ERGODIC AND SPECTRAL ANALYSIS OF CERTAIN
INFINITE MEASURE PRESERVING
TRANSFORMATIONS

WILLIAM PARRY

0. Introduction. Throughout this paper T will denote a measure
preserving transformation on a o-finite infinite measure space
(X, ®, m) which is point isomorphic with the Lebesgue measure space
of the real line. Unless otherwise stated, T will be one-one. Equations
involving functions or sets will always be interpreted modulo sets of
measure zero.

T is said to be ergodic if T-'E=E, EC®, implies either mE =0 or
m (X—E)=0.

P. R. Halmos [1] has posed the problem of characterising spectrally
the property of ergodicity for o-finite infinite measure preserving
transformations. Our purpose is to show that the ergodicity of such a
transformation is not a spectral property. Let Ur denote the induced
unitary operator of Ly(X,®,m) onto itself defined by

Ur: f(x) = f(T2)

for f(x) ELy(X, ®, m). We produce two infinite measure preserving
transformations S, T one of which is ergodic and the other not
ergodic, such that

VUsV_l = UT

for some unitary operator V of L,(X, ®, m) onto itself.

Our examples are produced after an analysis of infinite measure
preserving transformations which satisfy conditions analogous to
Kolmogorov’s zero-one law. Extending the current terminology [2],
we call these transformations infinite K-automorphisms. Unlike the
finite K-automorphisms, infinite K-automorphisms are not necessarily
ergodic, for they may possess wandering sets of positive measure.
However, if no wandering sets of positive measure exist, in fact if the
conservative part of the transformations is not null, then an infinite
K-automorphism is ergodic. In any case all infinite K-automorphisms
have denumerable Lebesgue spectrum, and a completely dissipative
transformation has denumerable Lebesgue spectrum. (There is no
need to speak of the orthogonal complement of the constant func-
tions when the measure space is infinite since nonzero constant func-
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tions are not square integrable.) To prove our main result it suffices
to produce an ergodic infinite K-automorphism and a completely
dissipative transformation. Both transformations have denumerable
Lebesgue spectrum and are therefore unitarily equivalent. Con-
cretely, the nonergodic transformation S of the real line defined by

Six—>zx+1

and the ‘ergodic shift transformation T associated with the random
walk on the integers (with equal probabilities of 1/3 moving one step
to the left, remaining where it is, or moving one step to the right) are
unitarily equivalent.

1. Definitions. Two unitary operators Uy, U: of Li(X, ®, m) onto
itself are said to be unitarily equivalent if there exists a unitary oper-
ator V of Ly(X, ®, m) onto itself such that

VUV = U,

A unitary operator U of Ly(X, ®, m) is said to have denumerable
Lebesgue spectrum if there exists an orthonormal basis {f,;} (1=0, 1,
2,-++37=0,+1, £2, - - -) of Ly(X, ®, m) such that

U: fii = fiir

A set BE® is said to be a wandering set of positive measure if
m(B)>0and T:BNTB= if 15j.

By a theorem of Hopf [3], X decomposes into two disjoint T in-
variant sets C, DE® where C\UD = X, such that no ® subset of Cis a
wandering set of positive measure and there exists BE®, BCD,
satisfying U2 _, T:B=D and T:BNTiB= if i5%].

The sets C, D also have the following property:

For every integrable f with f(x)>0:

(1.1) if(T"x)=oo fx&EC and if(T‘x)<oo ifx & D.

=0 1=0

The sets C, D (which are essentially unique) are called the conservative
and disstpative parts of X respectively. If C is null T is called com-
pletely dissipative and if D is null T is called completely conservative.
Let @ be a o-finite sub-g-algebra of ®; then there is a partition
¢=¢(@) of X into sets ({-fibres) such that the class of ® sets which
are composed of whole {-fibres coincides with @. If T-'@ C @ then
T-¢ <¢ (i.e., every {-fibre is a union of T{-fibres) [4], [5]. Let X;
be the space whose points are {-fibres. If TE CF where E, F&{ de-
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fine T;C=D, as a point map of X;. (Obviously if x, y belong to the
same {-fibre then T, T, belong to the same {-fibre.) Let ®; be the
g-algebra of subsets of X; defined by @, and let m; be the measure on
®; induced by m; then T is a (possibly many-one) measure preserving
transformation of (X;, ®;, m;) onto itself. In fact (X;, ®;, m;, T3) is
the homomorphic image, under a map ¢, of (X, ®, m, T) where
¢;: x—C if xEC.
Let @ be a o-finite sub-s-algebra of ® and let 7-*@ C @ and let

