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TE+ nNz— TEx = TE+ 0z — TE+ )u+ TE+ na — TExn
+ T(Hm — T
= T+ 1 — £)[TE)x — T(Eo)n]
+ [TE + n)x — T(®)x]
+ T(¢ — £)[T¢E)n — T ()]
& T(E + L/ Eo)Vz + V. + T(E - Eo)Vn
CVi+Va+VaCV;

ie., [TE+n)—TE)]BCYV for [nI <8,a=E+7n=b, £y<a. This proves
the required continuity of the function {—T(§).

That T'(¢) is compact for £>£, follows from the fact T'(&) is a
compact operator and T'(§) =T (§—&,) T'(¢o) where T(§—&,) is a con-
tinuous linear map of E into E.
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TATA INSTITUTE OF FUNDAMENTAL RESEARCH, BoMBAY, INDIA

ON RECURSIVELY DEFINED ORTHOGONAL
POLYNOMIALS!

T. S. CHIHARA

1. Introduction. Consider a set { P.(x)} of orthogonal polynomials
defined by the classical recurrence formula,
(1.1) Po(2) = (% = ¢n) Pa1(%) — MaPnso() n=1,23---),
) P_1(x) = 0, Po(x) = 1, Cn real, Ang1 > 0.
In [2], the author initiated a study of (1.1) based on the chain
sequences of Wall [6], the fundamental relation being that the zeros
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of the P.(x) lie in a subset of [0, «) if and only if ¢,>0 and
{N/ (CaCatr) } is a chain sequence. This fact can be exploited to derive
a number of interesting connections between the behavior of the
sequences, {c,} and {\.}, and the spectrum of the distribution
functions, ¥ (support of dy(x)), with respect to which the P,(x) are
orthogonal.

In the present paper, we wish to continue this study of (1.1),
especially in the case where the spectrum is a denumerable set which
is bounded below and has no finite point of accumulation. In case
the associated Hamburger moment problem (HMP) is indetermi-
nate, however, such conclusions are meaningless in view of the fact
that in such a case there exist solutions of the HMP whose spectra
have derived sets coinciding with arbitrarily prescribed closed sets
[3, p. 59]. We therefore also consider the problem of deciding the
determinateness of the HMP on the basis of (1.1).

2. Preliminaries. We always assume that ¢, is real and N,31>0.
We then introduce the following notation:

{¢s, Ma} denotes the ordered pair ({ca}, {M11});

(P{c,., )\n} denotes the polynomial set {Pn(x)} defined by (1.1);

8{ca, \a} denotes the (unique) spectrum of the distribution func-
tions associated with (1.1) whenever the associated HMP is deter-
mined. The qualifying phrase, “provided the HMP is determined,”
is always understood when this notation is used;

X denotes the set of all pairs {c,., )\,.} such that ¢,>0 and
{)\,HLI/ (c,.c,.+1)}€€, where as in [2] @ denotes the set of all chain
sequences {a,} such that 0<a,<1.

Finally, writing a® =a, 1, we now prove:

LemMaA. If {c®—e, NP} € for k sufficiently large, then ${c,, \.}
has no accumulation points smaller than e.

If {8—55,"), Ay e % for k sufficiently large, then s{c,., )\,,} has no
accumulation points larger than 6.

ProoF. In general, 8{c,—¢, \a} = {x—c:xE8{ca, Na}} s0 that by
[2, Theorem 1], ${c,, N2} Cla, ) if and only if {c.—a, N} EX.
Thus if {<P—e NP}Ex, then ${c®, AP} C[e, ©). Hence by
[2, Lemma 7 1 8{0,., )x,.} contains at most k points smaller than e.

AISO:S{C—CMM} = {G—x:xES{c,,,)\,,} }sothats{cn,)\n} C(—»,b]
if and only if {b—-c,., )\n} € XK. Therefore, {6—05,'), )\ff)} € X implies
8{ —c® AP} C[-8, »), hence 8{ —cn, A} contains at most & points
smaller than —3§.

