
THE EÜLER ¿ FUNCTION FOR GENERALIZED INTEGERS

E. M. HORADAM

1. Introduction. In a previous paper [l] generalized integers were

defined as follows. Suppose there is given a finite or infinite sequence

{p} of real numbers (generalized primes) such that 1<¿i<¿2< • •

Form the set {/} of all possible ¿-products, i.e., products p^pl* • • ■

where Vi, v2, ■ ■ ■ , are integers 2:0 of which all but a finite number

are 0. Call these numbers generalized integers and suppose that no

two generalized integers are equal if their v's are different. Then ar-

range {l} as an increasing sequence: l=/i<¿2< ■ •

Definitions. Let [x] = the number of generalized integers ¿x

where x is any real number. If k is a positive integer and /„ a general-

ized integer, denote by </>*(/„) the number of generalized integers lm

in the set 1, h, h, • • • , L, for which the greatest common divisor

Qm, D is vfeth power free. Then 0i(/„) is the Euler 4> function for

generalized integers defined by

(piiL) = the number of generalized integers ^l„ which are prime to /„,

= <PiQ (say).

Let piln) be the Möbius function for generalized integers defined by

piln) =0 if /„ has a square factor; pQ,n) = ( — 1)*, where k denotes the

number of prime divisors of /„ and l„ has no square factor; /¿(l) = 1.

Then

(1.1) d>kiln) = H uid)[5 ]        id and 5 are generalized integers).
dt-ln

This is proved in [l] for k=l, and the proof for k>l is similar.

The following assumption will be used throughout this paper:—

(1.2) [x] = x + Rix)    where    R{x) = Oix")    and    0 < a < 1.

The case a = 0 will be considered separately at the end of this paper.

Eckford Cohen [2 ] has written on arithmetical functions of a great-

est common divisor using the Euler cb function as a particular exam-

ple. The aim of this paper is to examine some of his results in the light

of generalized integers. It will be noted that only the method of con-

struction of generalized integers is needed for finite counting proc-

esses but an assumption of some sort, in this paper (1.2), is needed to

find orders of magnitude.
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2. The generalized Zeta function, supplementary estimates and

various identities. Define

rto = E C     is > i).
71=1

Then it is proved in [3], using an assumption equivalent to (1.2) that

m - n
r-i i - ¿r*

(Incidentally, assumption (1.2) ensures that the number of general-

ized primes is infinite.) Hence

(2.1) — - Ö a - pr) - è*fr.
fW r=l n=l

Abel's transformation, in the following form, will be used to give some

necessaryestimates.Suppose{X„}and{an}aregivenwithXi^X2á ■ • •;

X„—►<». Let Aix) = 53x„sx a„. Suppose \pix) has a continuous deriva-

tive ^lix) lor all x involved. Then

E anWK) = A(x)i(x) -  f  A(xW(x)dx.
Ks* J *i

Using (1.2) and this transformation, the following results may be ob-

tained.

(2.21) £ - = Ï— + y„ + 0(x«~f)       ß9tl;0*a,
U** «      1 - ß

(2.22) E — = log x + y, + O^-1),
i„Sl   In

(2.23)      yl=t(ß)-y± = o(-y)    nß>i,
«„>*   % InSZ   it \XP    l/

_. log /„                log X        1
(2-24)      £_£_ =«,-_?-+ 0(x-2 log x),

i„£x        ln XX

(2.25) Z - = 77^- + 0(log x),
ins* k       (1 - a)

«„Sx     In aX X \    X    /
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(2.27) Si^.o(!5i),

(2.28) D -i-i- - c + Oi#+*-<),

where 7,3, 5^ and c$ are constants.

Define

c(«) = E giin),    Hix) = E *(t),    AW = £ i(d)Kô)
lnsx lnsx dS=l„

where g(/„) and A(/„) are arithmetical functions. Then

Lemma 2.1.

(2.3) H fin)  =   E giW (f)  =   H KQG CÇ) .

Lemma 2.2. For a// xi, #2 satisfying 0<:x;i^#, 0<x2á#i £i#2 = x,

(2.4) E /(O = E g(«H (f ) + Z *(WG (f ) - GixOHix,).
lnSX („SI! \in/ l„si, Vn /

Lemmas 2.1 and 2.2 may be proved in exactly the same way as in

[2].

