THE SHILOV BOUNDARY OF THE ALGEBRA
OF MEASURES ON A GROUP!

JOSEPH L. TAYLOR

If G is a locally compact abelian topological group and M(G) de-
notes the algebra of bounded regular Borel measures on G under con-
volution multiplication, then M(G) is a convolution measure algebra
in the sense of [1]. In [1] we showed that the maximal ideal space of
any such algebra 9% can be represented as the semigroup S of all
semicharacters on some compact abelian topological semigroup S. S is
called the structure semigroup of the algebra . If H= {h€.§: [ h(s)l
=0 or 1 for s€S}, then the Gelfand transform # of each element u
of M attains its maximum modulus on H (cf. [1, Theorem 3.3]).
Hence the closure H of H in the Gelfand topology contains the
Shilov boundary of M. In [1] we show that when M= M(G) for
some nondiscrete locally compact topological group G, then H is a
proper subset of S. In this paper we show that there is at least one
group G for which H is a proper subset of S. Hence, for this group G,
the Shilov boundary of M(G) is a proper subset of the maximal ideal
space of M(G).

For each positive integer # let T, be the multiplicative two point
group {1, —1} and set G=[].; Tu. G is a compact abelian topo-
logical group. For each # we let x, be the function which projects G
onto its #th coordinate. Each x, is a character in the dual group G of
G and each kEG is either the identity or a finite product of distinct
Xn'S.

S will denote the structure semigroup of M(G) and S the semigroup
of all continuous semicharacters on S. u—ug is the natural imbedding
of M(G) into M(S) (cf. [1, Theorem 2.3]). The Gelfand transform g
of € M(G) is described by the equation a(f) = [f dus for fES.

We are interested in a particular class of measures u in M(G). Let
{a}sm1 be a sequence of numbers in [0, 1) and for each # let u, be
the measure on 7, defined by u,(1) = 2-'(1 +r,) and u,(—1)
=2"1(1—r,). Each p, is a strictly positive measure of norm one on
T.. Let pu be the measure in M(G) which is the infinite product of the
. Thatis, if Uis any neighborhood in G of the form U= { 2EG: xa(g)
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=e,n=1,2,:--, m}, where {e,,}i',‘,l is any n-tuple of 1's and —1’s,
then u(U) = J[™_; 2-1(1+e.r.). Note that if  is any character of the
form k=%, Xa;, where xa,#x»,; for i5j, then

fkdp = ImI [27'Q 4+ 7)) — 2711 — 1)) = f[ Voo

i=1

We denote by 2(u) the Banach space of all measures in M(G)
which are absolutely continuous with respect to u. The adjoint space
of R(u) is Lo(u). Hence each function fES determines a function f/ in
L.(u), such that [fdvs=[f dv for each yEQ(u). The map r—vg is an
L-homomorphism of () into M(S) (cf. [1, Definition 1.3 and Theo-
rem 2.3]) and its adjoint map is the map f—f’. Thus, by Theorem 1.2
of [1], f—f" preserves pointwise multiplication and is a homomor-
phism of the semigroup S. We are interested in characterizing the
image of S in L.(u).

LemMA 1. Each function f' for fES8 is of the form lim, a [ [, xa*,
where a is a constant with Ia[ =1,e,=00r 1 for n=1,2,---, and
the limit is in Li(u) norm.

ProoF. If g&G we denote by §, the point measure at g. The func-
tion fES defines a multiplicative function k (not necessarily con-
tinuous) on G by k(g) =[f d(8,)s = &,(f). If G, denotes the subgroup
of G consisting of all g for which {x,,(g) };‘;1 is eventually 1, then there
exists a sequence {e,.},l, of 0’s and 1’s, such that &(g) = [ [, x."(2)
for gEGo.

Now for each positive integer m set Un={gCG:x.(g) =1 if
n<m} and E,= {g(—:G: xa(g) =1if n>m}. E, contains 2™ elements,
Un is a compact neighborhood of the identity, and {gUn: gEEn} is
a pairwise disjoint cover of G. Let #, be the characteristic function
of U,.. For each m we choose a collection of numbers {bm,¢}ser, With
Ib,,,,,l =1, which minimizes the number

/

We set kn(g) = X ocr, bm.oTm(gg’). The sequence {f| h,,,—f’l dy},:_,l
is nonincreasing and, since the continuous simple step functions of
norm =1 are dense in the unit ball of L;(u), it follows that this se-
quence converges to zero.

Fixmand for g€ E,,and Va Borel setof Gdefiney (V) =u(VNgUs),
then

f'(e) — Z bm,omm(gg") | du(g).

0'EE,
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Vo = “"ﬂz”-l|l"m”50m_l Yoy
= H I+ 7)'Q — 1) H (1 = 7)1 (1 + 74)801057 Vo
Xn (91)=—1 Zp (g2)=—1

Also, it follows from the definitions of f’ and & that f’(gg1) =k(g1)f'(g)
= J1Ir., xa*(g1)f'(g) a.e./u for each g€ E,.. Choose go& E,, such that
vadl=S1f" — | dvoy = mingen, [|vl|~2f|f' — kn|dv, and let an
=bm.ook(g0) and kn=[]™, x»*». Then

[17 - abalta= 3 [ 17 = uta]

01€E,

T bl [ 177 = k] docton

01€Ep,

ZE [lvaqll |72 f | //(61858) — ambm(g18578) | dva(g)
nEE,

]

S adlsall [ 1 knei6) ('@ = k(@) | @

01€EE,

= 2 Il [ 157 =l s
01€EE,

s 2 17 -tldn= [ 1y =il
NEE,

That is, [|f —ankn|du < [|f' —hn|du. Hence
{amkm}:=-1 = {am X:”} ”
n=1 m=1

converges in L;(u) norm to f’. If a is a cluster point of the sequence
{a,,.},,,, then {a]__I?.l x,.’"},“,f,l, also converges to f’ in L;(u) norm.
This completes the proof.

