A NOTE ON ERGODIC TRANSFORMATIONS
J. R. BLUM! AND D. L. HANSON?

1. Let (2, @, P) be a probability space and let T be a 1-1 point
transformation mapping € onto 2 which is bimeasurable and meas-
ure preserving with respect to P. T is ergodic with respect to (Q, @, P)
provided P(4) =0 or 1 for every 4 € @ which is invariant with respect
to T. It is well known that

(1) T is ergodic if and only if

(i) limp.e D_7=d P(ATiB)/n=P(4)P(B) for every ACQ, BEQ.
That (ii) implies (i) is obvious. It follows as a consequence of the
mean ergodic theorem that (i) implies (ii) uniformly in either variable
set for each fixed value of the other variable set. (A counterexample can
be given to simultaneous uniformity in both variable sets.)

In §2 we prove a convergence theorem for set functions using the
properties of uniform absolute continuity and a type of asymptotic
invariance. In §3 we use this theorem to show that (i) implies

n—1 n—1 N
(i) lim (1/#¥)- > -+ > P(AeT4d; - - - TWAy) = [[ P(4)
noe =0 iN=0 =0
for each choice of N and that if NV of the sets Ay, - -+ -, Ax are fixed

then the convergence is uniform in the other set. The above result
can be obtained rather easily from the mean ergodic theorem, how-
ever, using the mean ergodic theorem the authors have been able to
obtain uniformity only in 4,. The method of proof using the theorem
of §2 gives uniformity in an arbitrary 4; and shows that averaging
is used only to guarantee uniform absolute continuity and asymptotic
invariance.

2. We shall need the following result, proved in [1]:

LEMMA. Let (2, @, P) be a probability space and let T be ergodic with
respectto (Q, @, P). Let { Onnz1 } be a sequence of probability measures
defined on @ and satisfying

(1) lim,., IQn(A) —Q,.(TA)[ =0 for every AE R, and

(ii) the measures Q, are uniformly absolutely continuous with respect
to P. Then lim,., Q.(4)=P(A) for every AEQ.
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THEOREM. Assume

(1) (Q, @, P) is a probability space and T is ergodic with respect to
Q, @, P).

(i1) I s an index set and for each positive integer n, I, is a nonempty
subset of I.

(iii) N is a nonnegative integer and for each 1< I there is a function
Qi(Ao, - - -, Ax) defined for every N+1 sets Ao, - + -, Ay with A;EQ
such that

(@) Q:i(Q, - -+, Y=1.

(b) If any N of the arguments of Q. are fixed then Q; is a measure on
Q@ with respect to the remaining argument and the family {Q,—} of these
measures 1is uniformly absolutely continuous with respect to P.

(c) If Ao, - - -, Ay are sets with A;©Q and k is an integer with
O0<E=N then

lim squ | (4o, - -+, Aw)
n—w fel

= Qi(4o, + + -, Ar—1, TAx, Abyry + + AN)I = 0.
Then

N
lim sup|Qi(do, - - -, 4n) — [ P(4))|=0

n— o icln P

for every N + 1 sets Ao, - - -, An with 4;EQ.

PRroOOF. Assume henceforth that all sets under discussion are ele-
ments of @ We shall proceed by induction on N. For N=0 the con-
clusion follows immediately from the lemma. Assume then that N>0
and the induction hypothesis for N—1. Let 4y, - - - , Ay be any sets.
The family of functions {Qi(4o, - - -, An—1, Q)} satisfies the condi-
tions of the theorem for N—1 and the induction hypothesis is that

N—-1
lim sup |Q«(A4e, -+ -+, An_1, @) — I P(40)| = 0.

n—o {€l $=0

If P(4;)=0 for some 7 we are done, so assume Hﬁ‘olP(A ) >0.
For each n=1, 2, .- - let k,EI, and choose n so large that
Ox, (Ao, + + +, Ay, 2)>0. For # in this range define
an(AO; ) AN—la A)
an(AO, ] AN—I) Q)

Then it is easily verified that the sequence {P,.(A)} satisfies the

hypotheses of the lemma and consequently lim,., P,(4)=P(4) for
every A. In particular for A = Ay we obtain limp., Qi (4o, * + -, 4¥)

P,(4) =
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= JI¥, P(4)). Since this is true for every such sequence {ka} the
theorem follows.

3. As a consequence of the theorem we obtain at once

CoRrOLLARY 1. Let (Q, @, P) be a probability space and suppose T is
ergodic with respect to (Q, @, P). Let N be a positive integer. Then

n—1 n—1 N
lim X +++ > P(4oT4A, - TnAy)/n¥ = [ P(4))
n—© =0 iy=0 =0
for every N+1 sets Ay, - - -, An. If any N of the sets are held fixed the

convergence is uniform in the remaining set.

Proor. We shall hold 4, - - -, Ay—1 fixed since the proof is the
same in any other case. Let ¢>0 and define @.= {4 E@a|P(4) 2¢}.
For A€q. let

On,a(4o, =+ -, Ax-i)

n—1 n—1
=3 -+ > P(AT44,- - T4y TV A)/[n¥ P(4)].
=0 iN=0

From the theorem it follows immediately that

N—1
lim Qna(do, « + -, Ax-1) = [ P(4))

n—o o =0
or equivalently
n—1 n—1
im 5 -+« 3 P(AcTH4, - - - TN1 Ay TN A) /0¥
no® e ix=0
N—1

= H P(A)P(4)

uniformly for 4 € @.. The remainder of the proof is clear.
Corollary 1 can be improved slightly.

COROLLARY 2. Let { A,,n =0} bea sequence of sets and let { N\, n 20}
be a sequence of positive integers with lim,., N,= . Then

n—1 n—1

Na
Hm [ DD -+ X P(AeT"Ay - - - TWady,)/n¥» — ] P(49)| = 0.
=0

n—o | § iy, -
$1=0 N, =0

Furthermore if all of the sets in the sequence with the exception of one are
held fixed then the convergence is uniform in the remaining set.

ProOF. In the proof we shall assume that A4,, As, - - - are held
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fixed while 4, is allowed to vary. The proof is the same in every other
case. There are two possibilities:

(a) Suppose limy., J[[X, P(4:)=0. Choose ¢>0 and let N be so
large that [[¥, P(4.) <e¢/2. From Corollary 1 we have that

n—1 n—1 N
lim Y, -+ X P(AoTH4; -+ TWAy)/n¥ = I] P(4y)
R 4=0 iN=0 . =0

uniformly in 4,, and from this the conclusion of Corollary 2 follows
at once.

(b) Suppose limy., [I¥, P(4:)>0. Then Y o, P(4%) < . Now
choose N so large that [[¥., P(4.) — ]2, P(4:) <e/2 and such that
D2 w P(A%) <e€/2. Then it is easily verified that

P(AeTHA, - - - Ti¥Ay) — P(AT9 A4, - - - T 4;) < ¢/2
uniformly in 4, and for 2> N. The proof is concluded by applying
Corollary 1 once more.
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