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The Wiener space Cw of real-valued continuous functions x(/) on

[0,1] with x(0) = 0 is an inner product space with respect to the inner

product

(x\y) =    I    xit)yit) dt,       x, y E Cw.
Jo

Let ||x||, xECw, be the associated Hubert norm. According to Cam-

eron and Martin [l],

(0) f    exp{x||x||2} dwx = (secX1'2)1'2,       0 ^ X < — •
J c„ 4

In the present paper we consider

I    exp{X(x| y)} dwx.
ow

Our result is the following

Theorem 1. Let fiu) be a real-valued Lebesgue measurable function

such that J-Xfiu)eru du converges absolutely as a Lebesgue integral.

Then for any yGL2[0, l] and complex number p

I    f[xil)] exp{p(x\ y)} dwx

(1) C"

= lexP|^(||F||2-[Z(l)]2)}

/(w)exp{ -u2 + p[Yil) - Z(l)]«} du

where

(2) Yit) =    f  yis) ds,       Zil) =    f   Y is) ds,       t E [0, l].
J 0 J 0
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2. In particular

(3) J   exp{ß(x\ y)} dwx = exp j^-(||F||2 - 2Z(1)F(1) + [F(l)]2)| •

3. Furthermore for any real a,

(4) exp<—(xoly)2/"  Ú    I     exp{a(x| y)} dwx 5Í exp{a2||y||2} >

(5) exp{ —a2|[y||2} ^ exp{ia(x| y)} dwx ^ exp<-(.r0| y)2f

where x0(t) =t on [0, l].

Corollary 1. For 0^a<w/2

(6) I exp{a(a;| y)}(dwx) X (dwy)
J CuXCv

;£ (sec a)1'2

where the integral is a double Wiener integral on CWXCW with respect to

the product measure.

Corollary 2. Let a be real. Then for any {y„} ECW such that

limn,« |(*o|yn)| = °°,

(7) lim exp{îa(ic| y„)} dwx = 0.
n-»»    J cw

Proof of the theorem. For yECw, Y(t) as defined by (2) is of

bounded variation and furthermore Y'(t) =y(t) almost everywhere on

[0, l]. Thus for any xECw, by integration by parts

(8) f   x(l)y(t) dt=  f   x(t) dY(t) = 7(1)   f  dx(t) -   f   Y(t) dx(t).

If y(t)=0 almost everywhere on [0, l], (x|y) = 0 for all xECw and

(1) holds trivially. Assume that y(t) is not almost identically vanish-

ing on [0, l]. Then Y(t) is not constant on [0, l] so that the function

which is identically equal to 1 on [0,1 ] and Fare linearly independent

on [0, 1]. By the Gram-Schmidt procedure we obtain an equivalent

orthonormal system consisting of the function identically equal to 1

and

(9) W(t) = -TÏ-—n-,-{ Y(t) - Z(l)}w v     (IMI2- [¿(i)]2)1'2'
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where Z(i) is as defined by (2). Now solving (9) for F(0 and substitut-

ing the result in (8) we have

(10) f    x(f)y(f) dt = ciiy) f dx(t) + a(y)  f   W(t) dx(t)
J 0 " 0 " 0

where

(11) ciiy) = 7(1) - Z(l),       c,(y) = - (|| F||2 - [Z(l)]2)i'2

According to Paley-Wiener [2], if {«*(£)} is an orthonormal set of

real valued functions of bounded variation on [O, l],

I      (¡>     I    aiit) dxit), ■ ■ ■ ,   I    ajt)dxit) \dwX

1 /»CO /»CO

7T"

Í 2 2    )
exp{ — («l +   •   •   •  + «n) (  ¿«1  •   •   • d«n

for every Lebesgue measurable function c6(wi, • • • , un) for which the

integral on the right side converges absolutely as a Lebesgue integral.

Applying this result together with (10) and

I     exp{— s2 + as} ds = ir1/2exp< — >,

we have

J    /[*(!)] exp{/i(x | y)} dwx
o*

1 y» 00 /» 00

= — j     /(«) exp{yuci(y)« — m2} du-   J     expfjucaGO» — u2} dv
ir J _K ^-m

= — exp -J—- [c2(v)]2> J    /(«) exp{i«ci(y)« - w2} du,

which is (1).

Choosing /(m)e 1, we have

J    exp{p{xI y)} tf„x = exp<— [c2iy)]2> exph— [ci(y)]2>

,{^(||f||2-2Z(1)F(1) + [F(1)]2)|= exp •
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according to (11). This proves (3).

To prove (4), (5) we remark that according to Schwarz's inequality,

|Z(1)| g||F|| so that

(Z(l) - Y(l)}2 5¡ [|F||2 - 2Z(1)F(1) + [F(l)]2

1   } ^{!|F||+|F(1)|}2.

Again by Schwarz's inequality we have | F(l)| ú\\y\\ and also

dt Ú \\y\\||F||2=  C\ Y(t)\2dt =   f I f'y(s)ds
J o J 0   I " 0

so that

(13) {||F||+  | F(l)|}2g4||y||2.

On the other hand

Z(l) -  \    Y(t) dt=  j    <  f y(s) ds\ dt=  f y(s)(l - s) ds
Jo J o    \J a ! Jo

so that

(14) Z(l) - F(l) = -  f sy(s) ds=- (xo \ y)
Jo

where x0(t) =t on [0, l]. Thus combining (12), (13), (14) we have

(15) (xo | y)2 S || F||2 - 2Z(1) 7(1) + [7(1)]2 Ú 4||y||2.

Now (4), (5) follow from (3), (15). This completes the proof of the
theorem.

Corollary 1 follows from (4) by means of Fubini's Theorem and (0).

Corollary 2 follows from (5).
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