THEOREM 2.1. Let 6=0{ca, \n} and 7=7{ca, \a} denote the smallest
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and largest accumulation points (in the extended real number system)
0f ${¢Cay Na}. Then for every {B.} €€

lim inf {c,, + np1 = [(cn — Carr)? + 4)\,,+1/ﬁn]1/2} < 2g,

fn—> 0

lim sup {ca + Cat1 + [(n = Car1)? + Dnyr/BalY 2} = 2r.

n—> 00

PRrOOF. Assume (¢, —€)(¢ry1—€) >0. Then

an(f) = )\,.+1/[(C,. — ) (Cag1 — e)] = B
if and only if either

2.1) 2 = cn + Cut1 — [(6n = Cng1)? + WNnga/Bn) V2
or
(22) 2e = ¢n + Cnt1 + [(Cn - Cn+1)2 + 4>‘n+1/13n] 1z,

Therefore if (2.1) holds ((2.2) holds) for n= N, then by [6, Theorem
20.1] {a®(e)} €@ for every k= N. Then by the lemma, ${c,, \.}
has no accumulation points smaller than e (greater than €). That is,
o€ (1=¢) for every e satisfying (2.1) ((2.2)) for all » sufficiently
large.

CoROLLARY. If {¢,} and {1} are bounded, then
cx—2VN*=Z 00 and T = c*+ 2V/\*
where cx=1im inf, ..¢,, ¢*=1im sup,..cn, eic.

Proor. This follows from Theorem 2.1 by taking 8,=1/4 and using
the inequality

[(n = capr)” + 16Mnsa

If one considers some specific examples (e.g., the Jacobi poly-
nomials), the suggestion appears that in case lim,..c,=c¢ and
limg,..oAs =\, then ¢=c—2+/\ and 7=c+2+/N. This can be proven
using relations obtained in [2]. However, this and considerably more
has been proven much earlier by O. Blumenthal [1, pp. 16-18] who
showed that in the above case, the zeros of the P,(x) are everywhere
dense in [o, 7]. (Blumenthal considers the denominators of “S-frac-
tions” so, technically, his results deal with the case, § { Cny )\,.} Clo, »).
However, the general case is easily reduced to this by a translation
and an application of the relations obtained in [2, §2].)

A corollary of Blumenthal’'s theorem is the fact that if

1/2

]1/2 § l Cn — Cn+1| + 4)\n+1.
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Ra(x) = 2Ru_1(x) — ¥nRu—2(2),
(2.3) Ra(x) =0, Ro(®) =1, ¥1>0, (n=123,---),

lim Yon = Po, lim Yontl = Px,

fn— o n—o

then 8{0, 'y,.} has no accumulation points on the exterior of
S'=[—n, =¢]U[t, 7], where {=|T¥2—T¥?| and 9=TY?4+TV?, and
the zeros of the R,(x) are everywhere dense in S'.

This follows from the fact [2, §2] that R, (x)=P.(x?) where
{P,.(x)} =<P{c,., 'y,.} with

(2-4) Cn = Yon—1 + Yen, An+1 = YonY2n41 (" = 13 2, 3, R 4 W 0).
Moreover, we also have
(2.5 Y1 =Musca and gy =1 —mur)ca (B=1,2,3,--")

where the m, are the minimal parameters of {)\,.+1/ (c,.c,.+1)} = {oz,.}.
Since lim,.oa,=L=TT1(Ty+T1)2<1/4 if T'y>T1, we have by
[2, Lemma 4]

lim m, = 3[1 + (1 — 4L)1?],

fn—> o
where the + sign is taken if and only if {«.} determines its param-
eters uniquely. Thus (with T'y#T}), Ty <T': if and only if {a,,} deter-
mines its parameters uniquely, hence by [2, Theorem 5] if and only
if 0 is an isolated point of 8{ca, )\,.}. That is,

if To>T}, then 0€:8{0, .},

if Ty =Ty, then 068{0, 'y,.} and 0 is an accumulation point if and
only if I'y=T\.

