an atomic formula (in T), write
'Y(df)n=7(a}'1(n)r ) a}‘g(n)): and 7(‘1/)*='Y(a/)1/\ tr /\‘Y(af)N-
The definition of the direct product takes v (as) as equivalent to
v(as)*, and thus interprets T(a;) as meaning T(a;)*, the result of
replacing each y(ay) in T(a;) by v(a;)*. We have then that H(a) im-
plies T (as)*, purely formally within the language L (with equality).

The conditional formula T'(y) will have the form T'(y) =Ae1 Ci(y),
where each Ci(y) = 4:(y) D Bi(y), A:¥) = Ner; (), Bu(y)
= Viek, Ba(¥). Since T holds on a trivial algebra, no K;is empty. For
each ¢, since H(a) implies T'(as)* it implies C;(a;)*, whence H;
=H(a) \NA:(ay)* implies B;(a;)*. But

N
Bia)* = V A Buler= AV Bula)®,

keK; n=1 ¢EN 1@  keK;

whence H; implies Viex, Bi(as)*® for every ¢ in N¥i.

For 7z in I still fixed, suppose that for no k in K; does H; imply
Bix(as)*. Then, for each k in K; there exists ¢(k) in N such that H;
does not imply Bi(a;)*®. Since it was established that H; implies
Viek Bi(as)*®, and H; is a Horn formula without quantifiers, this
contradicts the lemma.

We conclude that, for each ¢ in I, there exists %, in K; such that H;
implies Bi,(as)*. Construct U from T by replacing each disjunction
Viek; Bi(¥) by the single atomic formula B.,(y). It is immediate that
U is an existential strict Horn sentence, and that U implies T.

It remains to show that S implies U, that is, that each H» implies
U. Fixing n, take A" trivial for all ' ##n. Then each A™ satisfies
the strict Horn sentence H™', and 4 satisfies U provided A" satisfies
H~. Since 4 is isomorphic to 47, A" satisfies U provided it satisfies
H~: that is, H* implies U.

PROPOSITION 2. Let S and T be existential sentences of a language L
such that T holds in every direct product of a nonempty set of algebras
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satisfying S. Then there exists an existential Horn sentence U such that
S implies U and U implies T.

If S holds for a trivial algebra, T° must also, and the assertion is
contained in Proposition 1. Assuming then that S fails for trivial
algebras, we indicate those modifications of the previous argument
necessary to prove the present proposition.

Let W(x)=2Z(x1) Ax1=x2/\ - - - Axi=xp; then W(a") asserts that
the subalgebra A7 of A" generated by a}, - - -, ap is trivial. Thus
Hp=Hr(a”)\/ W(a™) implies that A} either satisfies .S or is trivial.
Since S, and so each H™, fails on a trivial algebra, H"(a") implies
~W(a"). The formula Hy=HyA - - - AHY implies that each AP
satisfies S or is trivial. The formula V=~(W(@)A - - - AW(a"))
asserts that not all Aj are trivial.

HoAY is a Horn formula without quantifiers. It implies that the
direct product 4, of the Aj is a direct product of factors that either
satisfy S or are trivial, and that not all factors are trivial. Hence A is
isomorphic to a direct product of a nonempty set of algebras satisfy-
ing S, and therefore satisfies 7. It follows that A4 satisfies 7. We have
then that F,\/ Y implies that A satisfies T, and we obtain a Horn
sentence U exactly as before, except that we refrain from attempting
to choose k; from those K; which may, now, be empty. Then U implies
T as before, and the same device as before shows that each H™ implies
U, in view of the fact that H*(a™) implies ~W(a") and hence implies
Y. :
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