THE EULER ¢ FUNCTION FOR GENERALIZED INTEGERS
E. M. HORADAM

1. Introduction. In a previous paper [1] generalized integers were
defined as follows. Suppose there is given a finite or infinite sequence
{p} of real numbers (generalized primes) such that 1<p1<pa< - - -.
Form the set {I} of all possible p-products, i.e., products pjipj - -
where 1, 95, - - -, are integers =0 of which all but a finite number
are 0. Call these numbers generalized integers and suppose that no
two generalized integers are equal if their v’s are different. Then ar-
range {l} as an increasing sequence: 1=5L<L< - -.

DEFINITIONS. Let [x]=the number of generalized integers <x
where x is any real number. If k is a positive integer and [, a general-
ized integer, denote by ¢x(l,) the number of generalized integers In
in the set 1, Iy, I3, - - -, I, for which the greatest common divisor
(Im, 1.) is kth power free. Then ¢,(l,) is the Euler ¢ function for
generalized integers defined by

#1(l,) =the number of generalized integers </, which are prime to I,,

=¢(ls) (say).

Let u(l,) be the Mébius function for generalized integers defined by
r(l,) =0 if I, has a square factor; u(l,) = (—1)%, where k denotes the
number of prime divisors of I, and I, has no square factor; u(1)=1.
Then

1.1 ol = > u(d) [Bk] (d and § are generalized integers).
db=1,
This is proved in [1] for =1, and the proof for £>1 is similar.
The following assumption will be used throughout this paper:—

(1.2) [x] =x+ R(x) where R(x) =0(x%) and 0<a<1.

The case =0 will be considered separately at the end of this paper.

Eckford Cohen [2] has written on arithmetical functions of a great-
est common divisor using the Euler ¢ function as a particular exam-
ple. The aim of this paper is to examine some of his results in the light
of generalized integers. It will be noted that only the method of con-
struction of generalized integers is needed for finite counting proc-
esses but an assumption of some sort, in this paper (1.2), is needed to
find orders of magnitude.
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2. The generalized Zeta function, supplementary estimates and
various identities. Define

() =2 h (>0,
n=1
Then it is proved in [3], using an assumption equivalent to (1.2) that
had 1

¢ =11 :
r=1 1 - P;‘a

(Incidentally, assumption (1.2) ensures that the number of general-
ized primes is infinite.) Hence

(2.1) - I =) = 3wl

i'(s) r=1 n=1
Abel’s transformation, in the following form, will be used to give some
necessaryestimates.Suppose{)\,,}and{a,.}aregivenwith MEh= -
A= . Let A(x) = X a<: .. Suppose Y(x) has a continuous deriva-
tive ¢1(x) for all x involved. Then

3 o) = A@WE) — | 4@z,
Ansz A

Using (1.2) and this transformation, the following results may be ob-
tained.

1 x1-f
(2.21) Z% 1_ﬁ+w+ (x=®) B B#a
1
(2.22) Zl—=1ogx+vl+0(x““‘),
sz In
1 1 1
2.23 —= - —=0 ifg>1,
@23 2 =50 ,,Es,zg (xH) if 8
log I, 1 1
@20) X B 5B 4 0(etlog w),
lasz li x x
1 xl-e
(2.25) — + O(log x),

fnl (1-a)

log 1. loge 1 log «
2.26) X X e -;;+0( )

l,sz Un ax® X
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log s _ .l_oia_:
2.27) E 7 —0( " )
(2.28) > R = g + O(x*+179),

lhsz n

where 7, 0 and ¢; are constants.
Define

G@) = X gl), H@ = X (), fl) = 2 g(@)h()

lasz sz do=l,

where g(l,) and k(l,) are arithmetical functions. Then

LEMMA 2.1.
@ Zf)= X n (T) z ha,>G( ).

LEMMA 2.2. For all x1, x2 satisfying 0 <x1=x, 0<x:=x, x1%2 =X,

@49 Tf)=3 ga”)H( )+ = ha,,)o( ) — Gla)H(z).

lasz lasz laszy
Lemmas 2.1 and 2.2 may be proved in exactly the same way as in
[2].

