ON THE DIFFERENTIABILITY OF SOLUTIONS OF
SYMMETRIC HYPERBOLIC SYSTEMS!

GIDEON PEYSER

This paper is concerned with the Differentiability Theorem for
linear symmetric hyperbolic systems of partial differential equations
of the first order. In [1] Friedrichs derives the existence and unique-
ness of the strong solution of the Cauchy problem for these systems
by using energy inequalities and orthogonal projections. His main
tool is the integral mollifier. However, to show that the solution
possesses square integrable (strong) derivatives, provided the data
determining it is sufficiently smooth, he uses the method of approxi-
mations by finite differences. In a different approach, Lax [2] intro-
duces spaces with norms of negative order, such that his solution is
already equipped with the necessary square integrable derivatives.

We shall present here a direct proof of the strong differentiability
of the solution by applying the existence theorem to the over-deter-
mined system resulting from differentiating the given system with
respect to all the space variables.

The problem of the strong differentiability of the solution is of
particular importance in light of Sobolev’s lemma [3], which states
that a function possesses continuous derivatives in an appropriate
domain, provided it possesses there a sufficient number of square
integrable derivatives.

Let u=(u, - - -, #,) denote a vector function of # elements in the
m+1 independent variables (¢, x)=(, x1, - * + , Xm). A5, 2=1, - - -, m,
are symmetric # X7 matrices with sufficiently continuously differ-
entiable elements. B is an # X7 matrix with sufficiently continuously
differentiable elements. The domain R is the infinite slab between
the two surfaces S:¢t=0and T:¢=1.

The given system of equations is

1) Eu=u+ Y, Ay, + Bu = f.
=1

The given data on S'is

(2) Su = u(0, x) = ¢(x).
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In the following, a vector function will be called smooth if its ele-
ments possess a sufficient number of continuous derivatives for the
purpose at hand, and have bounded support in the x-variables, i.e.,
vanish for sufficiently large | x| =(3+ - - - 4a2)1/2

We say that # has a strong derivative with respect to an inde-
pendent variable y in the domain R, if # has a square integrable y-
derivative in R, i.e., if there exists a sequence of smooth vector func-
tions u; whose L, limit is # and such that the sequence (), also
possesses an L; limit. This L, limit is called the strong derivative of »
with respect to 9.2 We define % as a strong solution of (1) with data
(2) if there exists a sequence of smooth vector functions %,, such that
u is the L, limit of «,, f the L, limit of Eu, in R, and ¢ the L; limit of
Su, on S.

THE DIFFERENTIABILITY THEOREM. If f& L, with strong first order
x-dertvatives in R, and ¢ € Ly with strong first order x-derivatives on S,
then the strong solution u of (1) with data (2), possesses in R strong first
order derivatives with respect to all the variables t and x.

Note that f need not be strongly differentiable with respect to 2.
We shall derive the strong differentiability of » with respect to the
x-variables and from (1) then clearly follows the strong differenti-
ability of # with respect to ¢.

Replacing # by e« we may assume that B is sufficiently positive,
ie.,

Eu=wu+ 2, Aw,, + A\ + B)u,
=1
where N\ is a positive constant as large as we please and I is the
identity matrix.

U will denote a vector function with (m 4+ 1)n elements

U=(Uy, + - -, Umsnn). The inner product is defined by

v, v) = ff UV - o+ UmpnaV minyn)dids
R

and the norm || U||?= (U, U).

3¢ is the Hilbert space obtained by the completion in R of smooth
vector functions U under this norm.

JCg is the corresponding space on S with inner product -

(U, V)s =f UAZE R U(m+l)nV(m+1)n)dx
S

and norm || U|j§= (U, U)s.

* For a detailed account of these function spaces, see Lax [2] and Nirenberg [3].
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3Cr is the corresponding space on T with inner product (U, V)r
and norm || Ul|z.

