A SEQUENCE OF (+1)-DETERMINANTS
WITH LARGE VALUES

G. F. CLEMENTS AND B. LINDSTROM

1. Introduction and statement of results. Any positive integer m
can be uniquely represented in the binary form

1.1) m=2m42mp 2

where n,>n:>n3> - - - #,20 are integers. Put a(m) =¢, a(0) =0 and
Am)=a(0)+a(l)+ - - - +a(n) for =0, 1, 2, - - - . The function
A(n) was studied by Cheo and Yien [1], who proved that

1.2) A(n) = (n/2)logan + O(n).

Next, let g(#) be the maximum of determinants of # X7 matrices
with all entries +1 or —1. J. H. E. Cohn [2] has recently shown in a
nonconstructive way that

(1’3) n(ﬂ»/Z)(l—c(”)) é g(n) § nﬂ/z’

where C(n) is non-negative and goes to 0 as n— .
The purpose of this paper is to gain information about C(n) and
the last term in (1.2). We shall prove the following theorems:

THEOREM 1. 24® 45 the determinant of a square matrix of order
n+1 with all entries +1 or —1, n=1,2,3, - - -,

THEOREM 2. 0 = (n/2)logsn — A(n — 1) < (n/2)logs(4/3),n=1,
2, 3, - . The lower bound is attained for n=2*% k=0, 1, 2, - - -,
and only then. The factor log,(4/3) can not be replaced by a smaller
number.

The following corollary is immediate from the theorems:
COROLLARY. (/D (=logl//log n) < g(n) S mn/2,

2. Proof of Theorem 1. For any two positive integers 1, j let a(z, )
be the number of common terms in the representations (1.1) of 1
and j. If 4, =0 and at least one is 0 then put «(%, j) =0. Let M(n)
denote the matrix

a(4,5)

M(n) = (aij)i=0, ai; = (—1) .

Now we prove for 0=n<2*%, k=0,1,2,-- -,
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2.1) detM (2% + n) = (—2)**1(detM (2* — 1))(detM (n)).

Write p’=2%4p and ¥’ =2%4», where 0=y, v<#. Then we get a,,
=Quy, Qury = — @,y Subtracting the (u+1)st row in M(2¥4-n) from the
(w' +1)st row, we get therow (0, - - -, 0, —2au0, —28,, * * * , —2au)
with 2% 0’s. If we perform this subtraction for =0, 1, - - -, %, the
new matrix has the same determinant as M(2*+#). Now (2.1) fol-
lows by the expansion theorem of Laplace. From a(2*+n) =a(n)+1,
0=n <2*%, we conclude that

AR +n) = AQ* — 1)+ An) + n + 1,

(2.2)
0Sn<2E=01,---.

By (2.1) the same relation, with “B” instead of “4,” is satisfied by
the function B(n) =log|det M(n)| (logarithms are taken to the base
2). Now one easily proves by induction over %k that A(2%-+n)
=B(2*+n), 0=n<2% k=0, 1, 2, - -. Thus |det M(n)| =24®,
n=0,1,2, - - - . If necessary, we change signs in a row or column, and
the proof is complete.

3. Proof of Theorem 2. The left inequality in Theorem 2 follows
from Theorem 1 by the aid of Hadamard’s inequality. By (2.2) we

have A (2¥+1—1)=2A4(2¥—1)+2% k=0, 1, 2, - - -, and so, by induc-
tion,
(3.1) AR —1) = k2 £ =0,1,2,---.

By (3.1), equality holds in Theorem 2 if »=2*. Since n and A(n—1)
are integers, equality can hold only if #n=2%,

The right inequality will be proved by induction over k. We shall
prove that if

3.2) An — 1) > (n/Dlog n — (n/2)C, 1=n =< 2%

then this inequality holds for #»’ in 2*<n’ 2%, if C is properly
chosen. Put #’ =2%+4n, where 1 =% <2*. By (2.2) and (3.1) we have

(3.3) AW — 1) = 214 A(n — 1) + .

If f(x) is a convex function and 0<a<1, a4b=1, then f(x+y)
Zaf(x/a)+bf(y/b). This yields, for the function x log x with x=2*
and y=mn,

3.4) n' logn’ < k2% + nlogn — 2*log a — nlog b.
From (3.2), (3.3) and (3.4), we then find that
AW — 1) — (n'/2)logn’ + (#'/2)C > (1 + % logd)n + (C + log a)2+-1,



550 G. F. CLEMENTS AND B. LINDSTROM

Both parentheses vanish if b=1/4, a=3/4, C=log(4/3), and (3.2)
holds for # in 1 =# <2%1, The right inequality in Theorem 2 holds
forn=1andsofor 2,3, - .

Finally, we prove that log (4/3) cannot be replaced by a smaller
number in Theorem 2. Consider the sequence

mo=4F 4+ 414 ... 40 = (1/3)(4F — 1), k=012,
By (2.2) and (3.1) we have
A(ﬂk b 1) = k4’° + A(nk_l bl 1) + MNe—1.

From this it follows easily by induction that

(3.5) A(m, — 1) = kmy, £E=0,1,2,-
Furthermore,
(3.6) tlogme =%+ 1— 3log3 + 0(4™), k=0,12---

We get, by (3.5) and (3.6),
A(m — 1) — (m/2)log me = — (m/2)log(4/3) + 0(1),
and the theorem is proved.
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