
ON ODD PERFECT NUMBERS. II

D.SURYANARAYANA

One of the oldest unsolved mathematical problems is the following

one: Are there odd perfect numbers? So many interesting necessary

conditions for an odd integer to be perfect have been found out. A

bibliography of previous work is given by McCarthy [5],

Throughout this paper n denotes an odd perfect number.

The following results have been proved in [l] and [2] respectively:

(i) 1/2< £P|„ (\/p)<2 log (tt/2) (~-903),
(ii) « must be of the form 12/+1 or 362+9.

The bounds for 2pI» (Vp) given in [l] have been improved in [3] as

log 2 ^1 1
(a) ,.,      <£-<l°g2 + — >

p\n    P OÓO

if n is of the form 12/ + 1,

Slog (4)
4

log —
1 3 ^   1 18      53

(b) — +-< Z — < log — +-1
3 5 %   p 13      150

5 log-
4

if « is of the form 36/ + 9.

The object of this paper is to further improve the bounds for

Epi» (i/p). .
The following Tables I and II give numerical values for the bounds

obtained in [3 ] and the bounds obtained in this paper respectively.

Table I

Lower bound Upper bound Difference

(a) .621 .696 .075
(b) .591 .679 .088
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It can be easily seen from Table II that (a) if « is of the form 122 + 1,

.644 < EpI» (1/P) <-693, which is of range .049, a one-third cut in
the length of the interval of [3] and (b) if « is of the form 36Í+9,

.596 < EpI» (\/P) <-674, which is of range .078, an improvement

over [3] of about 12 per cent.

Table II

(a) .644 .679 .035

(ß) .657 .693 .036
(7) .596 .674 .078
(ô) .600 .662 .062

The bounds obtained are given by the following:

Theorem, (a) If n is of the form 12/+1 and 5|»,

48
log —

11 35 ^   1—+ —+-< E —
5    7 11     p\n p

11 log —
10

1 1 50
< — +-+ log — •

5      2738 31

(ß) If n is of the form 12/ +1 and 5\n,

12
log —

1                 7 _   1
- +-       <£-<log2.
7 ..   . 11 Pin    P

11 log —
10

(7) If n is of the form 36i+9 and 51 «,

16
log —

11 15 _   1

3      S       17 log H      "" *
16

111 65
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(8) If n is of the form 36/+9 and S\n,

4
log—■

1 3 ^   1<L
3 7 fi»  i>

7 log —
6

1 1 18
< —+-+ log — .

3      338 13

Proof. We prove this theorem in various cases and in each case one

can see that either the lower bound or the upper bound for ¿~^P\n (1/p)

as stated in this theorem is further improved.

Euler proved that n must be of the form pô°-x2, where p0 is a prime

of the form 4X + 1, a0 is of the form 4/i + l, x>l and (po, x) = l.

Hence we can write n^po'-pT-pT ■ ■ ■ Pit*, where ar is even for

l^r^k. We shall suppose as we may do without loss of generality

that pi<p2< ■ ■ ■ <pk- Let a(n) denote the sum of the positive

divisors of n. Since n is a perfect number, we have <r(n) = 2n, from

which it can easily be seen that

(A) 2n(i-|) = n(i--^1).
r_0\ pr) r-0\ P?r+1/

<1.

Therefore

2<-£k>g(l--)
r=0 \ Pr)

log

(B) *    1        1*1 1*1

r=0   pr I    r=0    pi J    r=0    pi

Taking logarithms of both sides of (A) and expressing them in series,

we have

k      eo

log 2 = Z £

(C)

!_L_l
PÏ    ip(r«'+lU j

4        1 *       oo    p 1

= ti-+zZj:\-ft-:
r=0   pr r=0  i-J L (î +   I(i +   1)^+1 iplar+Di

(a) Suppose n is of the form 12/ +1. In this case it has been proved

in [3, p. 134] that po is of the form 127Y+1 and hence po^l3.
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(ai) If 5|» and l\n, then pi = $, p2 = 1 and £r^ll for 3^r^k.
Now «2^4 for, if a2 = 2, then <r(p22) = 3.19 and since a(n) = 2n it

would follow that 3|w, which cannot hold.