Let u=(uy, - - -, us) be a vector function with elements in Ls and
strong x-derivatives in R. We define %’ as the vector with(m-+1)n
elements

o= (s, -y tny (W) * vy (Wn)zyy oy (B1)zy 5 (Un)2m),

i.e., u' is composed of the elements of % and all their x-derivatives.
Clearly #’€3¢. The vectors %’ form in R a Hilbert space & which is
a closed subspace of 3. The vectors Su’=#'(0, x) resulting from vec-
tors Su with square integrable x-derivatives on S form a space XKg
which is a closed subspace of 3Cs. Similarly the vectors T’ =4'(1, x)
form a space Xr which is a closed subspace of 3¢y.

We consider the overdetermined system of equations

Eu=f
@ (Bu)sy = fu
(Ew)ap = fou
4) Su=1¢, Sty = ¢z, -, SUs, = ¢s,.

Note that we do not differentiate the equation Ex =f with respect to £
The system (3)—(4) can be written as

E'v’ =f"  (this defines the operator E')

Sul = I.
where
d m d
(5) E=—+4+YAl—+\N'+B
at f==1 X5
A; 0
Al = which is symmetric.
0 4:)

B’ is an (m41)n X (m+1)n matrix and I’ is the unit matrix.
u' is a strong solution of (3)—(4) if there exists a sequence of
smooth vector functions %/ such that
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”u{ - u’“ —0
|E'w —f]| -0,
”u,’ —¢’”s—>0, asi— o,
The following estimates for smooth vector functions U, are classi-

cal and are deduced in the papers by Friedrichs [1] and by Lax [2].
For any given k>0 we can choose A in (5) large enough such that

©6) HU" = (U, BU) + ||U]]3
and if (E')* denotes the adjoint of E’, then

) Hlull’ = @, @&)*v) +||U]fr
and if o=k —1 then

(8) k| U = || 2] + ||U]l5s
) k||| < |l &y Ul + || U]z

Specifically it follows for smooth 9’ that

(10) kol < | B9 + o],
(11) klol* < lE)* )" + o]

From the definition of E’ in (5) it follows that
(12) E'Y = (Ev)'.

However, (E')*v is not necessarily equal to (E*p)’, where E* denotes
the adjoint of E.

We can write
(13) (EN*' = (E*v)' + C'7,

where C’ is an (m+1)n X (m=+1)n matrix whose elements depend on
the elements of A; and B and their derivatives, but are independent

of \.
The operator (E*)’ is defined by the relationship

(19) (E¥)'Y = (E*v).
Hence (E*)'v' = (E")*'—C'V'.
The equivalent of (11) for (E*)’ is:

(15) k||| = 1| (B + ||| 7.
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There exists a constant y >0 such that || C"'||2<+||?’||%. Putting in
(15) ko=4+ and using (14) it follows that

(16) glev]’ = sl = @yl + 1o

We introduce the space FC X. w' belongs to § if there exists a
sequence of smooth vector functions w! and vector functions g’ € X,
Y’ € X such that

llo = wi]| -0,
[Ewt = ¢l >0,

lw! —¢|ls—0, asi— oo,

This extends the definition of the operators E’ and S to operate on
functions w' €F:

B = (Eu) =,
Sw' =y,

Inequality (10) continues to hold for functions w' €5.

We introduce the space X* which is the product space XX Xs
whose elements are all the pairs {', ¥'}; w' €K, ¢’ € Ks. The inner
product in XX is defined by

({wl, ¥l }, {wi, ¥ }) = (f,wi) + (L, ¥d)s

and the norm | {a', ¢/} |[2=[|w/||2+[¥'[l3.

§% denotes the subspace of XX whose elements are all the pairs
{ (Ew)’, Sw'} with w' €. It follows from (10) that X is a closed sub-
space of XX. It is our purpose to show that <= x*. This will then
complete the proof. We shall use the projection theorem. Suppose
that the pair {#’, o'} € % is orthogonal to the whole space %, i.e.,

(Ew), W)+ (W, d')s =0 forallw €§.

