ON AN EQUALITY INVOLVING GROUP CHARACTERS
J. J. PRICE

1. Introduction. This paper concerns an analogue of the following
classical problem. Let u be a measure on the interval [a, b]. Define
II, to be the class of polynomials f(x) of degree % or less such that

(a) f(x)20, xE[a, b],

(b) [of(x)du(x)=1.

The problem is to find, for each xE€ [a, b], M,(x) =sup f(x) where f
runs over II,. The solution is given in Szegs [7, p. 181].! For our
purposes it is enough to state that the solution is of the form
max{F;,(x), Gu(%)} if n = 2k,

M) = {max{Hk(x), L@} ifm=2k+1,

where all functions named are non-negative,

[ "F@du@) = b,

and

b b b
[ a@int) = [ Bt = [ 1) = k+1.
It follows that

b
€)) f M, (x)du(x) = n+1,

and that

In+2) ifn=2k

@) f M (w)du(x) = {%(n +1) ifn=2k41

Since any polynomial is a linear combination of orthogonal poly-
nomials, the problem may be generalized by replacing polynomials
on an interval with linear combinations of a given orthogonal set on a
measure space. The solution seems to require rather detailed knowl-
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! Interesting refinements and extensions are found in Schoenberg-Szegé [5] and
Brickman [1].
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edge of the orthogonal set in question. There is a class of orthogonal
systems, however, the characters of second countable compact abel-
ian groups, which have sufficiently nice properties that general results
can be found. For these systems, the analogue of (1) will be proved
and conditions under which equality holds will be given. It will also
be shown that (2) fails in general.

2. Definitions. X will denote a second countable compact abelian
group, u its Haar measure, and ¥ = {1//,-} j—o its character group,? with
Yolx)=1.

II, will be the class of all functions f defined on X with the
following three properties.

(a) f(x) = 210 ai(#), a; complex.

(b) f(x) 20,z € X.

(© Jxf(@)du(x) = 1.

Define M,(x) =sup f(x) for fEIL,.

3. Properties of M,(x). First of all, M.(x) = M,, independent of x.
This is an immediate consequence of the invariance of II, under
translation, i.e. if f,(x) =f(x+y), then f&II, if and only if f,EIl,
for every yE X. Since f(%1) = fa,—z,(x2), Ma(x1) = M, (x2).

Next, it is possible to compute M, as a supremum over a smaller
class of functions. Let I,/ (x) be the subset of II,, consisting of those
functions which take their maximum value at x. Define M,/ (x)
=sup f(x) where f runs over II, (x). Just as for M,(x), M,/ (x)= M,
independent of x.

We assert that M,/ = M,. Obviously M, <M,. The reverse in-
equality can be seen as follows. Given €>0, there exists f&II, and
a point x;€ X such that f(x1) > M, —e. If f assumes its maximum value
at Xo, fr,-z,(%1) =f(x1) > M,—e. Taking supremum over fEIL, (x1),
M, (x1) > M,—e for every €>0. Hence, M,] = M,] (x1) = M,.

Now we establish the analogue of (1) which, since M,(x) is con-
stant, reduces to M, <n-+1. It will be somewhat more convenient to
write this inequality as M,_;<n.

Let xo be any point in X. If fEII,/_1(x,),

® o= T o) s ( Z o) ( T L osteo ).

=0 i=0

Since for any character ¢, |¢(x)| =1,

re) s [ ()i S mlmax 1) ) S = ).

* ¥ is second countable and discrete, hence countable. See [3], Chapter V.
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Therefore f(xo) <n, and taking the supremum over f&II,/_1(x0),
(4) Mn—l é n.

We ask now whether equality can hold in (4). A necessary condi-
tion is equality in (3). This will be the case only if there exists a
constant N independent of j such that a;=X\[y;(xo) ]=. If there is such
a constant, then

fa) = E adi(x) = N i [4:(20)]¥5(x) = ADa(o, 2)

where D, (y, x) is the Dirichlet kernel associated with the orthonormal
set {1#,-} j20- Actually A=1 since

t= [ @ = [ Dutm, dute) =,

Therefore f(x) =Da(xo, x). Since f(x) 20 and x, was arbitrary, a
necessary condition for equality in (4) is that D,(x, ) =20 for all pairs
(2, 3).

Here we quote a theorem of the author [4]. Let {\h} 120 be an
orthonormal set in L*(X, u), Yo(x) =1, and u(X)=1. Suppose D,(x, y)
20 for n=m<na<ns< - - -. Then there exists a sequence {Pi}y.,
of partitions of X with the following properties. Py, divides X into ny
subsets of positive measure. Py, is a refinement of Py. The functions
{%};‘:3‘ are step functions relative to Py, 1.e. they are constant on each
of the subsets of X induced by Py. (For brevity, S(P;) will denote the
space of complex-valued step functions relative to Py.)