From (B), we get that

log
/ 1\ / 1\       1        1    1    1

1     1     1
+-+ • • •

3   ll2 pB

r_3   Pr ¿11      r-3    Pr

11*1
-I-y —l ...

3     IP     hpr

5 7      / 1       *    1\
= log- + log- + (-+E-)

4 6 \po ,-3   Pr/

/     11     11 \
• (1+-+-■+  ••)

\        2   11       3   ll2 /

5 7
= log—+ log —

4 6

nr *   1     1     11
+ 11 log— E-S10UÍÍí,      5       7j

therefore

48
log —*    1       1       1 35

<"> 5^>T + T +-ÍT'

Also from (C), we get that

(D) l0g2=S¿+el[(ñ^-^]

+ \2^ ~ pf^) + hi (i + 1)«+1 ~ ipla»+lU J

Now each term in the brackets of the second summation is positive,

since aT ̂  2 for r > 0, and hence the second sum is positive. Similarly
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the   fourth   sum   is   also   positive,   and    l/2po-l/p¡>0+1e — l/2p¡

2: —1/338, since «o^ 1 and po^ 13. Therefore

1*        1 oo

iog2>E- + E
r=0   Pr V=lL (i  +   1)5

— — 1
<+»      i(53)«'J

+
ú-iL

1 1 1

= ¿7
r=0   Pr

(i + 1)7'+!      ¿(76)<J     338 since «i^2 and a2 ^ 4

-log^-D-i + lo^l-i)-
1

338
Therefore

(am)

»111        1 50-2401
¿2 — < — + — + — + iog-
rTo pr      5       7      338 31 • 2801

1 1
< —+-

5      2738
log

50

3Ï

Hence by (aiL) and (am), (a) follows in this case.

(a2) If 5| n and 7\n, then pi = 5 and prè H for 2 greife. Since ctQ is

odd (l+po)|<r(po°) and hence (l+po)/2¡« since <r(n) = 2n. Now p0 is

not 13, since otherwise it would follow that 71 », which is not the case.

Since po is of the form 12N+Í, p0^37.

From (B) as in (ai) we can get that

5

T
nri     All

log2<log---lllog-   _+£_
lOL^O r=2    Pr-i

therefore

5 11 r   *    1      in
= log-+lllog-     £-._-;

4 10 L   r-0   Pr 5J

(a2L)

r=0   pr 5

1

8
logT

11
11 log —

10

1■7 + 7

48
log —

35

11
11 log —

10
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From (D), arguing in a similar way as in (ai), we can get that

*   1     - r      1 111
log 2 > E — + E-•-

rTo Pr      til(i+ 1)5*»      ¿(5«)*J     2(37)2

= E-logfl-)-+ log ( 1-)-
rTo Pr \ 5/5 6\        5V     2738

Therefore

*    1       1 1 50
(a2ß) S^<T+Ä+log3T-

Hence by (a2L) and (a2R), (a) follows in this case.

Thus (a) is proved.

(a3) If 5j» and 7|», then £i = 7 and pT^ll for 2^r = £. Now

«1^4 as we have seen in (ai) that «1^2. From (B) as in the case (ai),

we get that

7 HT  *    1       11log2<^7 + n.cg-LS--TJ.

Therefore

12
log —

*    1       1 7
(a3L) E — >

.-0   Pr 7 11
11 log —

10

From (D), arguing in a similar way as in (ai), we get that

log 2 > E-log( 1-)-h log (1-)-
s ^ pr \        7/7 6\        76/     338

Therefore

*     1        1 1 4802
E — < — + — + log —

(a3R) rZ Pr      7      338 2801

< log 2.

