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1. It is well known that if T is a bounded linear transformation in

a Hubert space X, then the spectrum of T is contained in the closure

of the range of the functional (Tx, x) as x varies over the unit sphere

of X. In [2], Lu mer obtained a partial generalization of this result

for an arbitrary Banach space by endowing the space with a semi-

inner-product. In this note, a complete generalization is obtained for

a certain class of Banach spaces, using the work of James [l] on

orthogonality in normed linear spaces.

2. In what follows, X denotes a Banach space over the complex

field C having the following two properties:

(i) X is reflexive;

(ii) the norm in X has a Gateaux differential at each nonzero point,

i.e.,

G(x;y) = lim— {||x-f-Ay|| - ||x||}
a-»o  h

exists for every x^O and y in X (here h is real).

Lemma 1. For any x¿¿0, y, z in X and t real:

(a) G(x; x) =||x||, G(x; ix) =0,

(b) G(x;y+z)=C7(x;y)+G(x;z),

(c) G(x;ty)=tG(x;y).

The proofs of these are entirely elementary and are omitted.

We will need later some theorems due to James [l] concerning

orthogonality in normed linear spaces as defined by Birkhoff. Al-

though his work was done in real spaces, those of his results we need

can be carried over to the complex case rather easily. These are

listed below, the necessary modifications of James' proofs being indi-

cated where they are not obvious.

Definition, x is orthogonal to y (xXy) if for all k in C, ||x+£y||

= \\x\\-

Theorem 1 [l, Corollary 2.2, Theorem 4.1]. Suppose x, yEX,

xt^O. Then there exists a unique a(x, y)EC such that xLax+y. Fur-

thermore \a\ iS||y||/||x||.
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Proof. The existence of a and the estimate for a follow exactly

as in James. For the uniqueness, note that if xl.ax+y, x^O, then

G(x; ax+y) =G(x; iax+iy) =0. Writing a = a+iß and using Lemma

1, it follows that a is uniquely determined, namely

1    ,
(1) a(x, y) = rpn- ( ~G(X> y) + iG(x'> W

NI
Theorem 2 [l, Theorem 4.2]. If xXy, xLz, then x-Ly+z.

If we extend the definition of a(x, y) to all pairs in XXX by setting

a(0, y) =0 for all y EX, then it is routine to check, using Lemma 1,

that [x, y] = — ||y||2a(y, x) is a semi-inner-product on X, as defined in

[2]. Indeed, since the unit sphere in X is smooth by virtue of (ii)

above, this is the only semi-inner-product on X which agrees with

the norm. From Theorem 4 of [2], we now know that the approxi-

mate point spectrum of a bounded linear transformation T on X is

contained in the closure of the range of the functional —a(x, Tx) as

x varies over |x| ||x|| =l}. In fact, as we show in the next section,

the entire spectrum of T has this property.

3. The next theorem is stated in somewhat more generality than

we need; the present form, however, may have some interest in its

own right in perturbation problems.

Theorem 3. Let Lbea linear transformation, not necessarily bounded,

with domain D(L) and range R(L) dense in X. Suppose L has a con-

tinuous inverse defined on R(L), whose extension to a bounded operator

on X we continue to denote by £_1. Let Tbea bounded linear transforma-

tion XEX and suppose that for each xEX with ||x|| =1, a(x, TL~lx)

9*1. Then R(L + T) is dense in X.

Proof. Suppose Cl(R(L + T)) is a proper closed linear subspace

of X. Using (i), we can apply Theorem 7.3 of [l] (which generalizes

easily to the complex case) to conclude that there is an x^O orthog-

onal to Cl(R(L + T)). By the homogeneity of orthogonality, we may

assume ||x|| =1. There is a sequence {?*>„}, w„ED(L), with Lwn—*x.

Now

x ±(L+ T)wn = Lwn + TL~lLwn

and

x X a(x, TL~lx)x + TLrxx.

Using Theorem 2 and homogeneity, we conclude
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x±Lwn+ TL~lLw„ - aix, TL~lx)x - TLrH

= Lwn - aix, TL-Xx)x + Tlr\Lwn - x).

Passing to the limit as n—► w, it is easy to check that

x ± (1 - aix, FL"1x))x = Ax.

Since A 9^0, it follows from the definition of orthogonality that x = 0.

This contradiction completes the proof.

Notice that no restriction is placed on || F|| in this theorem. Now

the main result follows quite easily.

Definition. For F a bounded linear transformation X-+X, IF(F)

is the range of the functional — a(x, Fx) for ||x|| = 1.

Theorem 4. Let T be a bounded linear transformation X-+X, with

spectrum criT). Then <r(F)GCl(lF(F)).

Proof. Suppose Xf^Cl(IF(F)). Then a(x, Fx) is never —X for

||x|| =1, and o(x, (X —l)x— Fx) is never 1 for ||x|| =1. Writing \I—T

= I+(K-l)I-T,it now follows from Theorem 3 that R(KI-T) is

dense in X. From Theorem 1,

inf ||(X/ - 2>|| è   inf   | a(x, QJ - T)x) |
W = i 04-1

=   inf   |X + aix, Tx) \  > 0.
B4=i

Hence, X7— F has a continuous inverse, so X^o-(F) and the proof is

complete.
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