Lemma 2.3. Define

Mk) = E «(d) [«*]
dS-'„

wftere g(/„) is a bounded arithmetical function and k a real number. Also

define

_. A   gUn)
Us, g) = E —      (î > 1'>

n=l       »n

awd let L1is, g) denote the derivative of Lis, g). Then if k>0,

(2.5) E MQ = L(k+hê).x*+l + Oix) + 0(x"+*) + Oix*+»),
l„sx k +  1

(2-6)   E ^p- = ̂ Ç + O(*«-0 + 0(1),    f*2;<*l + «,
*,s*    *» (2 - 0

(2.7)   E ^T" = ¿(2, g)(log * + d) + ¿»(2, g) + OC*«-1),
'nS*       »n

Cl  =  7i + C2,
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(2.8)
ML)     W_-

2^ ~r— = —-r- 0(log x).
«„sx  ln+a 1 - a

Proof. For all values of k and t,

(2.9)

Min)     v 1  _      . .    v gid)       [a*]z-7-=e7z girt»] = z—i: —
«„SX       *„ ¡„SX  í„   <¡8-í„ dsx       »       Jsx/d    0'

_2í£W¿ + .M)      from(1„
dSX    d'   isx/d\ôt-k S'   }

However,

¿d\o'-k Í'   /

(2.10)
x / x\"~1

log— + 7i + C2 + 0( — ) for*=l,< = 2
d \d /

/ x\ 2-i / j.\l-l+a

f(t- l)+c, + 0Í — J     +0Í— j for* = 1,/> 2

from (2.22), (2.23) and (2.28). Also

Z(± + 0(J-))

x1+*        1 /xX^* /x\1+a*
-h 01— )      + 0( — ) for¿>0, { = 0
(1 + ¿)   á»+* \d/ W

is

(2.11)  =
x2-'        1 / x\l+a-'

-+ 0(1)+ 01 — )
(2-i)    d2~>        W \¿/

íork=l,t¿¿2,l¿¿l + a

x1-"        1 /       x\
--•-— + 0   log-)        for*-l,i-l +
— a)   dl~a \       dl1(1 - «)

from (2.21), (2.25) and (2.22). Substituting from (2.11) in (2.9) gives

2ZMQ = 2Ziid)(-—-■—■r+0(-)     +0(-)      )
I„Sx dSx \(1 + *)   ¿1+* \¿/ \d/      /

ri+*

^(1 + *)   dl+k

L(l + *,*) + 0(x) + 0(x*+*) + OC*"-*)
(1 + *)

from (2.23) and (2.21), (2.22) being used if a+k = l;
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V  fljln)

■ Il'„S*

_   gid)/   x2-'       1 / x\1+a~'\

.vJ

¿7*    d2 \ ä%    d' ) \ 7Ï*  ¿1+"/(2-0

= -r—- ¿(2, g) + OC*1-) + 0(1) + OC*1-*-')
(2      /)

from (2.23) and (2.21), (2.22) being used if í=l since log x = 0(xa);

fiiln)       _   g(d)/   *i-        1 /       x\\

= 7^- Li2, g) + Oix-«) + 0(log x) + 0(1)
(1 - a)

from (2.23), (2.21) and (2.26). This proves (2.5), (2.6) and (2.8).
Substituting from (2.10) in (2.9) gives

filn) gid)/       x ,n/,*\-1\

gid) gjd) log d
= (log x + 7i + ci) E —-— E —^—

dix     « dsi »

/ *(d)\
+ o ( x«-1 E —

= (log x + 7i + c2)£(2, g) + L\2, g) + 0 (^~j

ffl+ 0 [ -^-j + Oix"'1),

from (2.23), (2.27) and (2.21). This proves (2.7) with Ci = 7i+c2and

so completes the proof of Lemma 2.3.

3. The Euler 0 function for generalized integers. In Lemma 2.3

put g(U =**(/»)• Then fkiln) =4>kiO and L(s, i*) = l/r(s), from (1.1)
and (2.1).

We therefore obtain from Lemma 2.3
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. 1 xk+l

(3.1) E ML) = -—— • .,_,_,■ + o(x^),     feèl;
i„Sx (£ + 1)   f(¿ + 1)

_,  <¡>(ln) x2~' lor l ^ 2 and
(3.2) E^-^-=-+ O(x1+"-0 + 0(1),

«fTx    I (2-<)f(2) i^l+a;

(3-4)     E-~ =-+ O(logx).
¿7. ea    d - «)f (2)

Again, for ¿>2, we have from (2.9) and (2.10)

yî^L=y !^L y (/J_+ *(8)>\

i-U-D+ct / 1 \
- + 0 f — J + O(x2~0 + Otx1-^)

f«)

from (2.23) and (2.21). This proves

0(A.)     /f(í - 1) + C(\ /   1   \

(35)   £t-(—««—)+(w  ,>2-

Lemma 3.1. If h(ln) is an arbitrary arithmetical function, then

(3.6) 2   *(&» *«)) = 2 E h(ln)Hx/ln) - £ Ä(/„),
«p.'gSx !„sx i„sx

w/jere (/p, lq) is /Äe greatest common divisor of lp and lq and 4>(x)

= E«»Sx #(/„)•

Proof. Let Q(x) denote the number of ordered pairs of generalized

integers lp, lq%.x such that (lp, lq) = l. Then

E     K(lp, /,))   =    £  Q(x/ln)h(ln).
«ri.ijSx i„sx

But Q(x) = 2<ï,(x) — 1. Hence (3.6) follows immediately.

