ON HIERARCHIES AND SYSTEMS OF NOTATIONS
HILARY PUTNAM

Introduction. By a “system of notations” we understand a (1-1)-
mapping, M, from a set L (a segment of Cantor’s second number
class) onto a family, F, of disjoint nonempty sets. The members of F
may be, for example, sets of expressions, e.g. such expressions as w,
wX2, w? €, etc. Without loss of generality we may assume that the
sets in F are sets of natural numbers. We say “without loss of general-
ity” because expressions of the kind mentioned can always be re-
placed by numbers, using the device of gédel-numbering.

In the most common systems of notations,! the number “1” is
used as a name for the ordinal 0, and 22 is used to name the successor
of the ordinal named by x. Thus 2, 22, 2%, - - . are names, respec-
tively, of 1, 2, 3, - - - . If M is a mapping of the kind described, we
think of the image of the ordinal « as the set of “notations” for ¢, and
we call this set N,. Thus we may write:

M:ae N,

The reader may wonder why the set N, is allowed to contain more
than one number (i.e., more than one name or notation for the
ordinal ). The reason is that the possibility of having different names
for the same ordinal, e.g. w and 2%, or € and w%, arises in all of the
common systems.

The most important restriction upon the mapping M is that it
should in some sense be inductively defined. This leads us to an ab-
stract “system of notations,” D, which we present below. First we
need the

DEFINITION. Let ---P, x,- - be a formula of second-order
arithmetic containing one free variable P for a two-term relation be-
tween numbers, one free variable x for numbers, arbitrary bound
number variables, but no free or bound higher-order variables except
P. (The constants are to designate numbers and recursive functions
and predicates.) Then the mapping P<—>{xl o Pox, - } associ-
ates with every diadic relation P between natural numbers a set of
numbers, namely the set of all numbers x satisfying - - P, %, - - -.
Such a mapping is here called an arithmetic operation.?

Received by the editors October 29, 1962.

1 Ct. [C], [cK], [KR], [P].

2]f... P, x---beallowed to contain second-order bound variables, then the
operation may be classified as E:, II:, 2;, « « « etc., according to the number and qual-
ity of these. (Cf. footnote 3 below.)

44



ON HIERARCHIES AND SYSTEMS OF NOTATIONS 45

The following is the system D:

(1) If @=0, then No={1}.

(2) If Ng has already been defined for all f<«a, then Naop
={2:[xEN.}

(3) If o is a limit number and Ng has already been defined for all
B<a, then N,=¢[29 (x=<.y)], where ¢ is an arithmetic operation
which leads from 2-term relations between natural numbers to sets of
natural numbers.

In the definition of D, part (3), we have used x <.y as an abbrevi-
ation for the 2-term relation (depending on a):

(W(EFNEEN &y EN, &BS v < o).
We also impose the following:

Restrictions on the choice of ¢.

(1) The sets N, defined above must be disjoint.

(2) There must be a limit number a such that Ng# & for 8<a,
and Ng= for a =B (we think of & as “the least ordinal for which
there is no notation in D"’).

D s, of course, not a single system but a schema for systems (deter-
mining a single system for each admissible choice of ¢). In fact, it is
easily shown that all so far proposed systems are of the form D.

Let Cp=at.UN.. We shall show that? Cp EZ}NII;. Our short proof
of this fact replaces the lengthy and intricate argument used by
Kreider and Rogersin [KR], since their main result is a special case of
ours. If we place certain further restrictions on ¢, we can give the
usual definition of the setst ©, for & Cp. We shall show that these
©.EZINIL. Even if we use a “jump operation” in Z3NII; instead of
the “one-function-quantifier jump operation” (defined below), the
O. are still in ZYNII}. Also the §, are still in Z}NII; even if we let
the operation ¢ be in Z;MNII}, instead of restricting it to be arithmetic.

Thus we have a very strong closure property of the class Z3N\I;:
we cannot get out of this class by iterating a jump operation through
all the ordinals for which we have names in a system D wunless (i) we
are using a jump operation which is not in Z; NI (i.e., which already
goes out of Z}NII} in one jump) or (ii) we have already used an opera-
tion ¢ which is not in 231} in defining D.

3 A set definable in second order number theory is said to belong to the family
=, if it can be defined with # function quantifiers, the ﬁrst of which is existential (in
some prenex form), and is said to belong to the family H if it can be defined with »
function quantifiers the first of which is universal. (“functlon quantifier” =second
order quantifier.)

¢« Cf. [Ky; P
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The set . are the complete sets of the various “hyperdegrees.”
Thus, our result may be expressed by saying that even if the series
of “hyperdegrees” is extended through D, we do not get any degrees
for three-function-quantifier sets. Similarly, we shall show that we
cannot get analogues of hyperdegrees for all the analytic sets by using
an analytic jump operation and an analytic operation ¢.