LEMMA 2.3. Define
fel) = 22 g@[#]

di=l,

where g(l,) is a bounded arithmetical function and k a real number. Also
define

2 g(l)

Lsp=2 == (>0,
and let L'(s, g) denote the derivative of L(s, g). Then if k>0,
Lk+1,p)
2.5) 2 fulla) = T_l'_—l——"x"“ + O(x) + O(x>+) + O(x1t=¥),
lasz
1(0n 2’ 2—¢
(2.6) Z‘N) S H2OT | ey 4 0(1), 12505 1+ e
sz b (2-19
@.n T _ 10,9005+ 0o + 12,9 + 06,
lysz n

Ci= 71+ ¢
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(2 . 8) Z f (ln) L(2, g)xl—a

1
it l1—a

+ O(log x).
lhasz

Proor. For all values of k and ¢,

s sl ow -5 2w B

2.9) sz b Lz by asm1, dzz @' s5z/a O
g(d) 1 R(3)
= dzsz 7 = (ﬁ + 5 ) from (1.2).
However,
1 R(5%)
z (et 5)
$5z/d 6¢—k 61
x x a—1

(2.10) log7+71+02+0<7) fork=1,t=2

2—t 1—t+a
I(t—l)+c,+0(%> +O(%—) fork=1,1>2

from (2.22), (2.23) and (2.28). Also

ZGEo(=)

( xl+k 1 X atk x 1+ak
. +0<—> +0(—) fork>0,t=0

A+ k) d+ d d
x2-‘¢ x 14a—t
2.11) = | : 1 hd for k=1, 12, 11
(2.11) 2-7 d"‘+0()+0(d> or t#2,1#14«
7 +0(1 x) fork=12=1+
1—a o og y ork =1t = a,

from (2.21), (2.25) and (2.22). Substituting from (2.11) in (2.9) gives

> 50 = T e@ ( ¥ 0 (i)m +0 (‘:')M)

lnsz dsz 1+ k) artk d
1tk
= 1 , gatk 14ak
(1+k)L( + &, ) + 0(x) + O(xo+*) + O(x'+¥)

from (2.23) and (2.21), (2.22) being used if a+k=1;
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1 ln
IZ fl(' )

g(d) x2— 1+a—
—g ( t)57+0()+0< ) ') t1#2t# 14+ a

%2 g(d) ( g(d)) ( g(d)>
= 0 ol xt+e—t
(2—1)2 a2 + E dt + g:zdua

2—1t
S @2-y
from (2.23) and (2.21), (2.22) being used if t=1 since log x=0(x*);

LRE T BRI

1+a
l,sz l,. dsz dl+a

1-a

L(2, &) + 0(x'7) + 0(1) + O(x**=—")

“0—a L(2,8) + O(z~) + O(log %) + 0O(1)

from (2.23), (2.21) and (2.26). This proves (2.5), (2.6) and (2.8).
Substituting from (2.10) in (2.9) gives

> L) _ 5 8@ (10g % tmtato (%)a_l)

lpsz l?, dsz

d d) log d
—(ogztvite) g(d) z:g()og

dsz a2 dsz az

+o(= 2 37)

dsz

log x
= (logx+v1+¢)L(2,8) + L'(2,8) + O ( . )

log %
+ 0 < ) + O(x>Y),
x

from (2.23), (2.27) and (2.21). This proves (2.7) with Ci=v:1+c2and
so completes the proof of Lemma 2.3.

3. The Euler ¢ function for generalized integers. In Lemma 2.3
put g(l,) =u(l,). Then fi(l,) =¢x() and L(s, u) =1/¢(s), from (1.1)
and (2.1).

We therefore obtain from Lemma 2.3
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B.1) X ¢ (lk) = 2 ~+ O(attek) E=1;
TG T e+ ck+0) » FED
(1) _ x%t trat for ¢ % 2 and
G2 2= g Ty TOETTIFOM
o) 1 ( £(2) )
3.3 =—11 — C, O(x>1 ;
-8 2= = oy (s — oy G + 06
3.9 X o) _ o + O(log ).

ez b (1= a)$(2)

Again, for t>2, we have from (2.9) and (2.10)

5 ¢l _ 5 ) (L+£@>

sz dsz @' szz/a \OU1 ¢
y.(d) x\2—¢ x\ I—tte
= e -1 = i
E, ” (s“(t )+c:+0(d) +o(d) )
_ f(t - 1) + ¢

+0 (_1_) + 0(x2%) + O(x1—t+e)
0 21 *

from (2.23) and (2.21). This proves

3.5) Z¢(l")=<§(t_1)+c'>+o(l); > 2.

PR 40 i

LemMA 3.1. If k(l.) is an arbitrary arithmetical function, then

3.6) 2 k(1) =2 2 h)E(/k) — 2 (),
l,.lqsz lysz l,sz
where (lp, 1) is the greatest common divisor of 1, and 1, and ®(x)

=D sz 0(ln).