LemMA 2. If lim sup, 7, <1and f'=a lim,, [[7.; X.* as in Lemma 1,
with |a| >0, then there exists M, such that e,=0 if n>M. Hence
f'=ak where k= [[X, x.»E€G.

Proor.

J

Hence if {H;‘.‘_l x,.‘ﬂ};;,l converges in L;(u) norm, then either
lim sup, 7,=1 or {es}.m, is eventually zero.

m—1 m
II x” —Hx.."ldﬂ = fl 1= x| du = en(l — 7).

n=1 n=1
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For each positive integer z let 4, be the subset of [0, 1] consisting
of 1 and all finite products HI’;I ra, with n<m; fori=1,2,-- -, m
and n;#n; if 1#j.

LeEmMA 3. If lim sup, 7, <1, then the closure of G in the weak-* topol-
0gy of Lo(u) is {ak: kEG and a€N. 4..}.

PrROOF. If aE€N, 4, then there is a sequence {{pi.}m}r, of
tuples of distinct integers, with p; , 2#, such thatlim, [[i 7, . =a.
If kEG then k is a product of x,’s with p < M for some integer M;
set ha=Fk]]™ Xp;..EG. If U is any open-compact rectangle in G

of the form U={g€G:xq,.(g)=a,-} for j=1, 2,---, u where
{o;}i. is any u-tuple of 1’'sand —1’s, then [uh, du= [[7 7, Jok dp
provided n>gq; for j=1, 2, - - -, u, and »> M. Hence lim, Jvha du

= fvak du. From this fact and the fact that {h.}, ., is uniformly
bounded it follows that lim, %, =ak in the weak-* topology of L.(u).

Conversely, suppose % is in the weak-* closure of G in L, (u). Then
h=f" for some fES and hence, by Lemma 2, h=ak for some a with
|a| <1and kEG. Let {ka} be a net in G converging weak-* to ak.
Then lim, Rk, = a. If a is not 1 then we may assume that kk,
=TI xu,., where mio 5 nj. if isj. Then lim [kkqydu
=lim [[7, 7., =a. Also, since the weak-* limit of {kk.} is a con-
stant, it follows that, given n, eventually n; ,=#nfori=1,2, - - - , m,.
Hence a &N A . This completes the proof.

THEOREM 1. If lim sup, 7, <1, k€G,and 0< |a| <1, then ak=f" for
some f in the Shilov boundary of M(G) if and only if |a| ENa An.

Proor. If |a| €N, 4. then, by Lemma 3, la| is in the weak-*
closure in L,(u) of G. It follows that there exists % in the closure of
G in S such that h’'=|a|, that is, % is identically |a| on the carrier
of us in S. Then £ is identically |a| » on the carrier of ug in S for
each n. Since 0< l a| <1 it follows that carrier (ug)MNcarrier (u3) =&
for n=m. Let v(V) =fV|a|"1d15 du for each Borel set V of G. Then
carrier (¥3)Ncarrier (v3) = & for n>“m, and hence

£ Em-2()

where ¢ is the identity of G and 4§, is the point measure at e. Thus
v+8. has spectral radius 2 and it follows that there exists #, in the
Shilov boundary of M(G), such that |(+38.)(h)| = I p(h) +1] =2.
Since ||s|| =1, #(h) must be 1. Then [|a|~'akh] du=1 and we conclude
that k= |a|~'ak and (kh1)’ =ak. Now the Shilov boundary is clearly
invariant under multiplication by elements of G and, since the

16+ 89 =
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Shilov boundary is closed, it is invariant under multiplication by ele-
ments of the closure of G in S. Hence hh; is in the Shilov boundary.

Conversely, suppose ak=f’ where f is in the Shilov boundary. By
Theorem 3.3 of [1], fis the limit of a net {k.} CH={h€S: |h(s)| =0
or 1 for sES}. By Lemmas 1 and 2, there exist numbers a,, Iaa| =0
or 1, and characters k,, such that A, =a.k, for each a. Clearly,
lim, aa—a/lal and lim, k.= |a| k in the weak-* topology of L,(u).
Hence, by Lemma 3, [a] ENn. A

THEOREM 2. The Shilov boundary of M(G) is a proper subset of S.

PROOF. If {#,} .1 is chosen such that 0 <lim sup, 7, <1, then there
is a positive number a €M, 4,.. Then a =f for some f,ES, by Theorem
1, where f, may be chosen such that f,(s) =0 for each s&S. Hence,
€S for each complex number z with Re >0, and fZ =a=. It fol-
lows that for each b in the unit disc there exists f, €S, such that
f3=b. By Theorem 1, f, may be chosen from the Shilov boundary if
and only if [b| €N4.. However N, 4,C[0, lim sup, 7,]\U1 which is
a proper subset of [0, 1]. This completes the proof.
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