Classification of Cp.
THEOREM 1. Let D be defined as above, and let Cp=UN,. Then
CpEZNII,.
Proor. We have
nECp < (3 a simple-ordering f)(3 a 2-place function g)(A){[ A is a
nonincreasing f-chain = (3x) (h(x) = k(x + 1))] & ()(the
least element of f = y= (2)(g(y, 2) = 1 =2 = 1)) & (y)(2)
1) (zis the f-successor of y = {w| g(3, w) = 1} = {2'°| g(y, w)
=1}) & (y)(y is a limit element of f = {w] g2(y, w) = 1}
= ¢[£2((3v)(Iu) (g(u, x) = 1 & g(v, 2) = 1 & (u f-precedes
vV u = v) & v f-precedes ¥))]) & (I%)(g(x, n) = 1)}.
Here we have used a well-ordering of all the integers in place of a
segment of the second number class, and we have used the mapping
z o {y| gz, ») = 1}

as our mapping M (obviously without loss of generality). The prefix
is of the form 33V and the reader can readily verify that the matrix
involves only ordinary number quantifiers. In fact (1) becomes:

n € Cp (3N (I M [(@)f (%, 2) = 1& () (@) (f(9,2) = 1&f(3, ) =1
=y =2 & @Ok =1V f(52) =1) & *) ()
(f(x,9) = 1&f(y,2) = 1= f(x,2) = 1) & ((0)f (h(x + 1),
h(x)) = 1= (3)h(x) = k(z + 1)) & O)(E)f(,2) =1
= @@y, =122=1)&»E(f(y,2) =1&y#2
2 & @)(fly,w) = 1&ws y=f(z,w) = 1)) = (w)(g(z, »)
=le(@)w=2"&g,2) = 1)) &)((@f(z) =1
&z2#y= ()@ w&fzw) =1&w#y&flwy)
= 1)) = @) (g(, ) = 1 & v € ¢[#2((3u)(I0) (g(x, )
=1&g@,2) =1&f(4,0) = 1&f(r,5) = 1&v # y))]))

& (3x)g(x, n) = 1].
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Contracting quantifiers,® we have CpEZ}.
To prove that CpEIl; we argue similarly, using instead of (1):

n € Cp < (Y simple ordering f) (g){ [(%)(n is a nonincreasing f-chain

= (Fx)h(x) = h(x+ 1) &---(asin(1)) - - - & (¥)(yisa

3) limit element of f = {wl gly, w) = 1} = ¢[---asin
@) - - - 1) & (3)(5)g(s, ) # 1] = (3n)g(x, n) = 1.

Note that the clause “(3x)(y)g(x, ¥) # 1” says that f reaches the least
ordinal for which there is no notation in D!

Bringing out the quantifier (%) (which comes out, of course, as an
existential quantifier), and contracting quantifiers, we have Cp&II,.
Thus CpEZ)NII,. Q.E.D.

THEOREM 2. If, in the definition of D, we allow ¢ to be a Z3NII}
operation, it remains the case that Cp CZiNIIL.

PrOOF. In the proof that CpEZ} we note that the quantifier (k)
can be confined to the clause ((x)f(h(x+1), k(x))=1=(3x)h(x)
=h(x+1)). Then the function quantifiers in ¢ can be moved ahead
of the number quantifiers by the devices of [K;] and finally brought
out. Although ¢ occurs in a biconditional, the quantifiers can be
brought out in the order 3V by splitting the biconditional into a
pair of conditionals and using the 3¥ form of ¢ when ¢ occurs in the
consequent and the ¥ 3 form when ¢ occurs in the antecedent. That
is, (w)(g(y, w) =1=wEP[ - - - ]) becomes

@[, ») = 1= (30) B W) & () (N2 = gy, w) = 1)],

where wE@[ - - - |<=(3a) (B)Y1<>(8) (IN)Y,. Hence the original ex-
pression becomes

(@) (22)(38) B V) [(g(y, w) = 1 = ¢1) & Y= g(y, w) = 1)].

Bringing out the function quantifiers and contracting we have 3V in
front of the whole formula (except for the (k) which we confined).
Now we bring out (%) and contract again, and we have Cp&Z}. The
argument is similar for CpEIl;. Note that, since we have to exploit
the fact that ¢ can be written in both ways, we would not get a better
result by assuming that ¢ €2} or ¢ €II} than we do by assuming that
¢ EZINIL;. Generalizing this argument, we also see that if ¢ EZINIIL,
n>2, then CpEZLNIL.

The sets $.. Suppose a set 4 is “one-function-quantifier” in a set
B, i.e., say x€4=(f)(3y)( - - - B - - - ) (that the number quanti-

8 Cf. [Ky), also [KR, p. 346].
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fiers can be reduced to one when function quantifiers are present is
shown in [K;]). Since (Zy)( - - - B - - - ) says that x belongs to a set
which is recursively enumerable in B, f, we can write this as x € 4
<) (2y)T7-8(g(x), g(x), ¥) for a suitable primitive recursive g. Thus
the set {x| () (3y) T 3(x, x, ¥) } is a complete one-function-quantifier
form in B, i.e., every set which is one-function-quantifier in B is recur-
sive in this set (and if 4 isII] in B, 4 is even many-one reducible to
this set). This justifies calling the operation

Bo {x| (N(3N)TE(x, 7, 9)}

the complete one-function-quantifier jump operation (or, more simply,
the hyper-jump operation). We shall use D to iterate this operation
transfinitely many times. First we impose the following.

