ON A CLASS OF HOLOMORPHIC FUNCTIONS!
NICOLAS ARTEMIADIS

I. Introduction. In Part I of this paper, some inequalities, concern-
ing functions considered in Theorem 2, are obtained. In Part II we
introduce the class 4,. A function F(z) =z4 )_a,2*, (z=re'), belongs
to 4, if it is holomorphic in | z| <1,if the {a,| isreal and if there exist
a non-negative integer p and real numbers 7,, B, such that:

itnrf {sint-I[F(z)/(l - z)l’]} =B, (t=rea,0=r,<r<1).

For p=r,=B,=0 we get the class @ of typically real functions [3].
Theorems concerning the coefficients {a,.} of F(z), tauberian theo-
rems and summability methods for D_a, are obtained.
We denote by T(f) =¢(t) = [~ .f(x)ei*=dx, the Fourier transform of
fEL.

THEOREM a [1, p. 20). If fE€ Ly, |f(x)| SMin —h<x<h, h>0,and
¢(t) =0, then & L;.

The above theorem can be easily generalized as follows:

THEOREM 1. If fELi, |f(x)| <M in —hZx=<h, >0 and if
asarg ¢(t) Sa+(7/2), then ¢ & L.

Proor. We may assume a=0. If a0 we consider the function
fa(x) =f(x)e~i= for which 0 <arg T'(f.) <m/2. Next put

Fx) = [f@) + f(=0)]/2, G = [f(x) — f(—x)]/2i.
We have
T(F) = RT()) 20, T(G) =IT()z0.

It follows from Theorem a that R.T(f) €Ly, IT(f)EL,. Therefore

¢EL,.
Notice that since R.T(f), IT(f) both belong to L;, the inversion
holds, so that

f@) + f(—=x) = (1/x) waeT(f)e"“” dt a.e.,
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f(x) = f(=x) = (i/7) f wIT(f)e"“l di a.e.

THEOREM 2. Hypothesis. f € Ly; f(x) = 0 for x < 0; put (1)
= [2f(x) sin tx dx, sup, R [ty (t)] =4, inf. R.[t)(t)] =B and suppose
A, B finite.

Conclusion. For x=0

(@) If A=0 then 2R.[5f(y)dy = R.[5f(y)dy =0.

(b) If B=0 then 0= K[ f(y)dy < 2R.J3f(3)dy.

(c) If A0 then R, [3f(y)dy £ Ax.

(d) If B#0 then R.[3f(y)dy = Bx.

Proor. Consider the functions

fi®) = (1/2)[f() — f(=»)],
e forx=0
g(x)=0 forx <0 r>0,
gi1(x) = (1/29)[g(®) — g(—=)].
We find:
T(g) = t/@+ ), T(H) =), T[deM=l/2] = 4/(* 4+ ).
Also
R.T[(AeM=/2\) — fi* @] = R.[(4 — 50())/(t* + \9)]
= [4 - Ry@®)]/( + ) >0,
R.T[fi+ g — (BeNe/2N)] = R[() — B)/(* + )]
= [R#p(t) — B/(2 + 7)) 2 0.

2.1)

(2.2)

We have:
@3 fira= /) [ Ve ==y =[G Ho=a)]e> .

It follows from (2.1), (2.2) that the functions:
(AeM=1/2\) — Rffixg],  R.[fi* ga] — (Be#1/2))

are bounded, continuous and they have non-negative Fourier trans-
forms, which, by Theorem a, belong to L,. Therefore the inversion
formula holds everywhere:

AeMel f°° A — Ruay(t)

- R. * ezt df everywhere
2 1+l = PRy y
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Be Mzl 1 e Ru(t) — B

Rlfeed ==—==02) . —orw

et dt everywhere.

By taking the absolute values of both members we get:

" L[ A- R4
| (4eM=1/28) — R [fixgi] | = Z_Tf-w BESUN

2.4

(2.4) = (4/2) — Ru[fr* g1)oms,
N 1 ;e Ray(t) — B

@.5) | Ro[fl*gl] — (BeM=l/2)) l s ZJ‘_& 2 4 A a

= Ro[f1* g1)omo — (B/2M).
For x=0, we get from (2.3):

Rlfi% g1loco = (1/2)R. f 1) dy.

Suppose 4 =0. Then (2.4) becomes:

I Re[fl*gll l s - Rc[fl * gl]e-o
or

R/ [T+ = =y = 8) = e = ) + £ = Dl |

IIA

— /)R, f o) dy.

The conclusion (a) follows if in the last inequality we let A—0+4-.

If B=0, then conclusion (b) follows from (2.5) in the same way. Sup-

pose now A #0. We get from (2.4):

AeMzl— 4

e e e R Ce e PHO—Bled
—ro [y ay

and the conclusion (c) follows if A—0+. If B0, conclusion (d) fol-
lows from (2.5) in a similar way.

CoROLLARY. Hypothesis. f € Ly; f(x) =0 for x < 0; put ¥(¢)
= [f(x) sin tx dx, sup, I[tY(t) ] =A*, inf, I[tY(t) | =B*, and suppose
A*, B* finite.

Conclusion. The conclusion of Theorem 2 holds if we replace A, B,
R, by A*, B*, I respectively.
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Proor. Put ¢*() = [7(—4)f(x) sin tx dx. We have I[t(f)]
=R.[tY*()] and the corollary follows if in the conclusion of Theorem
2 we replace f by —if.

I1. Definition of the class € of typically real functions [3]. A func-
tion F(2) =24 D o anz* (3=re') is said to be typically real in the
circle |z| <1, if it is holomorphic in this circle and if F(z) is real for
real values of 2, but for no other values in |z| <1.

