PARTIAL DIFFERENTIAL EQUATIONS AND
DIFFERENCE EQUATIONS

LEOPOLD FLATTO

1. Introduction. Let f(x;, - - -, x») be a real valued continuous
function defined in an z-dimensional region R and let it be a solution
of the overdetermined system of partial differential equations

(1.1) Pi(0/ox)f =0 (1=i=m)

where x=(x, - - -, X,), 8/0x=(3/9%xy, - - - , 3/9x,). The P/s are as-
sumed to be homogeneous polynomials with real coefficients. The
term solution is used to include the generalized solutions. A general-
ized solution is any function continuous on R which is a uniform limit
on compact subsets of C* solutions (see [2, p. 65]).

We wish to characterize those systems (1.1) for which all solutions
satisfy a difference equation

N
1.2) Suif(x+1ty) =0, xER, 0<t<e,.

t=1
The y,'s denote the vectors (yi, - * +, ¥i). The u;'s are real numbers
such that Y.¥, u;=0. The two dimensional wave equation

0°/0x1 — 8"/ox)f = 0
is a well known example of such a system. In this case

#1=#2=1,M3=#4= —1,
Y1 = (1) 0)’ Yo = (—17 0)7
Y3 = (0, 1), Vs = (0, —1)

The above described systems are characterized in §2. If the system
consists of just one equation, then we obtain a geometric criterion on
the discrete measure u which guarantees that all solutions of (1.1)
satisfy (1.2). We also obtain for this case a geometric criterion on u
insuring that (1.1) is equivalent to (1.2).

2. The characterization of systems whose solutions satisfy the
difference equation (1.2). We require the following two lemmas which
are of independent interest. We use the notation x-y=xy+ - - -
+%XnYn.
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LEMMA 1. Let A be a homogeneous ideal and let My be its associated
manifold of complex zeros. Let I Y., ae¥i'==0 whenever x& My. Then
A contains a polynomial which factors into linear homogeneous terms.
If the y.'s are real, then the linear terms have real coefficients.

It follows that if %= (P), then P splits into linear homogeneous
factors.

Proor. Let x& My. Since 2 is a homogeneous ideal zx& My for
complex z. Hence Y.V, a; exp[y:-x]z=0 for all complex #. This is
clearly impossible unless some of the (y,-x)’s are identical. Thus R(x)
= [Lisicisv (:—79,) -x=0 whenever x& My. It follows from Hil-
bert’s Nullstellensatz that R*€ Y for some positive integer k. R* is
the desired polynomial.

The functions discussed in Lemma 2 and in the remainder of the
paper are assumed to be real valued.

LeMMA 2. Let f be a C* solution of P(9/0x)f =0 for all x and let
P(x) = [I}-1 L¥(x) where the L;s denote distinct linear homogeneous
factors. Then f=fi+fo+ - - - +f, where f; (1=5j=7r) is a C* solution
of L5 (3/0x)f;=0.

Proor. The proof is by induction on 7. Assume that the lemma
holds for r—1. Let [];., L¥(8/9x)f=0 so that

(2.1) L/@/00)f = g1+ go+ -+ + g
where g;€ C* and L¥(9/dx)g;=0 (1 <j<r—1). Suppose that we have
r—1 C* functions f1, - - -, fr—1 where

(2.2) LI@/on)f; =g Li@/ax)f;=0 (1£j=r~1).
It follows from (2.1) and (2.2) that

(2.3) L@/ f— i+ -+ fm)] = 0.

Thus f=fi+ - - + +f.EC* and L¥(d/9x)f,=0. It remains to demon-
strate the existence of the functions fi, - - -, fr-1. We demonstrate
the existence of f1; the existence of fs, * - -, f,_1 is shown in a similar
fashion.