We will then show that #’=0 and ¢’=0 and hence F¥= XX, If we
restrict ' to vector functions in ¥ with Sw’ =0 then ((Ew)’, #’) =0.
The main problem is then to prove from this that &’=0. Suppose
this is done. We then restrict @’ to a sequence of smooth functions
which approach ¢’ on S. It follows that ¢’ =0.

We introduce the mollifiers J, and J¥. Let j(¢, x) be an infinitely
differentiable function; j(¢, x) 20; j(¢, x) =0 outside the cube —1=¢
<1, —1=x;=1and
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ffj(t, x)didx = 1

Jeg =

—t+26 x—x _
i ff ( - >q(t,x)dtdx,
'—t+2e E—2\ .
g f f ( - )q(t, %)didz,

= Uy, - - - 1J€U(m+1)n)’
J:"U = (J*Uy - -+, JTEU (manyn).
If UE3C then, as is well known,
|lv7.u — vl -0
|7¥U — Ul -0  ase—oO.

J&q =

The mollifiers J. and J¥ commute in the infinite slab R with the
x-derivatives. Specifically we have for w'€X, Jaw'=Jaw) and
J*w' = (J&w)'.

Jav' and J}*w' are continuously differentiable functions which
together with their derivatives are finitely square integrable in R.
Hence Ja' and J¥w' satisfy (10) and (11). Furthermore Ja&' and
J¥w' vanish in a neighborhood of T and S, respectively. Hence we have
((EJ*w)', k') =0forallw’ € X. Therefore ((EJ *w)’, b') = (E' (J*w)’, k')
=(E'JM, B)=@, (E'J¥*r')=0, where (E'J¥)* is the adjoint
integral operator of E'J*. From Friedrichs’ lemma [2, Lemma 14],
it follows that

l(ET¥*U — (E)*J.U||2—>0 ase— 0.
Hence
an @', (E*JH)—0 for all w' € X.
Since k' is fixed we can consider (17) as a sequence of linear
bounded functionals of w’. This sequence converges for all &' € X.

Therefore the norms of these functionals are uniformly bounded by
a constant M. Hence, choosing w’' = (E*J.h)’, we have:

M|[(E* Ty || 2 (B*TAY, (EV*TH) = (BT A)||* 4 (BT AY, C'TH)
2 3| (ET |2

(The last inequality follows from (16).) Hence

(18) l(E*T Y| < 2M.

Therefore (E*J.h)' is a sequence of functions in & with uniformly
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bounded norms. Now, from a sequence of functions with uniformly
bounded norms we can choose a subsequence which converges
weakly. From the Banach-Sachs theorem, see Riesz-Nagy [4, §38],
it follows that from this weakly convergent sequence we can select a
subsequence whose arithmetic means converge strongly. Since (E*)’
is a linear operator, we have a sequence of continuously differentiable
vector functions v/ in X which are the arithmetic means of a subse-
quence of J/A/, such that (E*)'v! (=(E*v.)") converges strongly.
Since J.&' vanishes on T we have that ||9!|lz=0. Furthermore

(19) |0 — #|| —o.

We denote the strong limit of (E*v;)’ by ¢’. Substituting ¢’ for %’ in
(17) we deduce that (¢, (E')*v!)—0. Furthermore

(&) (B)*) = (¢, (B%)) + (¢, C'vi) 2 (¢, (B*)) — 3¢l | (B*)]
—e].

Hence ¢’ =0, i.e., || (E*,)'||—0. (15) implies that ||2/||—0. From (19)
it now follows that A’=0, which concludes the proof.

By repeated application of the Differentiability Theorem we de-
duce the higher order differentiability of the solution of (1)-(2), pro-
vided f and ¢ possess higher order derivatives.

Hi1GHER ORDER DIFFERENTIABILITY THEOREM. If r and s are non-
negative integers with s <r and if f possesses in R all the strong deriva-
tives of the form Df‘Dg; o Dﬁ;’:, ass,a+P+ - - FPusSr,and if ¢
possesses on S all the strong derivatives of the form D3 - - - Din, then
the solution u of (1)—(2) possesses in R all the strong derivatives of the
Jorm

DiDR- D" o Ss+1, 4B+ +Basr.
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