INEQUALITIES AND A LIMIT THEOREM FOR
CERTAIN WIENER INTEGRALS

J. YEH!

The Wiener space C, of real-valued continuous functions x(f) on
[0, 1] with £(0) =0 is an inner product space with respect to the inner
product

5] 9) = f sy dt, % 3E Co

Let le”, xE Cy, be the associated Hilbert norm. According to Cam-
eron and Martin [1],

2

© fexp{)\”x||2} duv = Geonmps, 05 <

©w

In the present paper we consider

fc exp{A{x| y)} duwa.

w

Our result is the following

THEOREM 1. Let f(u) be a real-valued Lebesgue measurable function
such that [*.f(u)ev du converges absolutely as a Lebesgue integral.
Then for any yE L,[0, 1] and complex number p

. Ax(V)] exp{niz| y)} dux

()
1 “2 2 2
= e {5 v - Lz}
7 serexp{ i+ ulv ) - 2]}
where

) Y(@) = fo y(s)ds, Z(t) = fo Y(s)ds, t€&][o,1].
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2. In particular

@ . elutel 9} dur = exp {od ¥l - 2200 ¥ + v}

3. Furthermore for any real a,

(4) exp {i— (xol y)ﬁ} =< fc exp{a(x| y)} dyx £ exp{a2||y|l2} )

5) exp{ -a2”y”z} < f exp{ia(x[ y)} dyxr < exp{ - az (xol y)2}

where xo(t) =t on [0, 1].

COROLLARY 1. For 0Za<w/2

(6)

=< (sec a)t/?

f exp{a(x| y)} [dwr) X (duy)
CypXCyp

where the integral is a double Wiener integral on C,X C, with respect to
the product measure.

COROLLARY 2. Let & be real. Then for any {y.} CCy, such that
lim,,..“, I(xolyn>| = «©,

n—w

) lim expfia(z| y.)} dux = 0.

PROOF OF THE THEOREM. For y&C,, Y (f) as defined by (2) is of
bounded variation and furthermore Y’(t) =y(t) almost everywhere on
[0, 1]. Thus for any x&E Cy, by integration by parts

(8) j; 2()y(@t) dt = j; () dY (@) = Y(1) j:) dx(t) — fo Y () dx(2).

If y(f)=0 almost everywhere on [0, 1], (x|y)=0 for all xEC, and
(1) holds trivially. Assume that y(¢) is not almost identically vanish-
ing on [0, 1]. Then Y(¢) is not constant on [0, 1] so that the function
which is identically equal to 1 on [0, 1] and Y are linearly independent
on [0, 1]. By the Gram-Schmidt procedure we obtain an equivalent
orthonormal system consisting of the function identically equal to 1
and

©) W) = {re -z}

1
(72 = [z(1)]yre
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where Z(t) is as defined by (2). Now solving (9) for Y(¢) and substitut-
ing the result in (8) we have

(10) f 2()y() dt = cr(3) f dx(l) + ca() f W) da)

where
1) ak) =¥ -2, «0) = - (¥~ [z

According to Paley-Wiener [2], if {ax(f)} is an orthonormal set of
real valued functions of bounded variation on [0, 1],

fc" ¢[fol at) dx(t), - - -, j;lan(f)dx(t):ldwx
= ,rj/zjlz L:d’(“l:"-,u,.)

'exp{—(u§+ - +uf,)} duy - - - du,

for every Lebesgue measurable function ¢(uy, - - - , u,) for which the
integral on the right side converges absolutely as a Lebesgue integral.
Applying this result together with (10) and

o a?
f exp{ —s? + as} ds = r'/2exp {I} ,

—o

we have

[ s espluts| ) s

1 > o
= :f f(u) exp{ycl(y)u — u"’} du- f exp{pcz(y)v - 1;2} dv

1 2 - '
= —exp {% [c2<y>]2} f f(u) expucs(y)u — w?} du,

7|'1/2
which is (1).
Choosing f(u}=1, we have

[, expluts| ) dur = exp {1 exp {2 Lo

Co

- exp {’{; (7]l — 22y v1) + [Y(l)]z)}



918 J. YEH

according to (11). This proves (3).
To prove (4), (5) we remark that according to Schwarz's inequality,
[Z(D)] || 7]| so that

{z() — v} = || Y2 — 2z Y (1) + [Y()]?
= vl + [ray |}
Again by Schwarz’s inequality we have | ¥(1)| £||y|| and also

9= [T voka= [0 [ o
so that

(13) U+ 1]}z = 4yl
On the other hand

Z(1) = j;IY(t) dt = j;l{j;ty(s) ds} dt = j;ly(s)(l —s)ds

so that

(12)

2
dt < ||y]|?

(14) z(1) - ¥(1) = — f $3(5) ds = — (| %)

where x0(f) =¢ on [0, 1]. Thus combining (12), (13), (14) we have
15) |y =Y - 2z0 7 () + [YO)] < 4]

Now (4), (5) follow from (3), (15). This completes the proof of the
theorem.

Corollary 1 follows from (4) by means of Fubini’s Theorem and (0).
Corollary 2 follows from (5).
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