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Introduction. In aerodynamics, a velocity potential is usually repre-
sented as a singular integral given by a sink and source distribution.
The integrand contains a strength factor. For cones and slender
bodies, this strength factor is determined by methods [1]% either
graphical or numerical as suggested by Tsien [2], von Kirman and
Moore [3], and other writers. An exact solution was believed to be
too difficult, for an integral equation of the first kind does not, in
general, admit a solution.

In deriving a solution of a certain aerodynamical problem, the
writer was led to a much more general class of integral equations, each
of which has, as its kernel, a Chebyshev polynomial of the first kind,
divided by the square root of the difference of two squares. The writer
was fortunate in having found the exact solution to each of these
singular integral equations. The solution is given in the form of a
singular integral involving a Chebyshev polynomial of the first kind.
The application of these results to aerodynamics is immediate.

This paper is dedicated to Professor O. Perron, of Munich, on his
79th birthday, in appreciation of his achievement as a mathematician
and for his success as a teacher.

Chebyshev polynomials of the first kind. The Chebyshev poly-
nomial of the first kind and nth degree is denoted by T,.(f). It is
defined as the polynomial solution of the differential equation

1 (@ — 1)y" (%) + xy'(x) — n’y(x) = 0
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with the initial condition y(1) =1. Writing

(2 y(x) = 2%(s* — 1)
where

0 when # is even,
3) 6 = .

1 when # is odd,
we find, after letting
4) a?—1=14,

the following differential equation for z(¢):

n][»+1
5) 4@t + 1)z + 2[21 + &)t + 1]2" — 4[?][ 5 :Iz =0
where [£] denotes the positive integral part of £. The polynomial solu-
tion of (5) satisfying 2(0) =1 is
(t+ DT+ 1))

21 ("= 4241
2| w2 2 TR+

(6) =—— 2 .

5 G

Replacing ¢ by x2—1 in (6), one finds the following lemma:

LeMMA 1. The Chebyshev polynomial T,(t) defined by the differential
equation (1) and the condition y(1) =1 can be written in the form

) ()

() Ta®) = ————a° X (&® = D*,

= (e

where & is given by (3).

(7) is the expression of the Chebyshev polynomial most suitable
for our discussion.

Integral equations and their solutions. A large class of integral
equations, including those mentioned in the summary, can be brought
to the form

f U Toul(u/o)yn(u)du

(u2 — 0.2) 1/2

(8) =f"(°'); ‘761,”:0717273,"'
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where the integral is taken in the sense of Riemann, I={s:c<s =1},
¢>0 a constant, and fa(¢) is defined on I. It is assumed that

(a) fa(1) =0,

(b) (d/da)[o™fa(0)] is piecewise continuous on I.
Condition (a) is necessary for y,(#) to remain finite on I. The same
condition also implies that (d/de)[o"f.(c)]#0; for otherwise f,(o)
= Co—™, C constant, contradicting (a).

The solution of (8) is given by

PR ol STCLLL20)

vn—l(.v2 — u2)l/2

©)

where in the case of n=0, 7T_;(x) is interpreted as T1(x) by virtue
of the differential equation (1). A proof of the dual relations (8) and
(9) will be given later.

We want to note in passing that the solution of

U yo(u)du
. W= fo(o)
was given as
2 d ' yfe(v)dy

yo(u) = — : d_u « (02 — w12

by M. Bécher [4]. In case fo(1) =0, this can be reduced to the form
2 ! 9Ty (u/v)dfo(v)
yow) = —— [ ZEE
o (02— w2

by writing

—————dy = d(v? — u?)/?
(v2 — u2)l/2

and by integrating by parts. The differentiation with respect to %
is then carried out under the integral sign.

It should be noted that condition (a) does not necessarily impose
a restriction on f,(¢). For instance, if fo(1) = C50, there is no loss of
generality assuming C=1. The solution of

1 zo(u)du
. (ut — g?)e -

is evidently
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2 u
zo(u) = Y A=
Writing

folo) = 1+ f*(o)
the solution of
v yo(u)du
. (uZ — 02) 1/2

= fo(o)

is obtained as

Yo(u) = 2_14[T:_u2)_m _f (v — Ejz))”z]

A treatment of the general case will be given in a separate paper.

Some relations between binomial coefficients. As a preparation for
the proof of the dual relations (8) and (9), we have to establish some
useful relations between the binomial coefficients. Let us consider the
expression

ar ]
= 1 [4l-D121(] — g)Ir/21 }
" { = (1 - o)}

(10)
{ AL 121+ (=1 /21—

[ytn—2r21(1 — y)[(n—l)m]}

dyl=D)/21+[(—1)/2]—p g1

It is clear that
(11) g =0 forp=0,1,2,---,[n/2] — 1.
In case p=[n/2]+», 20, we find

1z [n;2]+[n;1:|_p=|:n;1]_v_l;

so that one has

n a
= (—1)/2 [_]1{ x[(n—l)lzl}
2 dx’ ol

dl(n—1)/2]——1
JR—— PV N C TR —_ [(n—1)/2] =
x { Syt DY =) ]} =0

(13)

for 0v<[(n—1)/2].
On the other hand, if we expand both (1 —x)*/# and (1 —y)l=—1)/2
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by binomial theorem and then differentiate the results, we will ob-

tain: et (- 1)k<[ . ]+k)
(19) EEE ([%]_k)!k!([%l]“"")!