We choose a linear transformation x = T¢ such that the equations
2.4)  Li'0/ox)g =0, Li0/0x)fr =0, L'(8/0x)f = g

are transformed into

(2.5) g/t =0, d"f/oE =0, N/o =
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It follows by direct integration that gi=A;+ 451+ - - - +4,a8!
where Ay, 4y, - - -, Ayaare C* functions of &, - - -, £,.. We define f; as

ki & k-1
(26) fl(fl, Tty En) = Zfl f Ai("', £, - 0, En)(& - T) dr.
i=1 0

It is readily seen that fi(£, - - -, £,) € C= and satisfies 9%f, /3¢5 =0,
A% f1 /08y =g1.

We remark that the above result holds if f(x) is defined in a sphere
|x| <e(|x| =+v/(#+ - - - +42)) instead of all space, the proof being
the same as the one given above. It follows furthermore, from the
above proof that each f; may be written as

k —1
(2'7) fi = Z Ai(sﬂ) ] Ejn)gil
dm=1
where x=T;t;, T; being an orthogonal transformation and £;
=L;(x)/( Z:_l ax)?, Li(x) =a;-x. These remarks will be used in the
proofs of theorems (2.1) and (2.2).
We now state our main result.

THEOREM 2.1. Suppose that all solutions of (1.1) satisfy (1.2) for a
fixed x and a fixed t>0. Then the ideal ® = (P, - - -, Py) contains a
polynomial which splits into homogeneous linear factors. Conversely if
® contains such a polynomial then there exists a set of real numbers
P, v -, uy with Ov, ui=0 such that all solutions of (1.1) satisfy

(1.2).

PRrROOF. Let e2'= be a solution of (1.1); i.e. P,(3)=0 (1=:=m). If
all solutions of (1.1) satisfy (1.2) for a fixed x and a fixed £>0, then
Zf’_lp,-e“‘”-ro whenever P.,(z)=0 (1=7=m). By Lemma 1, the
ideal @ contains a polynomial which splits into real linear homo-
geneous factors.

Conversely let ® contain a polynomial P(x)= []’., L¥(x), the
L;s being distinct linear factors. Then P(9/9x)f=0 provided f is
a C= solution of (1.1). By Lemma 2, f(y) = >_¥, fi(y) for |x—y| <e€,
f; being a C* solution of L7 (d/dy)f;=0. Let A;(t)f =f(x+ta;) —f(x)
where L;(x)=a;-x and let g;(s) =f;j(x+sa;). Then gfi(s)=L}(d/dx)
-f(x+sa;) =0 so that g;(s) is a polynomial of degree <k;. It follows
that A¥(£)f;=0 for ¢ sufficiently small. Letting A(t) =Af(¢) - - - AP(2)
we have

(2.8) A@)f =0

for ¢ sufficiently small. (2.8) can clearly be rewritten in the same form
as (1.2). Since every solution is a uniform limit of C* solutions on
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every compact subset of R, we have all solutions of (1.1) satisfying
A(t)f=0.

In the case where system (1.1) consists of just one equation
P(3/3x)f =0 we can easily obtain a geometric condition on the dis-
crete measure u which insures that all solutions satisfy (1.2). In
view of Theorem (2.1) we assume P = []’., L¥, the L;s denoting
the distinct linear homogeneous factors. We obtain the following re-
sult.

THEOREM 2.2. The solutions of P(9/0x)f =0 satisfy (1.2) if and only
if for any line | perpendicular to the hyperplane L;(x) =0 (1=i=7r)
we have

(2.9) 2 mlip) =0 (OSs=k—1)

where the summation is extended over all y; which lie on l. P(3/0x)f =0
is equivalent to (1.2) if and only if (2.9) holds and u has a nonvanishing
moment of order Y _, kj.!

ProoF. Suppose all solutions of P(d/9x)f=0 satisfy (1.2). For
each j (1=<j=r) we introduce an orthogonal transformation y=T
where

n 9 1/2 n
&= Li(y) / ( kz,: ajk) ;s Li(y) = kZ @Y
o =1

Let y;=Tjt (1=4=N) and let g(¢) =f(x+7T;¢). Equation (1.2) is
transformed into

(2.10) f.:lmg(t&) = 0.

