ON ODD PERFECT NUMBERS. II
D. SURYANARAYANA

One of the oldest unsolved mathematical problems is the following
one: Are there odd perfect numbers? So many interesting necessary
conditions for an odd integer to be perfect have been found out. A
bibliography of previous work is given by McCarthy [5].

Throughout this paper #» denotes an odd perfect number.

The following results have been proved in [1] and [2] respectively:

() 1/2< 2o (1/p) <2 log (1/2) (~-903),

(ii) 7» must be of the form 12¢+41 or 36¢+49.

The bounds for Y_,» (1/p) given in [1] have been improved in [3] as

log 2 1
(a) ———————<Z——<log + —
5 log (i> on P 338
4
if » is of the form 12¢ + 1,
4
log —
(b) 1+ k <Z <lo 18+53
—_— e ——t — g— —_—
30 log E-re 150
4

if # is of the form 36¢ + 9.

The object of this paper is to further 1mprove the bounds for

Zpln (I/P)

The following Tables I and II give numerical values for the bounds
obtained in [3] and the bounds obtained in this paper respectively.

TasLE I
Lower bound Upper bound Difference
(a) .621 .696 .075
(b) .591 .679 .088
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It can be easily seen from Table II that (a) if # is of the form 12¢+41,
644< D1, (1/p) <.693, which is of range .049, a one-third cut in
the length of the interval of [3] and (b) if # is of the form 36¢t+49,
596 < D ,1a (1/p) <.674, which is of range .078, an improvement
over [3] of about 12 per cent.

TABLE 11
(@) .644 .679 .035
® .657 .693 .036
€% .596 .674 .078
) .600 .662 .062

The bounds obtained are given by the following:
THEOREM. (@) If n is of the form 12t+1 and 5|,

48
11 8% 1
—_— J— ——— < —
5 + 7 + 11 plzn ?
11 log —
10
< 1 n 1 4 50
s 2738 " B3
(B) If n is of the form 12t+1 and 5{n,
! 12
0 —
1 &5 1
<> —<log2.
7 11 pln
11 log —
10

(y) If n is of the form 36t+9 and 5|n,

16
1 1 log 15 1
— J— —.—-——< —
3t T 17 ,f.‘; P
17 log —
16
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(8) If n is of the form 36t-+9 and 5|n,

1 4
og —
1 3 1
—_—t < Z .
3 pln P
7 log —
<— + + lo 8
338 g13

Proor. We prove this theorem in various cases and in each case one
can see that either the lower bound or the upper bound for D, (1/5)
as stated in this theorem is further improved.

Euler proved that #z must be of the form pg°-x2, where po is a prime
of the form 4A-1, ao is of the form 4u+41, x>1 and (po, x)=1.
Hence we can write n=p-pr"-p3* - « - pi¥, where a, is even for
1=<r=k. We shall suppose as we may do without loss of generality
that p1<ps< - - - <pi. Let o(n) denote the sum of the positive
divisors of 7. Since # is a perfect number, we have ¢(n) =2#n, from
which it can easily be seen that

k 1 k 1
A 2JI{1—-—) = 1— .
Q m(-5)=1(-5%)

<1

Therefore

k 1
log2 < — > log (1 ——)
r=0 Pr

(B)

k

= 4o +—
RSPy P

Taking logarithms of both sides of (A) and expressing them in series,
we have

mw—zz[ - |

=0 i1 "Pv ,P(ar+1):

1
1§ Pr + 1§0: Zl:[('lo + l)p"H - ipf'a,-+1)i]'

(a) Suppose # is of the form 12¢4-1. In this case it has been proved
in [3, p. 134] that pq is of the form 12N+1 and hence po=13.

©
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(a1) If 5| and 7|#n, then p1=35, po=7 and p,=11 for 3Sr=k.
Now a:=4 for, if ay=2, then o(p3?)=3.19 and since o(n)=2n it
would follow that 3| n, which cannot hold.

From (B), we get that

log 2 < 1(1 1) 1(1 )+1+111
o8 o8 5 o8 P02 11 po

1 1 1
3 112 p
11 * 1
+ + = —_
T-Zz?r 2 1 E?r
11 k 1+
3 112 r=3 Pr
5 7 1 E o1
= log—+1lo —+<——+ ——)
8T %% T\ 5 Ep,
( + + L 1 —+ )
2 11 3 112
I 5+l 7
=0—- o__.
874 T8
1r & 1 1 1
Hllog—| ), ——— ——
+ °g1o[§p, 5 7]
therefore
48
111 log 35
(a1n) §;>—5‘+7‘+-—'-i—1—'
11 log —
10

Also from (C), we get that

l°g2“2 +EZ[(:+1)¢+*_' : ]

o Pr —1 il ,LP'(_a.-(v-l)s
(D)

+(oz5)* L]
245 -}m =2 L (G 4 1)pit ip((’ao+l)i :

Now each term in the brackets of the second summation is positive,
since a, =2 for >0, and hence the second sum is positive. Similarly
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the fourth sum is also positive, and 1/2p3—1/pgt = —1/2p%
=— 1/338 since ap=1 and po=13. Therefore

log2>Z +Z[(¢+1)s'+x . ]

r=0 Pr 7'(53)’
+ Z[ L :l 1 =22anday =4
—_—— S (]
G+ 1)7.+1 i | T 33g Snceen=2and oy

-y 1(1 1) L (1 1)
Ta, T8 5) "5 08 5

1(1 1) L (1 1) 1
o8 7) "7 T8 75) " 338

Therefore
LG | 1 1 502401
E . <gtv +3§§+ vty
(a1n) 50
< — +%+l 8'3—1

Hence by (a;) and (air), () follows in this case.

