ON POINTS OF JACOBIAN RANK k. II
P. T. CHURCH!
In this paper the following theorem is proved:

THEOREM 1. Let f: M*—N? be C7, where M and N® are C" manifolds,
and let Ri(f) be the set of points in M™ at which the Jacobian matrix of
fhasrank at most k (0 =<k Zmin(n, p)). Let ix: Tm(N? —f(Ry)) =7 m(NP)
be the homomorphism on the mth homotopy groups induced by the inclu-
sion map i. Then ix is an isomorphism (onto) for m+k<p—2 and
r Zmax(n —p +m + 2, 1), and is onto for m +k < p — 1 and
rzmax(n—p+m+1, 1).

In the previous paper [3] this theorem was proved except that the
hypothesis “C»”, rather than “C’, where r 2max(n—p+m-+2, 1)”
etc., was used. Besides improving the differentiability hypothesis, the
present proof is shorter, and shows the connection between this theo-
rem and a theorem of Thom [10, p. 26]. On the other hand, this proof
does not yield [3, (1.2)], whose proof requires almost all the lemmas
of that paper.

From the examples of [3, p. 421, (3.3)] it follows that the differ-
entiability hypotheses of Theorem 1 are the best possible for all #, p,
and m with 0= p—n<m. A new proof of [2, p. 88, (1.3)] is also given
(Proposition 4).

Manifolds in this note are separable, without boundary, but not
necessarily connected.

REMARK 2. In his proof of [10, p. 26, Theorem 1.5] Thom used a
theorem of A. P. Morse [10, p. 20]; if Sard’s Theorem [9] is used
instead, the differentiability hypothesis can be changed from C* to
Cmextn—at1,D_ Also, in [10, Theorem 1.6] the hypothesis C! suffices.

Furthermore, if 7 is any positive integer and H on p. 22 of [10] is
the group of C diffeomorphisms rather than C», then Thom’s proof
of Theorem 1.5 actually yields 4 a Cr diffeomorphism.

The following lemma is essentially [3, p. 419, (3.2) ] with improved
differentiability hypotheses.

LEMMA 3. Let f: M"—N? be a C* map, where M™ and N are C"
manifolds, let k be an integer with 0 <k <min(n, p), let Q be a finite
polyhedron withdim Q=<p—1—k, and letr Zmax(n—p+dim Q+1, 1).
Let € be positive, let ACQ be a subpolyhedron, and let a: Q— N7 be a
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map such that a(A)Nf(R(f)) = . Then there exists a map v: Q—N?
such that v(Q)Nf(R(f)) =4, a|A='ylA, and the uniform distance
d(a, v) <e.

ProoF. We may suppose that M» and N? are C* manifolds [6,
p. 41]. By the Whitney Embedding Theorem N? has a complete
Riemannian metric g, and we may as well suppose that its given dis-
tance function d is that induced by g [5, p. 166, (3.5)].

Let Y be any compact set in M"; we first prove the lemma for
Ri(f) replaced by YNR(f). Let p=d(a(d), f(YNRL(S))), and let
V= {xENP: d(x, a(A)) <p./2}. We may suppose that e <u/2. Since
V is compact [5, p. 172], there exists », 0 <v <, such that for each
zE€ 7V the open ball U(z, v) with center z and radius » is that given by
[5, p. 149, (8.7)]. There exists an open neighborhood W of A such
that W#Q and «(W)C V.

We will define a map B8: Q — N? such that d(e, 8) <» and
B(Q)NF(YNRi(f)) = &. The manifold N? has a triangulation induced
by the differential structure [6, p. 101, (10.6)]; let 8: Q—N” be a
simplicial approximation toawithd(e, 8) <v/2.LetT;(:=1,2, - - - ,5)
be the (open) simplices of the polyhedron §(Q), in order of increasing
dimension.

If I is the identity diffeomorphism on NP, there is ([10, p. 26]
and Remark 2) a C diffeomorphism A4 of N? onto itself such that the
uniform distance d(4, I) <v/4 and f is transverse regular [10, p. 22]
on A~Y(T,). Since f has rank at least p —dim(I'1) (=) at each point
of f~1(47(l'1Y)) (it may be empty), and 2+ 1 = p — dim Q,
A~ T)Nf(Re(f)) =. Since a €' diffeomorphism may be approx-
imated by a C= diffeomorphism ([6, p. 39, (4.5)]; the fi in (4.3) and
(4.5) may be chosen to approximate f), there is a C* diffeomorphism
B such that d(B, I)<v/4 and B Y TO)Nf(YNR«(f))=&. Let
¥, =B"1

We continue by induction. Suppose that a C* diffeomorphism ¥;
of N» onto itself has been defined such that

