NEW PROOF OF THE GENERALIZED CHINESE
REMAINDER THEOREM
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THEOREM. A necessary and sufficient condition that the system of con-
gruences x=r; (mod m,), 1=1, 2, - - -, s be solvable is that r;—7;=0
(mod (my, m;)), 1 S4<j=<s. Any two solutions are congruent
mod [ml, My -\ M)

Proor.! The necessity is clear. For proving the sufficiency, let
Mo=1, M;=[my, ms, - - -, m;), i=1. Every integer N in the range
0<N<M, is uniquely representable in the form N=a,M¢+a;M,;
+ - taM,, 0Sa; <M/ M.

The congruence a;Mo=r, (mod m,;) has a solution a; with 0=a,
<m,. Assume that a; has already been found as a solution of a,M,
+a. M+ - - - +aiMi;1=r; (mod m;), for all 1<n. The congruence
aMo+asMy - - - +aM,_1=r, (mod m,) is solvable for a, if and only
if? ¢,—7, =0 (mod(M,_;, m,)), where ¢, =aMo+aMi+ - - -
+a,_1M,_s. Now ¢,=r; (mod m;), and hence

Cn — 7n = 0 (mod(m;, my,)), i=1,2---,n—1,
by the hypothesis. Thus
eh— 1, =0 (mOd[(ml) mn)’ (M2, mn)) Ty (m'l—b mn)])

Since® [(m1, my,), (mg, my), - - -, (Ma_y, ma) | = (Ma_1, ms), an integer
a, with 0=a,<M,/M,_; is uniquely determined, and thus N is de-
termined* If N; is any integer satisfying Ny =r; (mod m;),
i=1,2,---,s, then Ny=N (mod M,), and the proof is complete.
NoTE. The necessity part was already established by the priest
Yih-hing in the eighth century. Stieltjes proved both the necessity
and sufficiency of the condition. For these and related references, see
[2, pp. 57-64]. An existence proof is given in [4, Theorem 3-12,
p. 34]. The solution which is produced in the conventional proof of
the Chinese Remainder Theorem (i.e., the case (m;, m;) =1 for 57),
is only an equivalence class; it is not known a priori in which interval
of two consecutive multiples of M, the solution will be found. The
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1 References are given in the footnotes for the sake of the nonspecialist reader.
2 See e.g. [4, Theorem 3-10, p. 32].
3 See e.g. |4, problem 2, p. 23].
¢ The upper bound for a, follows from the identity
mn/(Mn—ly mn) = [Mn—h mn]/Mn—l = Mn/Mn—l-
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feature of the present proof is that a solution N is produced which is
always in the range 0= N < M,. This is important in some applica-
tions, for example, in modular computation [4], which is a Chinese
Remainder problem. Another application concerning the sieve prob-
lem [1; 3] seems possible.
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