4. The average order of /*((/„, /,)) where fk(ln) = E<«««„ f(^)[S*].

Theorem 4.1. Let g(l„) be bounded. Then in the case k>\,
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E M(lP,k)) = »^w!'^ (2f(*) + 2ci+i - f(* + l))x*+i
lv.kix (k + l)f(ft + 1)

+ 0(x2) + 0(*°+*);

a«¿ in the case k = l,

E MQp, W)
la.¡«S«

x2     ( / 1       f(2)      fx(2)\ )

" m r2's) (log *+2C' - T - — - Tcô)+ L'(2' 4

Proof. The proof of Theorem 4.1 parallels exactly the work of Eck-

ford Cohen in [2] as follows: Let Fk(ln) denote the summatory func-

tion of fk(ln). For all k^ 1, it follows from Lemma 3.1 that

E /*((*„«) - 2 £/*(W*A0 - Fkix)
(4.1; ip.íís» ¡„s*

= 2E-E.
1 2

Case 1. (¿>1).

E = E/*(t)*(*/W = £ 4>iQFkix/ln)       from Lemma 2.1
1 ¡nS* 'nS*

^ /£(* +   1, g)   / X\*+! / X\"+k\

"S^v-W-G:) +0t) ) from(2-5)

. ^±M ^ (f W   +  ^   + 0 / J_\\  +  0(xa+k or ,2)

from (3.5), (3.2)

depending on whether ct + & «* 2.

E = **(*)
2

¿(* +   1, g)

k+   1
x*+x + 0(x"+*)       from (2.5).

This proves the first part of Theorem 4.1.

Case 2 (* = 1). From (4.1)

£= H fiihmx/ln);       H = Fiix).
1 InSI 2

Apply Lemmas 2.1 and 2.2 to Ei with g(W = <K¿»)> A(Z„) =/i(/„) and
z=Xi = X2 = x1/2. Then
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T,-  Z <t>iQFiix/ln) +  Z/i(«*(*/W - Hz)Fxiz)
1 Iné* InSl

= 2Z + 2Z-2Z       (say).
11 12 13

Now

Z=    Z  4>iln)Fxix/ln)

L(2, g)      /   1    / r1(2) \ \
= _LLfi xi (-( log z1'2 - i-1-1 + Ci J + Oíxí-1)/2) j

2 Vf(2)\ f(2) ) ')

+ Oix^-xi1-""2)       from (3.3) and (3.4),

E = ZfiiLMx/ln)

12      '"** /   1     / xV        /x\1+a\

=£/'(U(toÜ+0U )  *-<">
(7(2, g)(log x^2 + Cx) + 7K2, g) + 0(x(«-D/2))

2f(2)
+ 0(x1+a-x(1-0'/2)        from (2.7) and (2.8),

Z = *(«)Fi(») = (—— + 0(x(1+a)'2) )(—^ x + O^«»2))
13 \2f (2) / \    2 /

from (3.1) and (2.5)
L(2, g)

» s» + Ofs"**"*).
4f(2)

7(2  ?)x2
£ = /?!(*) =        's'     + 0(*1+-)        from (2.5).

2

Then

e /i((/„/9)) = 2(e+e-e)-x;
-,ÍJSX \   11 12 13/ 2Ip.iîSX

and this proves Case 2 of Theorem 4.1. Put g(/„) =uiln) in Theorem

4.1. Then/*((/,,, lq))=(pkiilP, /«)*) for £ an integer ¡¡1. We obtain

Corollary 4.1. k^2.

Z  &((*,, h)k) = ,.,„»,.,„ (2f(*) + 2c*+i - f(* + l))x*+i
¡p,issx ik + i)r(* + i)

+ 0(x»+*);

jk-l.
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E    <t>iih,Q)
lp,lgsx

x2    ( 1       f(2)      2r'(2))
=-< log x + 2Ci-—— - -?-^- \ + 0(x<3+a>'2).

f2(2) l 2 2 f(2) /

5. Whenct = 0. Assumption (1.2) becomes

(5.1) [x] = x + Rix)    where    Rix) = 0(1).

Put a = 0 in (2.21), (2.22), (2.24), and (2.28) and the results remain

true. Using Abel's transformation the following sums may be found:

^ log In       I /log x\
(5.2) Y,^— = -log2x + 0l + o(-^),

lnSX       In 2 \    X     /

_ log ¿„       xl~ß log X Xl_/S

(5'3)    £^r=71^r-^+i'+0(*-"os*)'

^   Riln)
(5.4) E-7^=0(logx).

Then (5.2) replaces (2.26), (5.4) replaces (2.28) and (5.1) replaces

(2.25). The work is carried through as for a^O and the results ob-

tained are exactly the same as those in [2] except for different values

of the constants.
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