(B:) d(¥;, I) < (271 — 2771y and \I/,-( l] I‘,—) N (Y N\ R(f)) = &.
=1
Choose £ such that 0<£<2-"?% and (since Uj., I'; is compact)
E< d(\I/;( 0 P;),f(Yf'\ Rk(f))>.
=1

As above, there is a Cr diffeomorphism A of N? onto itself such that
d(A4, I) <& and f is transverse regular on 4=1(¥(T';11)). Again
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A7N(X(Ti) N (Y N R(f) = I,

and we may suppose that 4 is C°. Let ¥, =A4"1,; ¥,,, satisfies
condition PB;;;. The map B=V,0 satisfies the desired conditions:
d(a, B) <v and B(Q)N(YNR(f)) = .

For each x&€ U, B(x)E V(a(x), v). Let ¢t be the continuous real
valued function defined on Q by

1(x) = d(x, A)[d(x, A) + d(x, Q — W)

For each xEW, let y(x) be the (unique) point on the geodesic join-
ing a(x) to B(x) in Ula(x), ») [5, p. 166, Theorem 3.6] such that

1(x) = d(a(), v(2))[d(a(z), 8]

for each x€Q—W, let y(x) =B(x). It follows from the proof of [S,
p. 150, Lemma 2] that v: Q— N7 is continuous (if ¢ is the diffeo-
morphism of that lemma, then vy(x)=exp(t(x) ¢~ (a(x), B(x))),
where - is scalar multiplication in E?). Since t=0 on A, 'y|A=a|A;
since 7| (Q—W) =8| (0~ W), ¥(Q—W)N(YNR())=g. Since
v(x) € U(a(x), v) for each x& W, and v <e<u/2, d(a(x), y(x)) <w/2
for each x€W; and since a(W) CV, d(a(x), a(A)) <u/2 also. It fol-
lows that y(W)N\f(YNR.(f)) = &. This completes the proof in case
Ri(f) is replaced by YN Ri(f), where Y is any compact subset of M™.
The manifold M»=U;%, ¥;, where Y;CY,;1 and Y, is compact.
Define inductively a sequence of maps v;: Q—N?(yo,=a) such that

d(vi(Q), f(Y; N Ri(f))) > 0

(call it 1)), 7,~|A = 75-1|A, and d(vj, vja) < 277, where
¢ <min(e, 7:) ¢=1,2,--+,j—1;7=1,2,-- ). Since N? is a com-
plete metric space, the limit of the 7; exists, call it vy; it is the desired
map. To prove that v(Q) N f(Ri(f)) = &, one observes that
YQNFVNR(D) =F (=1,2, - - -).

Theorem 1 is an easy consequence of Lemma 3 [3, p. 421].

The following statement was originally proved by the author [2,
p. 88, (1.3)] under the hypothesis C*, and then by Sard [8, §5,
Theorem 2] under the present hypothesis.

PRrOPOSITION 4. If M™ and N? are Craxtn—*.) manifolds, and f: M
—Nr 45 Coaxtn—k.D) then dim(f(Rx(f))) Sk. In particular, if M" and
N» are C! manifolds and f: M*—N" is C*, then dim(f(M™)) En.

We now observe that this theorem can also be obtained from
Thom'’s theorem |10, p. 26].

Proor. We may suppose that N? = E?, and prove that
dim(f(YNR«(f))) Sk, where Y is any compact subset of M". Suppose
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the contrary, i.e., dim(f(YNR:(f))) Zk+1. There exists a compact
subset C of f(YNR(f)) such that the homomorphism

*: H(f(Y N Ru(f)); Z) = HXC; 2)

(of the Cech cohomology groups with integer coefficients) induced by
inclusion is not onto [4, p. 151]. The Alexander Duality Theorem |1,
p. 52] applied separately to f(YNRx(f)) and C yields a homomor-
phism

Jx: Hp o a(EP — f(Y N Ri(f)); Z) = Hpra(EP — C; 2)

(of the Cech homology groups with compact support—augmented in
dimension zero) which is also not onto. Moreover jx is induced by in-
clusion. (The author is grateful to F. Raymond for verifying this fact;
cf. also [7, §5].)

Let z be a polyhedral cycle of E»—C whose homology class v is
not in the range of js, and let T' be the carrier of z. Applications of
[10, p. 26] as in Lemma 3 yield a cycle y&vy with carrier 4=}(T")
disjoint from f(YNRk(f)). Thus « is in the range of jx and a contra-
diction results.

There is a shorter and more natural proof by induction using
Thom'’s theorem and the inductive definition of dimension; unfor-
tunately it requires the hypothesis Cn.
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