Proor. Let Q(x) denote the number of ordered pairs of generalized
integers I,, [, <x such that (I,, ;) =1. Then

2 k(U 1)) = 20 Q/ta)h(l).

l,,.lqsz lasz

But Q(x) =2®(x) — 1. Hence (3.6) follows immediately.
4. The average order of fi((5, ;) where fi(ls) = D_as, g(d)[8].
THEOREM 4.1. Let g(l,) be bounded. Then in the case k> 1,
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_ Lk+1,p)
l’{:‘zﬁ((lﬂ 1)) = GIGED

+ 0() + 0(a=);
and in the case k=1,

E fl((lm lq))

lo, lgs=z
ot 1@ &@) .
= @ {L(Z, 2 (log x + 2C, 3 —2 __3'(2)) + L(2, g)}

+ O(xG+a12),

ProoOF. The proof of Theorem 4.1 parallels exactly the work of Eck-
ford Cohen in [2] as follows: Let Fi(l,) denote the summatory func-
tion of fi(l,). For all k21, it follows from Lemma 3.1 that

E fillpy b)) = 2 ka(ln)q’(x/ln) — Fi(%)
“4.1) Ip.lgsz ISz

(2¢(R) + 2ce41 — (R + 1))+

Case 1. (k>1).
3 =3 )@ =/l) = 2 ¢(n)Fi(x/l) from Lemma 2.1

1 lysz lisz
_ Lt +1,p) £ K+ =z atk
N ,,Z:s,¢(l")( &+ 1) (z) + 0(1,.) ) from (2.5)

L+ 1,9 (5 F 1 ,
=Te+n ¢ ( et T O(xk—l» + Ot or #7)

from (3.5), (3.2)
depending on whether a+k22.

2 = Fu()
_ Lkt+1,9

E+1

This proves the first part of Theorem 4.1.
Case 2 (k=1). From (4.1)

Y= 2 Al/L); 2 = Fux).

1 lasz

k! - O(xotF) from (2.5).

Apply Lemmas 2.1 and 2.2 to J_; with g(l,) =¢(@.), k(L) =fi(l,) and
z=x;=%2=xY% Then
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2= E S Fr(x/l) + 2 frl)B(x/1s) — (2)F1(2)

1 hss

= E+ -2 (Gay.

13
Now

2 = 2 ¢()Fa(x/l,)

11 l,ss

= Z 40 (w 9 (z) +0(£>1+“) from (2.5)

= L(22, & x? (3.22) (log 12 — I—l((-ﬁ) + C1> + O(x(“"‘)/z))

+ O(xtte. x(1-a)12) from (3.3) and (3.4),
2 = 20 i) ®(x/h)

12 l,sz

= lé:tfl In) (2;‘(2) (x)3+ 0(—;:—)1“) from (3.1)

2

T %)
+ O(zxtta. x(-a)/2) from (2.7) and (2.8),

%: = &(2)F1(3) = (2_;6;- + O(x(1+a)l2)>( 2,2

(L(2, g)(log 212 + C1) + L1(2, g) + O(x(==112))

x4 O(x (1+a)/z))
from (3.1) and (2.5)

L(2, g)

4¢(2)

L(2, g)a?
T = Fya) = (Zg)x

22 4+ O(xd/r+el?),

+ O(atte) from (2.5).

Then

S it =2(Z+Z-%)- 2

Iy lgsz 12 2

and this proves Case 2 of Theorem 4.1. Put g(l,) =u(l,) in Theorem
4.1. Then fi((lp, 1o)) =dx((lp, 19)*) for k an integer =1. We obtain

COROLLARY 4.1. £=2.

1
loy 1Y) = 2¢(k 2001 — £k b1
4019 = Gy 5 e = 80+ D)t
+ 04

k=1.
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;‘_, &((p 1))

l?- g3z
a? 1 02 %42
= 1 20, — — — 2222 7 O(xG+a)/2) |
r2(2){ oun+20i— 5= S5 =} o
5. When a=0. Assumption (1.2) becomes
5.1) [x] = x + R(x) where R(x) = O(1).

Put «=0in (2.21), (2.22), (2.24), and (2.28) and the results remain
true. Using Abel’s transformation the following sums may be found:

log . 1 log «
G2 X -= =—log2x+81+0< g )
lysz ln 2 x
logl, ' Plogx xf
(5.3) 2 = - + 85 + O(x~# log z)
hee B (1-8) (1-p2 ’
R(l)

(5.4) >

lasz ln

Then (5.2) replaces (2.26), (5.4) replaces (2.28) and (5.1) replaces
(2.25). The work is carried through as for a0 and the results ob-
tained are exactly the same as those in [2] except for different values
of the constants.

= O(log x).
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