1.2) VTae=a® <i.e., the o-algebra generated by U T@ is (B) ,

1=0 =0

1.3) ANTe= Sn(i.e., N 7@ is the trivial sub-g-algebra of (B),

=0 =0

then T is called an infinite K-automorphism.

If (1.3) is satisfied with @=@® then T is called an infinite exact
endomorphism and is necessarily ergodic.

If t=¢(@) and T is an infinite K-automorphism (with respect to
@) then Ty is an infinite exact endomorphism of (X;, ®;, m;). These
terms extend the existing terminology for transformations of a finite
measure space [2].

Let T be a one-one (or many-one) measure preserving transforma-
tion of (X, ®, m) onto itself and let BE® be a set of positive measure
such that almost all points of B return infinitely often to B under
both positive and negative iterations of T, then the induced trans-
formation Tg defined by

Tpx = Trxif x, T"x € B and Tix&¢E B, 0<i<n

is defined for almost all points of B, and is a measure preserving
transformation of B— N onto itself for some null set N. Suppose fur-
ther that the smallest invariant set which contains B is essentially
the whole space X, then T is ergodic on X if and only if T's is ergodic
on B—N [6].

If T-'@C @ where @ is o-finite and if T is conservative, then T4
is well defined on A€ @ (where 0<m(4) < ), (T3)4, is well defined
on

A; = 4);(1‘1) € Gy, and
(T1)a, = (Ta)ena

where {MNA4= {Ef\A : EE¢} is the partition of A4 induced by
¢t =t(@). Moreover, if V.o T"@ =@ then

(1.4
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Ti(@NA)Cand={ENA:EC a} and

V Ta@N 4) = &N A.

n=0

2. Ergodic analysis.

THEOREM 1. Suppose T-'@C @ and Vi, T*"G=® where @ is o-
finite and suppose A Q where 0 <m(A) <  and T 4 is well defined on
A. Suppose further that the smallest invariant set containing A is the
whole space X, then the following statements are mutually equivalent:

(i) T is ergodic on X.

(ii) Ty s ergodic on X;.

(iii) T4 7s ergodic on A.

(iv) (Ta)ina=(T7)4; is ergodic on A;.

ProoF. The implications (i)=>(ii) & (iv), (i) (iii)=(iv) present no
difficulties and (ii)= (i) follows from these implications and (iv)=(iii).
We show that (iv)=(iii). Suppose (T4)in4 is ergodic and T{'E=E
where ECA and EE®. Choose ¢>0 and FET3(@NA4) (FCA) such
that m(FAE) <e then m(T"FAE) <e where T4"FE aMA.

Consequently E can be approximated arbitrarily closely by sets in
@NA and therefore EE€ @NA. Hence E; is a (T4);na invariant set
and m;(E;) =m;(A4;) or mi(E;) =0 i.e. m(E) =m(A4) or m(E) =0.

CoROLLARY. If T is an infinite K-automorphism (with respect to Q)
then either T is completely dissipative or T is ergodic.

ProOF. Let D be the dissipative part of X. Let f(x) be a strictly
positive integrable function which is @ measurable. Then D
={x: 2 20 f(Tix) < © } € @. Therefore D is either null or essentially
the whole space X. If D is null then T is completely conservative. In
view of the theorem we need only show that there existsa set A€ @
with 0<m(4) < » such that the smallest invariant set containing
A is essentially the whole space. Let E=U,_, T-"A & @ then T-'ECE
and since T is conservative E is essentially invariant. Therefore E is
essentially the whole space X.

3. Spectral analysis.

THEOREM 2. If T is completely dissipative then Ur has denumerable
Lebesgue spectrum.