(az) If 5|% and 7}, then p;=5 and p,211 for 2=<r=<k. Since ay is
odd (1 +po)|¢r(p3‘°) and hence (1 +po)/2| n since a(n) =2n. Now p, is
not 13, since otherwise it would follow that 7|7, which is not the case.
Since py is of the form 12N+1, po=37.

From (B) as in (a;) we can get that

mr1 k1
log2<log—+11]og—-|:p+z ]

0 r=2 Pr
5 Eo1 1
=log— + 11lo ——[ ———]'
g, g gp, S|
therefore o
log —
ko1 1 5
E -_> =4 —
=0 ?r S 1
11 log —
(axe) 1
a
2L, l 48
0 —
St 1 835
11
11 log —

10
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From (D), arguing in a similar way as in (a1), we can get that

1 1
tog 2> § be + § [ G+ 1)5'+1 1(58)*] T 2(37)?

&1 1(1 1) 1+1(1 1) 1
= 5)7 5 T8 51) 2738

Therefore

1 50
(azz) E}; _+T38+ 83{

Hence by (as1) and (azr), (@) follows in this case.

Thus (@) is proved.

(as) If 5/n and 7|n, then p;=7 and p,211 for 2<r=<k. Now
o124 as we have seen in (a;) that a; 2. From (B) as in the case (a;),
we get that

11 1
log 2 <log—+ lllog-—[z ——-—-].

10 r=0 Pr 7
Therefore
) 12
og —
E o1 1 7
(asr) X—>—+—-
10 ?r 7 1
11 log —
10

From (D), arguing in a similar way as in (a;), we get that

LA | 1 1 1 1
log 2 > Z——-log(l—-—)—7+1og(1__)_§_

= b 7 78 38
Therefore
LA | 1 4802
— < — + — + log ——
(asm) § b 7 338 ©2801
< log 2.

Hence by (as1) and (asg), (B) follows in this case.
(ag) If 5% and 7}n, then p,=11 for 1Sr<k.
From (B) as in (a;), we get that log 2<11 log 11/10- >_%_, 1/p,.



902 D. SURYANARAYANA [December

Therefore

12
log —

Eq log 2 7

(a41) > —> >-,ll—+

111 1 111 1

— O _—

%10 €10
Now as in (ag), we see that (1 +po)/2| n. Let w be any prime divid-

ing (14p0)/2, then 7rl n and hence w = p; for some j satisfying 1 <j<k.
From (D), arguing in a similar way as in (a;), we see that

Eo1 had 1 1
s B e[ 1]
82> 2 ’ b G+ Dpitt i)

1 1
—I-(———), since ap = 1 and o; = 2
2 1 !
LA | 1 1 1
>3 S+ (— - —) -1
b \287 $3) 2%
>3 =, sincell £ p,; < t to,
r=0 Pr 2
Therefore
LI |
(asr) > —<log2.

r=0 Pr

Hence by (asr) and (asg), (B8) follows in this case.

Thus (B) is proved.

(b) Suppose # is of the form 36t+9. Since 3] n, p1=3.

(by) If 5]n, then 7f# in virtue of the result that 3.5.7 does not
divide # (proved in Kiihnel [4]).

(b1.1) If at least one of 11 and 13 divides », then obviously

16
log—
i1>1+1+1>1+1+ 15
= pr 3 5 13 3 5 17
17 log —
16
Otherwise,

(b1.2) p»217 for 227 =k, if po=35; or

(b1.s) p»=17 for 3Sr=k, if po=3. In this particular case p, is also
=17, since po5%5 and po is not 13, since we are in the case where
neither 11 nor 13 divides 7.
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In both the cases (b:i.2) and (b;.3), from (B) as in (a:) we can get
that

log 2 < log — + log — + 171 17[i1 ! 1}
) og — o— - 2 ——— - .
g g +log Bl =5 T3S

Hence in any case under (b;), we have that

16
E1o1 1 log 13

b —_—> .
(bir) g?, 3+5+ T
17 log —
16

For the upper bound, the proof for the cases (1) po7=5 and (2) po=5
and oy =4 are omitted as they are similar to the previous proofs. In
both these cases we easily verify that the bound obtained is less than
the bound obtained for the case po=35 and a;=2

For this case, since oy =2, a(pl‘) =13, so 13|n

We then obtain from (D), arguing in a similar way as in (a;),

1
log 2 -
°g2> go Fal E[(t T3 G ]

1 o 1
+,§|:(¢+1)5'+1 1(52)‘]+§1|:(i+1)13"“ 1(133)]
P 1 1 1IN 1
=3 = g1 —=) = 1= —Y—log(1——)——
g}pr °g< 3) 3+1°g< 33) log( s) 5
(1= 1) =1 1) <L 4 g (1-1)
o8 5 o8 13/ 13 Og( T3 )

Therefore

(bir) Zk: ! < + + -I-l 6
" “ 5 3 861
Hence by (biv) and (bir), (v) follows.
(b2) If 5}m, then p,=7 for 2<r=<k and po=13.
From (B) as in (a;) we get that

7 1
log2<log——+7log?[z ————];

r=0 Pr 3

therefore
k

1 1 4 7
(baz) E~>?+1og?/7log;-

r=0 Pr
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From (D), arguing in a similar way as in (a;), we get that

LA | 1 1 1 1
log2> >, — — log(l—;)—?+log(1——>__.

r=0 r 33 338
Therefore
bag) "Z 1 < 1 n 1 41 18
— — — 0 —
(ban =5 "3 et %13

Hence by (bs1) and (bzr), (8) follows.
Thus the proof of the theorem is complete.
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