We choose g(&1, - - -, &) =£K(£,) where KEC=, £,= (b, - - -, £a),
and 0Ss=<k;—1. f will then satisfy P(3/9x)f =0 and (2.10) becomes
(2.11) immwm=a

Let 4, - - -, lg denote those lines perpendicular to the hyperplane

L;(x) =0 and containing at least one mass point u;. Let 7 denote the
£, co-ordinate of /. For each Iy (1=<k=q) choose a K to be =0 at
tn; (1=5j=q, j#k), and =1 at tn. (2.11) then becomes

(2.12) Sugi=0

1 The order of moment the [y « « - y2ndu(y) is defined tobe ay+ + + + +an.
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or equivalently

(2.13) 2 wili(y) = 0

the summation being extended over all y; which lie on /.

Conversely suppose that (2.9) holds. Let f be a C* function satisfy-
ing P(d/dx)f=0. By Lemma 2, f(x+y)=fily)+ - +f:.(y) for
|y| <e, where LY (9/9y)f;=0 (1=j=r). It follows from the represen-
tation (2.6) that .Y, wifi(s +ty) = 0 for 0 <t < ¢. Hence
Zﬁl wif(x+ty;) =0 for 0 <t <e,. The same result is obtained for any
solution by finding a sequence of C* functions fi, f5, - - -, satisfying
P(3/3x)fi=0 (1=j< ) and tending to f uniformly on compact
subsets of R.

To prove the second part of theorem (2.2) we first remark that
condition (2.9) implies P] Qr (£k< ) where Qv= 2.V, wi(x-y)k
For let

N
¥ =Tw o = Ty, 3! = Tiyi A Si S N), QuT5 o) = 2 wile, 90 )%

=1
Condition (2.9) implies that /%[ Qj(x") or L}|Qs, (1<j=<r). Hence
P| Qi If p has a nonvanishing moment of order M= >y k; then
QOx#0 and P[ QO means that Qy =cP where ¢ is a constant 0. If
f& Cand satisfies (1.2), then fis a solution of Qx(3/0x)f=0 (1 =k < ).
The proof of this is identical with the proof of theorem (2.1) in [1].
Thus if condition (2.9) holds and if x has a nonvanishing moment of
order M, then all solutions of (1.2) satisfy Q(d/8x)f=0 so that
P(3/0x)f=0 and (1.1) are equivalent.

Suppose now that all moments of order M wvanish. Let P(x)

=2|8|=M ¢, x* where s=(s1, - + -, Sn), Is} =514 -+ - FSp,x=x1 - - -
wpyst=s1! -+ - sx!. Then

P@O/ox)P = > s!cf # 0,

| 8| ==

N M
2o wiP(x+ty) = 2 1/ Qu(8/9x)f = 0
=0 k=0
so that (2.1) and P(3/0x)f =0 are not equivalent. Hence the equival-
ence implies condition (2.8) and the existence of a nonvanishing
moment of order M. A
Stated differently, (1.2) is equivalent to [];_, L¥(3/dx)f=0 pro-
vided (2.9) holds and D_;_, &, is the smallest order of a nonvanishing
moment of u. We illustrate this result with the following example.
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Let N=9; let y; (1=57<9) denote the nine lattice points (x1, %)
with 0=x, =<2, 0=x,=<2. The mass u of the point y; is given by the
number next to the point (see diagram). A direct calculation shows
that the first nonvanishing moment is of order 3 and it can be seen
by inspection that condition (2.9) is not fulfilled. Hence, in this case
(1.2) is not equivalent to a single equation P(3/9x)f=0.

Xz

A
-2 6 —4

BIBLIOGRAPHY

1. L. Flatto, Functions with a mean value property, J. Math. Mech. 10 (1961),
11-18.

2. 1. G. Petrovsky, Lectures on partial differential equations, Interscience, New
York, 1954.

BELFER GRADUATE SCHOOL OF SCIENCE, YESHIVA UNIVERSITY