The preceding—in particular the final assertion—can be nicely
illustrated by taking vs. =@, Yoa;1=>0 (n=1). We find from (2.4) that
61=a, canp1=a+b and \py1=ab (n=1). For the “kernel polynomials”
{Q,.(x)} =(P{d,,, V,.} (see [2, (2.7)]) we have d,=a+b and vny,=ab
(n=1). It then follows that the Q.(x) are essentially Tchebicheff
polynomials of the first kind:

On(x) = (ab)*2U,(2), z = (x — a — b)(4ab)~1/2,
The P,(x) are co-recursive with the Q.(x) and [3, §5]

Pu(x) = 0u(%, ©) = (@0)"2[Ua(d) + (/)*2Uns®)], ¢ = — (5/4a)!"2
Also, the P,(x) are orthogonal with respect to (sgn x)dy(x) where

dY(x) = z7'(1 — 2)Y2dx for (e — VB2 S xS (Va+ V0b)?
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with dy/(x) =0 otherwise if |c| £1/2 (b<a) while if |¢|>1/2, then
dy(x) =0 otherwise except for 2= — (a+b)(4ab)~1/2 (x =0) when ¢ has
a jump of magnitude (b—a)/b.

Since the R,(x) are orthogonal with respect to dy/(x?), we see that
8{0, 'y,.} has the asserted properties.

3. 6{cay M}=o. In [2, Theorem 8] it was proved that if
limy . ¢, = © and lim supn ..o Ang1/(€aCayp1) =L <1/4,theno =0 { Cny )\,.}
= . The question of whether we can have o= « when L=1/4 nat-
urally arises and can be affirmatively answered.

THEOREM 3.1. If for some {8} €e€,
. CnCng1 — Ang1/Bn
lim — = w,
n—® ¢n + Cntl
then 0 {cay N} = .
ProoFr. With the aid of Bernoulli’s inequality, we have

Any1/Bn — 407;Cn+1]1/2

(6o — Gns)? + Buss/Ba] 72 = (60 + capn) [1 +

(Cn + Gn-}-l)2
CnCn. - An n
< Cnt Copr — 2_“_____1“/_3 .
¢n F Cap1
Thus by Theorem 2.1,
CnCnt1 — }\n+l/ﬂn
-_— ag.

n— o Cn + Cnt1

The simplest criterion is obtained by taking 8,=1/4: ¢ {c,, A\a} =
if
nln. - 4An
(3.1) lim St 7 Fet
n—o  Cp + Capr
For example, if ca=n, Mpj1=(n+1)(n—+/n)/4, then (3.1) holds.
Moreover, by Carleman’s criterion [4, p. 59] (see (4.1)) the asso-
ciated HMP is determined.
A slightly more general criterion for o {c,, \,} = @ is

(3 2) lim CnCnt1 l:l 16n(n + l)a,.] )\,.H
. —_— = ’ Qp = .
a—® Cp + Cnt1 (2” + ].)2

This can be obtained by taking 8,=(2rn+1)%/[16n(n+1)] ({8.} has
parameters g,= (2n-+1)/(4n+4)). In particular, if @, £1/4,

CnCnt1
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CnCnt1 [1 16n(n + l)a,.] S CnCnt1
2n 4+ 12 47 (o + ear)(2n + 1)2

s0 (3.2) holds if ¢, =n?f(n), where lim, ., f(n) = «. However, this only
requires 4\, 11 S n2(n+1)2%f(n)f(n+1) so that Carleman’s criterion may
not apply. Thus it may not be clear whether or not we are dealing
with a determined HMP. We will consider this question in §4.