Further restrictions on ¢.

(1) If a is a limit number, N, must not contain any power of 2.

(2) There must exist recursive functions g, k such that if « is a
limit number and x &€ N,, then g(x) € Ng for some limit number 8 <,
and® {k(x)} provides an order preserving cofinal mapping (see be-
low) from U,<s N, into U,<a N,.

Let us write || =a for x€N,. Then (2) means that

(i) if yEU,<s Ny then {k(x)}(y) is defined and {k(x)}(y)EN.
(into property);

(i) if y, 2EU,cp N,, then |y| =|s| | {k@x)} ()| =] {kE®)} ()]
(order-preserving property);

(iii) for each yEUyca N,, there is a 3EUys N, such that |y
=< l {k(x)} ()| (cofinal property).

Intuitively, the meaning of these restrictions is that it should be
possible to effectively distinguish notations for successor ordinals
from those for limit ordinals and to associate an order-preserving co-
final recursive sequence from U,<s N, into U,<. N, (for some effec-
tively specified 8) with each (notation for @) limit ordinal . We allow
a = in restriction (2), because otherwise it would not be possible to
have “recursively regular” ordinals.”

We now define the set §, (obtained by iterating the hyper-jump
operation through D) as follows:

(1) &:=4.

(2) If nED, then $r= {x| () ()T (x, x, 9) }.

(3) If »ED, n is not a power of 2, then

8 {k(x)} is the symbol for the k(x)th partial recursive function in the standard
enumeration,

7 Cf. [KR;P]. [P] also defines the system C in a way which makes it clear that
this system is of the form D.
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. = {223| x € D &y € Uyciomy Vo).

[Note that if [nl is a limit ordinal, (3) insures that §,, shall be recur-
sive in 9, for each m in the appropriate “fundamental sequence”
(provided by {k(n) } (y) as y runs through the notations for ordinals
less than | g(#)]).]

We see that each §:* comes from 9, by the hyper-jump operation.
And by an easy transfinite induction 9, is recursive in ., for
|n| <|m|.

THEOREM 3. For each nE D, the set $,EZ3NII,.

Proor. It suffices to write

rE P = (IN(3g) ()W) - - - entire  matrix  of  (2) - -

&g (1, w)# 1& ()2 (g(r,27) =1= ()20 =1
& (@)(3y)T*P(v, v, 9))) & (¥)(2)(y is a limit element of

) f&e(,9) = 1= {w| g5 w) = 1} = {J@,9)| ¢ ({kG)}
(0), w) = 1 & (3a)(30)(f(e, b) & a = b & g(b, g(z)) = 1
&g(a, v) = 1}) &g,(”’ x) = 1]°

In (4) above “P” abbreviates “{v|¢'(s, v)=1}.”
Here again we have used a well-ordering of all the integers instead
of a segment of the second number class. We have used the mapping

v {y] g 9) = 1}

as our mapping a<>N,; and we have used the mapping
ye{z| g2 =1}

as our mapping y<>9,. Writing out the TP predicate in full and put-
ting g'(s, w) =1 and g'(z, w)#1 for P(w) and P(w) whenever these
occur in the full form of the predicate T*F(y, v, ¥), we see that the
argument of Theorem 2 applies here. So, once again we confine (k) to
the single clause in which it occurs, split the biconditional involving
T=P into a pair of conditionals, and then bring out the function
quantifiers in the desired 3y order. Thus $,EZ;. The proof that
O» € II; is exactly similar, writing

2 € 9. = (f)(g)(){[(h) (4 is a nonincreasing f-chain = (Ix)k(x)

=hx+1) & -asin(4) - - - &(3)()e(x,9) # 1]

©) =g (x, x) = 1}.

Finally, we note that the argument again generalizes to show that
if the operation
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Be (a)(ay)Ta,B(x’ X, 3’)

is replaced by an operation which leads (uniformly) from B to a set
which is in 2,1} form relative to B, n =2, then the sets , will be
in the class 2N,

REMARK ADDED FEBRUARY 5, 1963. The method of this paper yields
an immediate proof that if B € Z;MNII} then the hyperjump of B also
€ 22N, Namely, it suffices to define

n € hyperjump (B)
o (3N (3P (@) = 1V f(x) = 0) & (x)(g(x) = 1V g(») = 0)
& () (f(x) = 1 & B(x)) & (2)(g(x) = 1
& ()(3))TH(x, 2, y)) & g(n) = 1]
& (NE[@F® = 1V f(2) = 0) & (#)(g(x) = 1V g(z) = 0)
& ()(f(x) = 1 B(x)) & (z)(g(x) =1
& (B)(2Y) TH (=, «, y)) -=-g(n) = 1].

Splitting the biconditionals into pairs of conditionals and proceeding
with the quantifiers as in the text, we have the desired result, which
was proved by Addison and Kleene in A note on function quantifica-
tion, Proc. Amer. Math. Soc. 8 (1957), 1002-1006, using an argument
involving the operation 4.
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