Assume now that equality holds in (4) for a sequence of indices
l=m<ne<nz< - - -. Let W= {y;}75'. Then ¥; must be a sub-
group of the character group ¥. For D, (x, ) 20, so by the above
theorem there exists a partition P; such that ¥, CS(P;) and the
dimension of S(Py) is #s. Since ¥} has #n;, elements, ¥; is an ortho-
normal basis of S(Pi). Suppose ¢;&E¥;. Then y; is orthogonal to ¥,
which shows that ¥; ES(Px). Thus ¥, =¥NS(P;). Products and in-
verses of elements of ¥} are obviously in S(Py), hence in ¥;.

Therefore, our assumptions imply the existence of a sequence of
subgroups ¥; C¥,C¥;C - - -, ¥ of order n, such that ¥ =Ug., ¥;.
Hence, ¥ is a torsion group and consequently X must be totally dis-
connected (Pontrjagin [3, Chapter V]).

Conversely, suppose ¥ is the union of an expanding sequence of
finite subgroups {\I/k} +—1 where the order of ¥y is n:. Then ¥, can be
identified with the character group of the finite group X/X, where
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X is the annihilator of ¥,. By the usual character relations for a
finite group,

ni—1 _
Dyy(x0, 2) = X [Wi(w0)] ¥5(2) =
J=0
Since D,,(x0, x) € II,,,—1 it follows that M,,_,=n:. Hence, by (4),

M nx—1=Nk.
We summarize these results in the following theorem.

{nk if x = xp (mod Xj3),
0 otherwise.

THEOREM. Let X be a second countable compact abelian group and
= {zl/,-};lo its character group, Yo(x)=1. Then for n=1, M, Zn.
Equality holds for a sequence of indices 1=n<ny<n3s< - - - if and
only if there exists a sequence of subgroups ¥V, C V. C V3 - - - where ¥,
is of order my, such that V=U;., Y. Thus n, must divide niyy and X
must be totally disconnected.

The preceding theorem asserts the existence of a positive constant
p, independent of the group and the method of enumeration of its
characters, such that M,_;<pn (namely, p=1). One may ask
whether, similarly, there exists a positive constant g such that

(5) Mn—l ..>—= qn.

This would provide an analogue for (2).

We shall show first that there are groups for which certain order-
ings of the characters admit such a ¢ while other orderings do not.
An example is the circle group. Let 1=y,(x), Y1(x), Y2(x), - - -+ be an
enumeration of its characters and define S, = {\bj(x) };‘.0. The usual
ordering is the symmetric one in which S., = {e"’};'__,,, Sont1
= {e""};‘f 1. In this case it follows from (6), which is proved below,
that M2, = Mz, 1=n+1. Therefore, (5) is satisfied with ¢=4%.

On the other hand, an asymmetric ordering may not admit any
such ¢. For, to construct real-valued functions, it is necessary to have
exponentials together with their conjugates. Each character e &S,
for which e—i* € S, is “wasted” in this respect. Consider, for example,
the enumeration given by S.= {e'=}"2’,_where {.} is a nondecreas-
ing sequence of positive integers tending to infinity, v, <4n. Then by
the result quoted above, M, =v,+1. If v, =0(n), there is no constant
g satisfying (5).

Now let X} be the k-dimensional torus, 2=1. Number the char-
acters by expanding cubes, i.e. so that

S(2n+l)"-—l —_ {ei(v101+’..+w;0k)| —_n é v; é ”;j = 1, 2’ SN k}.

We shall show that even if the character groups of the tori are
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enumerated in this standard way, there is no positive constant ¢
satisfying (5) simultaneously for all the tori. To do this, it will be
enough to prove that

(6) M gni1y—1 = (n + 1)

Once (6) is established it follows that
1
M gnyrpar ~ > (2n + 1%, n— o,

Consequently, (5) cannot hold since the positive constant ¢ would
have to satisfy ¢=<27* for k=1, 2, - - -.

We are indebted to Dr. Louis Brickman for pointing out that (6)
was obtained by Fejér for k=1. Fejér’s method extends immediately
to higher dimensions. We present the extension here because of its
brevity and simplicity. It is based on the following mechanical quad-
rature formula. If

n

(7) f(ol, ey, 0’:) = Z ayh‘ . "'kci("h-l—- . ~+yk0k)’

Pl o Pp=—n

then

8)

2r 2%
f f@s, - - -, 0:)d0y - - - dbs
0 0
1 d 27y 27y

Tt )T \a 1 e

(2m)*

The proof is simply a matter of substituting (7) into the right side
of (8) and interchanging the order of summation. The sum easily
reduces to ag.o.....0 which equals the left side of (8).

Suppose f(0;, -~ -, 6x) =0 and the value of the integral in (8) is
unity. Then, dropping all terms in the sum except the one for which
n= - =3=0,

1
lémf(0,° -+, 0).
Thus

for all non-negative functions (7) with average value unity. To estab-
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lish (6), it now suffices to exhibit a function for which equality holds
in (9). Let

0 2
sin(n + 1) ?

n lv‘ 1

K.(0) = 1 ——— )eit =
@ g( n+1)e nt 1 0
Sll’l—z—

Then K,(0)=%n-+1 and the desired function is
f(el; Tty ok) = Kn(ol) L K,,(ok).
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