We next obtain a simple condition for o {c,, \s} = ® which applies
in certain cases where lim sup,., a, >1/4. In such cases, we must of
course have lim inf,., a, <1/4 since otherwise {c,.-l—a, )\,,} & x for
any a [6, p. 79] and we would have o {c,, .} = — .

Now suppose {a,.} €e and let 6,= M, —m,, where m, and M, are
the #th minimal and maximal parameters of {a,}. Then it is readily
verified that an,=+0,0,—1/4=(1—ga1)gn, go=(M,+m,)/2. Thus we
can take 8,=a,+06,0,_1/4 in Theorem 3.1 and obtain

¢n + Cn1

E —Cn+cn+l 4Bn ’

CnCnt1 = )\n+1/ Bn CnCn+1 ( an) CnCnt1 02071
en + Capa Cn + Cap1

so that: ¢ {ca, A} = o if

6136”—1 CnCnil >\u+l
3.3) lim = oo, an = .
n—o Oy + 8abn-1 Cn + Cntl CnCntl

In particular, (3.3) holds if {6,.} is bounded away from zero and
limp . Ca= .

For example, consider a periodic sequence {a,,} of period p. Sup-
pose {a.} €€ and let {M,} be its maximal parameter sequence.
Then {M®} is the maximal parameter sequence for {a®}={a.}
[2, Lemma 1], hence {M ,.} is also periodic of period p.

Also, if {m,} is the minimal parameter sequence, then {m®} isa
nonminimal parameter sequence for {a,}. It follows that m, <m®
< M® = M,. Hence

3.4 ulin:mnpﬂc:ﬁ‘kéMk (k=1,2,.---,p),

a=01—-x_1)nm, 0<xn<1 (k=1,2,:-,p;% = %),

where x,=pu; (=1, - - -, p) or xp=M; (=1, - - -, p).

Conversely, it is clear that {a,,} € if (3.4) is solvable. For the
particular case p =2, it is easily verified that (3.4) has distinct solu-
tions (w1, pe) and (My, M), ui<M,, if and only if va1++a:<1
(a unique solution if equality holds). Thus if {a,.} is periodic with
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period 2, then {a,.} € e and §,>min(M;—u, Ma—puz) >0 if and only
if vVai++va<l1.

Returning to (3.3), we have that a{c,., )\,.} = o if there exist con-
stants a; and @; such that +/a;++va:<1 and asiSa; (2=1, 2)
(and lim, . ¢, = ®).

4. Determinancy of the HMP. Since the question of the determi-
nancy of the associated HMP is involved in the preceding, it is desir-
able to have criteria for deciding whether or not the HMP is deter-
mined. Most of the well known criteria are expressed directly in
terms of the moments (naturally). For our purposes, it is desirable to
have criteria expressed in terms of the coefficients in (1.1) as is the
case with Carleman’s criterion:

4.1) it > A:ilf = «, the HMP is determined.
n=1

We turn to this problem now, restricting ourselves to the case where
the moment problem has a solution whose spectrum is a subset of
[0, «)—that is, {c,., )\,.} €& X—which is sufficiently general for our
purpose.

Therefore assume {a,.} = {)\,.+1/ (CnCas1) } €€ and let m, denote its
minimal parameters. Then there exist positive constants vy, (n=2)
such that (2.4) and (2.5) hold. Hence, referring to (2.3):

Pp(0) = R2a(0) = (—=1)™2vs * * - Yom
Y2Y4t * Yo

| 2a(0) 2= (a2 - -+ May)™| Pu(0) |2 =
Y3Vs ¢ Vondl

_(l—ml)°’°(1_mn—1)'

my s c  Mu1MpCpi1

Referring next to the “numerator polynomials” {PP(x)} = {c®, A},
we must have for the corresponding orthonormal polynomials,