(o2 - U“([ 2 :I+") .
= EI- e 5

Comparing this with (11) and (13), one finds the following useful
relations:

LEMMA 2. Let n be an integer =2. Then

[n/2] = l)k([ 2 ] " k)
KGRI
[(n=1)/2] i ([ :| i ”)
* e

for p=0,1,2,3,---, [n/2]+[(n—1)/2] =1, where for every p only
one of the factors is zero.

(15)

In addition to Lemma 2, one will find that it is useful to prove

LEMMA 3. Let n be an integer =2, then we have

G+
)
oty o[22

X > N =1.

(16)
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For proof of (16) one considers the expression
1
I= f a/21-1(1 — g) (=D /2l gy
0

which is [(n—1)/2]![(n—2)/2]/([n/2]+ [(n—1)/2])!, when consid-
ered as an Euler’s integral and is identical to the left hand side of
(16) when (1—x)lt»=1/% js expanded before integration. This com-
pletes the proof of (16).

Proof of the dual relations. On ground of conditions (a) and (b),
it is obvious that the integral in (9) exists, and that the double
integral:

an  I=- 2 f‘( Tw(u/o) f‘ Tos(u/)d[v7fa(v) ] ;

u? — 0.2)1/2 1)"_1(1)2 — u2)1/2

)

obtained by directly substituting (9) in (8), is convergent. This
double integral can be written as

2 1—ef1 Tn(u/g)T_l(u/v)d[v"fn(v)]d

I=——Ilm
m o Joe Jur (@ = e =

Since the above integrand remains finite and has at most a finite
number of points of discontinuity in the region

R {u+e§‘v§1,
"lo+esus1,

it is justified to interchange the order of integration in R. Thus we
obtain

I =——Ilm
T 0

f‘ d[vfa(®)] 7 Tu(u/0) Tas(u/1)du
o+ 2¢

gn—1 ote ((u2 —_ 0.2)(1)2 — u2))1/2 ’

Because T,.(#/0)T»_1(u/v) is continuous and finite in the interval
v=u=c and

v du2
|, G
the integral
?  Tu(u/0)Tpna(u/v)du

a ((uz — 0.2)(.02 — uz))ln

exists; so that one can write
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_ ld [‘D"f n(”)] Tu(t/0) Tn-r(u/v)du
w - [T G e

From Lemma 1 we have

Tlihrﬁblﬂlli’
(a) (v) [n;Z:I!v(a)

pef [P 1 +& ) n—? + )
(n/2] [(n=1)/2] 2 ) 2
X2 X

g om Y ([%] - k) 1(2k)!<[—'f—;i—1] - u) 1(20)!

1 1
X = = (0 = oDt = e

Substituting (19) in (18), writing (#2—02) =(v2—?)x, and making
use of the following Euler’s integral of the first kind:

(2k)1(2p) (22 — g2)ktn
2%k 1 (k + )|

(20) f (2 — g?)F=112(y2 — y2)u—1U2gy? =

(18) reduces to

1) 1= f 't db. "(”)](a) B(),

L4

where t=9%/¢? and
5]
n—2
R 3 B
P e LYt
S (R (B e

The dual relations will be established if we can prove that
(23) {LG=DI2B(f) = gln/2l+L=1)/21,

B() =
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To prove (23) we expand (¢ —1)*+# according to the binomial theorem.
This results in

tln=D/21 B(f)

N (R P (O
) R G = (e

ke (—1)ML=D 21+
w0 (B4 u— AN
Writing [(n—1)/2]4+k—X=p, we have

2] (59

ERNERE
o ([ 7)
G

[(n—1) /21 +k (—1)ete

X X Z - |
o=l (n—1) /2] —p ([ - 1]+k_p>!(#+p—[ 2 1])!

From LLemma 2 one finds for #=2

(E+=))
2 2 '
[n - 1:| [n -2
! !
2 2 ]
(—1)» [n — I:I 1t /21+ (=1} /2]
[(n=1)/2] 2

= T

which reduces to (23) by means of Lemma 3.

tln=DI21B(f) =

HL—DR2IB() =
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Dividing (23) by tI®»—1/2] one obtains
(24) B(t) = tln/2,
Introducing (24) into (21) and using the relation

n
(25) 2 [—2—] + 6 = n,
one finds for =2,

1
1= = o [ @] = 1)

The cases =0, 1 can be verified by direct substitution of (9) in (8).
This completes the proof of the following theorem.

THEOREM. Given f,(d) on I, satisfying the conditions (a) and (b),
the solution of (8) is given by (9), where T,(t), n=0, 1, 2, - - -, are
Chebyshev polynomials of the first kind, and T_1(t) = T1(¢).
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