Proor. Let U;._, T"B=X where BE® and T'BN\TB=¢ if
1#%j. Let { fn} be an orthonormal basis of Ly(B, BN®, m) and define
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gn(x) = fa(x) ifx € B,
=0 if x & B,

then UfFg.(x) vanishes outside 7-™B. Consequently { f,,,,,,} = { Uq"-‘g,.}
is an orthonormal basis of Ly(X, ®, m) and Urfa,m= U ' fo=Frms1.

The proofs in the remainder of this section are similar to the proofs
of their ‘finite’ analogues, [7], [8].

LemMA 1. If T-1@ CQ where Q is o-finite and T is ergodic then @ is
nonatomic.

PROOF. Suppose 4 E @ is an atom of @ (i.e., if BE @ then either
BDA or BNA=¢) then 0<m(4) < = since @ is o-finite. Moreover,
T"4 is an atom of 7@ and since A€ @ CT*G(n>0), either 4 =T"4
or ANTr4 =. If A=T"A for some integer >0 then X=A4A\UTA
U . - - UT™14 since the latter set is T invariant. However, this would
imply m(X) < «. Consequently ANT"4 = & for all >0 and there-
fore 4 is a wandering set of positive measure contradicting the
ergodicity of T. (The o-algebra ® is nonatomic.)

LeEmMA 2. If T7'@ C@Q and T7'G# Q@ where @ is o-finite and T s
ergodic, then the orthogonal complement of Lo(X, T-'@, m) in Ly(X, @, m)
has infinite (denumerable) dimension.

Proor. Let H®UrL = L where L = Ly(X, @, m) and UrL
=Ly(X, T-'@®, m). Since T-'@ @ we know that H is nontrivial. Let
0#£fEH and let

F = {x: f(z) # 0}
so that FE @ and m(F)>0.
Let xrL = {xrg: gL} and xrUrL= {xrg: g€ UrL}, then since F

contains no atoms of @, xrL has infinite dimension.
Define H; CH by

H,® xrUrL = xrL.

If xrUrL has finite dimension then H; has infinite dimension. Sup-
pose xrUrL has infinite dimension and choose an independent basis
{xrfa} CxrUrL(f»€ UrL) such that the functions f, are bounded
then {f f-} is an independent set and each function f f, is @ measura-
ble, square integrable and vanishes outside F. Moreover, for each
ge UTL

f falxrel=dm = f flfugl-dm =0
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since fEH and f.g& UrL. Therefore { ffa} is an independent se-
quence of functions in Hy CH i.e., H has infinite dimension.

THEOREM 3. If T is an infinite K-automorphism then Ur has de-
numerable Lebesgue spectrum.

ProoF. By the Corollary to Theorem 1, T is either ergodic or com-
pletely dissipative. In the latter case Ur has denumerable Lebesgue
spectrum by Theorem 2. In the former case we can invoke Lemmas 1
and 2. Denote by H, the orthogonal complement of UrL in L where
L=LyX, @, m). Then H has infinite denumerable dimension. Let
{f.} be an orthonormal basis of H. It is not difficult to see that
.o UPL is the trivial subspace of L and U;., Ur"L is dense in
Ly(X, ®, m). Repeated application of the decomposition L= UrL ® H
yields

LX,®,m) = & UrH

and therefore {fu.n}={Upf.} is an orthonormal basis such that
Urfam= U’z”an = fnm1.

4. Conclusion. It only remains to give examples of ergodic infinite
K-automorphisms, and these are provided by the class of irreducible
aperiodic recurrent Markov chains, with stationary transition proba-
bilities and countable state space, which preserve a o-finite infinite
measure [9].

If T is an infinite K-automorphism [infinite exact endomorphism |
then T® =TXTX - - - XT (k times) is an infinite K-automorphism
[infinite exact endomorphism]. If T is an infinite K-automorphism
then for some integer k it may happen that 7® is ergodic but T*+b
is not ergodic. In fact this happens when T'® is conservative and
T@®+D is not conservative. This is precisely the phenomenon analysed
for Markov chains in [10]. It follows that the ergodic index [10] is
not a spectral invariant.
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