It follows from the above definition that the coefficients {a,} are
real. Also, one can prove, that FE @ if and only if, sign I F(z) =sign /z.
This last relation is equivalent to: sin ¢- I F(reit) 2 0.

As we mentioned in the introduction of this paper, the class 4, is
a generalization of the class €. More precisely, we notice that € isa
proper subclass of 4,. In fact, F(z) =[2/(1 —2)]+22? belongs to 4,
but not to €.

Also, if FEA,, we have for r <1 and ¢t=0, sin ¢ I[F(z)/(1—2)?]
=0; therefore B,=<0.

THEOREM 3. If FEA,, then:

(a) | @nt1 — a1 =2 — 4By,

(b) | aa|Sn(1 — 2By),

© 14+a+ -+ a1+ (a:/2)Z B

where n=1,2,3, -+ -, ac=0.
Proor. Put:
@™ + Gt fornZax<n+41,
fx) =
0 forx <0,

n=2012.:-,05rnr<1
(@) = f f(x) sin ix dx.
0

We find:

W) = 2sint-IF(3)
= [r 4 axr? cost + (asr® — r) cos 2t + (asr* — agr?) cos 3t + - - - ]
= 2B,.

Multiplying both sides by 1 + cos #¢ and integrating from 0 to 27 we
get the inequality:

7rr[2 + (@41 — a,,_lr‘2)r"“1] = 2B 27

or Ia,.+1—a,._1| <2—4B,, (n=1). Next put B,=inf;[ty(f)]. We have
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B,22B,. The function f satisfies the assumptions of Theorem 2,
therefore r+ayr2+ - - - +a,ar" 14 (a,r"/2) 2 B,n/2 = Bon. The con-
clusion (c) follows if we let r—1 —.

Note. For 7o=Bo=0 we get the well-known inequalities: |a,| <,
14a,+ - - - +a,_1+(a./2) 20 for the functions of the class € ([2],
[3]).

An analogous theorem can be given for functions of the class 4,
(p21).

Puts®=a,,s?= Y2 sV (p=1,2, - - ). Itis easy tosee that if
FE A, then Fu(z) = >_x., sPz" belongs to 4,. Applying Theorem 3 to
F, we get:

THEOREM 3*. If FE A, then

® @
(a) I Smpl — s,.ﬁ;|§2 — 4B,,

®) | |snl —2B) (n 2 1, 5" = 0),
(c) 14 s s+t (s,fp)/2)g3pn,

TuEOREM 4. If FEA) and F(r)~(1—r)"1 then
2 (P /k)~n (n— ).
k=1

Proor. By (c) of Theorem 3 we have: (s8/n) —(a./21n) —Bo20.
Also

S (6 /) = (an/20) — Bolr" ~ [(1 = Bo)/(1 — 7).

—"
It follows from Hardy-Littlewood’s theorem [4, p. 226]:
16078 — @/2) — Bl ~n = B ()
or
" 2160 — @/ ~n ().
By (a) of Theorem 3 we have:
2 —4Bo+ @pp1 — Gn1 = 0,

o

2 (2 — 4By + @np1 — a,._l)r" ~ [(2 - 430)/(1 - f)]

n=1

Applying again Hardy-Littlewood’s theorem we get:
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lim [(¢, + @n41)/n] = O.

n—rt oo
We write:
Gny1F Gnpz n+1 ( Gnt1 Qnta ) Qnya
n n \n+1 n+2 n(n + 2)

Since I a,.l <n(1—2B,) we have lim, ., [@,42/n(n+2)]=0. Therefore
limn -0 [(an+l +an+2)/n] =0= limn 00 [(an+l/n + 1) + (an+2/n+2) ]y

14 (a2/2) + (a5/3) + - - - (aa/m) = 0(n)  (n— + =),

and the conclusion of the theorem follows from (*).
To generalize Theorem 4 we state the following:

THEOREM b [4, Ex. 8, p. 242]. If 6,20 and (D _a.x")~(1—x)"*,
(a>1) then ngl ax~(n*/T(a+1)), (n— ).

THEOREM 4* If FE A, and F(r) ~(1 — 1), (a > 1) then
2 i1 (570 k)~ (ne+? /T (a+p+1)), (n— ).

ProoF. Put F,(x)= D o, sPz". Notice that F,EA4, Fur)
~(1—r)~(@t» and use Theorems 3 and b. The proof is very similar
to the proof of Theorem 4.

The following theorem provides a summability method for ) a,,
where F(z) = D_a,z" belongs to 4,. A similar theorem is given in [2]
for the class €.

THEOREM 5. If FEA,, (p=1) and lim,.1— F(r)=F(1) exists and is
positive then:

. T+
lim ——

n— n”"’l

(p+1) (rp+1)

M+ 4+ 4 sa1 + (s

(p+1)

/D] = FQ1).

Proor. From (c) of Theorem 3* it follows that:

Ba =570 — (57/2) — Byn 2 0.
If p>1 then D o, kur"~F(1)/(1—r)?+1 If p=1 then D no, kurn
~(F(1)—B,)/(1—r)2 In both cases we get the conclusion of the
theorem by applying Theorem b to the function D .., k7"

Note 1. Theorem 5 still holds if FE @ [2]. But the proof of Theorem
5 does not apply if =0, B,#0; therefore the question whether or not
Theorem 5 holds in this case is open.

Note 2. Theorems similar to those given for the class 4, could be
obtained for functions F(z) =2+ Y _a,z" where the {a.} are not neces-
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sarily real (¢, =a,+18,). One has to make the necessary assumptions
on

sin 2-I( D aaz™), sin ¢-1( D Baz®).
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