(1) - mn) e (1 - ml.n—l)

| #n

2 (1
O] =
mi1 * * * M1,n-1M1nCni2
where the my; are the minimal parameters of {a,‘,‘)}. Now by [2,
Lemma 1], my, <my44, so that

(4] m

|22 @1 > | pata(0) |2

1--m1

But by a well-known theorem of Hamburger [4, Theorem 2.17}], a
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necessary and sufficient condition for the HMP to be determined is
the divergence of at least one of the two series

= 2 > W g
25O and X | pay
nm=0 n==(

We therefore have

THEOREM 4.1. Let {c., N} EX. Then a necessary and sufficient
condition for the associated HMP to be determined is the divergence of

Z | 5 @ |2 (1 mu)(1 — maz) « - - (1 — m1,01)
o] =
n=2 b u—2 mumiyz * © * M1,n—1M1nCn42

where the my, are the minimal parameters for {a}.
A number of results follow immediately from Theorem 4.1.

THEOREM 4.2. Let {ca, MJEXR, {c/, M} EXK. Let Nopi/(chehsr)
Sa, (n22) and ¢ =0(c,) (n— ). Then zf the HMP associated with
{¢ny Na} is determined, so is the HMP associated with {c., N }.

ProoF. Let {Q,.(x)} =(P{c,.' s N } and let m{ denote the minima.
parameters for {)\,’,+1/ (chchir) },","_2. Then my <my [6, Theorem 19.6].
It follows that

1)

cn+'z I [¢Y)

OIS |

n+2

where ¢{”(x) is the orthonormal polynomial corresponding to Q%(x),
the numerator polynomial corresponding to Q,(x).

THEOREM 4.3. Let {ca, N} EX and assume limn., an=L. Let
=[1—(1—4L)'2]/2. Then the HMP is indeterminate if
liminf (cat1/¢a) > (1 — )/b,

n—

or more generally if lim inf, ., ¢/*> (1 —p) /u. The HMP is determined
if
lim sup(cn41/cn) <(L —p)/m,

or more generally if lim supn .. cy" < (1 —p)/p.

 ProoF. If limy., @n=L, then [2, Lemma 4] 0SL<1/4 and
limy, ., Min=lim,.c M, =p. The theorem now follows immediately
from Theorem 4.1 by application of the familiar ratio and root tests
(in the latter case, using the fact that a convergent sequence and the
sequence of its geometric means have the same limit).
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Consider, for example, the Stieltjes-Wigert polynomials (see [S,
p. 32]) which are known to be associated with an indeterminate
moment problem (see [4, p. 22]). Up to a nonzero multiplicative con-
stant, they are the polynomials satisfying (1.1) with

en = a7 V2(gn + g7 — 1), Ang1 = a®(a” — 1), =q¢1> 1.
Carleman’s criterion does not apply but {c,,, s } EX,and
Cn 1 -
liman=ale+ )2 <1/8, lim P ea>a=—"~.
n—wo n—oo Cp M

Thus by Theorem 4.3, we verify the indeterminacy of the HMP.

We can handle, to a certain extent, cases when {a,} is not con-
vergent by combining Theorems 4.2 and 4.3. We also have the fol-
lowing result.

TuEOREM 4.4. Let {¢ay N} EX and a, £1/4 (n22). Then the HMP
is determined if

In particular, if an=1/4 (n=2), the converse is also true.

ProoF. The minimal parameters of the constant sequence {1/4}
are k/(2k+2) (=0, 1, 2,... ). Thus if {P,.(x)} =<P{c,., )\,.}, where
ANpp1=CaCap1 (n22), we have |p{P(0)]2=(n+1)?/cas2. The theorem
now follows from Theorems 4.1 and 4.2.

Returning to the example, ¢, =n%(n), A1 Sn2(n+1)2f(n)f(n+1) /4
(lim, ., f(n) = ), which was considered in §3, we see that the asso-
ciated HMP will be determined if D ., [f(n)]'= .
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