Hence by (a3L) and (a3it), (ß) follows in this case.

(a4) If 5jw and 7|w, thence 11 for lgrgfc.
From (B) as in (ai), we get that log 2 < 11 log 11/10- Ef-o 1/pr-
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Therefore
12

log—•
^   1            l°g 2            1                  7

(a«L E->-±^r>-7 + --7T'
r-0   Pr H 7 11

11 log— 11 log —
10 10

Now as in (a2), we see that (l+p0)/2\ n. Let ir be any prime divid-

ing (l+po)/2, then ir\n and hence ir = pi for some /satisfying 1 ¿j^k.

From (D), arguing in a similar way as in (ai), we see that

/ 1     1 \
+ ( —:-; ), since a0 ^ 1 and a,- à 2

\2/>2,      ^/

T —    (—    —^    —
r=.0   ¿r \2^- />'•/ 2p\

A   1 l+^o
> 2^ — >      since 11 = & =-

r=0   ^r 2

Therefore

*    1
(a4R) E — < log 2.

r-0   ¿>r

Hence by (a^) and (a4R), (ß) follows in this case.

Thus (ß) is proved.

(b) Suppose « is of the form 36¿+9. Since 3|«, pi = 3.

(bi) If 5|«, then l\n in virtue of the result that 3.5.7 does not

divide « (proved in Kühnel [4]).

(bi.i) If at least one of 11 and 13 divides n, then obviously

16
log—■*    1       1       1       1       1        1 15

T,—> — + —+ — > — + - +
o pr      3       5      13      3       5 17

17 log —
16

Otherwise,

(bi.2) pr^n for 2gir^k, if £o = 5; or

(bi.3) £rèl7 for 3^r^k, if p2 = 5. In this particular case p0 is also

=ïl7, since ^05^5 and po is not 13, since we are in the case where

neither 11 nor 13 divides w.
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In both the cases (bi.2) and (bi.3), from (B) as in (ai) we can get

that
3 5 17

log 2 < log — + log— + 17 log —
2 4 16

1 1
E7~3-7
r=0   pr ¿ O

Hence in any case under (bi), we have that

(biL)

*    1       1       1

E7>T+T
r=0   Pr 3 0

log
16

15

17
17 log —

16

For the upper bound, the proof for the cases (1) poF^S and (2) po = 5

and «i^4 are omitted as they are similar to the previous proofs. In

both these cases we easily verify that the bound obtained is less than

the bound obtained for the case po = 5 and «i = 2.

For this case, since ai = 2, o-(pil) = l3, so 131«.

We then obtain from (D), arguing in a similar way as in (ai),

*     I        »
log 2 > E - + E

r=0   Pr i=l

1

_(i + 1)3*«       i(3s)r]

+ E
(i + 1J5«-1      ii(52yi   hl(i + i)i3i+i    i(i3*yi

r=0   P
l08(1-7)-7 + ",8(1-T.)-log(1-7)-7

+ log(l-i)-lcS(l-¿)-¿ + log(l-¿).

Therefore

(bm)

*     1        1        1        1 65
E — < — + — + — + log— •
rTo   Pr 3 5 «13 61

Hence by (biL) and (bm), (7) follows.

(b2) If 5\n, then prt7 for 2^r^k and p0^13.

From (B) as in (ai) we get that

therefore

(bid

3 7 r *   1     1-1
iog2<iog-+7iog-  E--T ;

2 6 L r=o pr      3 A

4    i 7
;-/nog-.

k    1        1

^7">T + l0g-
r-0   Pr 3
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From (D), arguing in a similar way as in (ai), we get that

log2> E-logfl-J-+ logfl-J-
6        rZo pr \        3/3 6\        33/     338

Therefore

*    1       1        1 18
— <-h — + log — •

r=o pr      3      338 13

Hence by 032l) and (bsa), (5) follows.

Thus the proof of the theorem is complete.
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