ITERATED »*-SEQUENTIAL CLOSURE OF A BANACH
SPACE IN ITS SECOND CONJUGATE
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1. If X is a real Banach space and S is a subspace of the second
conjugate space X**, let K(S) be the w*-sequential closure of S in
X**; thus if FEX**, then FEK(S) if and only if F is the w*-limit
of a sequence in S. If J is the canonical mapping from X into X**,
then K(JX) is norm-closed in X** [3]. In the present paper it is
shown that K(K(JX)) can fail to be norm-closed in X**, thus
answering a question raised in [4]. The proof is a modification of the
proof in [4] that K(K(JP)) can fail to be norm-closed in X** for P
a cone in X.

2. If [a; b] is a finite real interval, let B[a; b] be the Banach space
of all bounded real functionszon [a;b] with||2|| =sup {|2(¢)| :a St =b}.
If A is a subset of B[a; b], let L(4) be the set of all zEB[a; b] such
that z is the pointwise limit of a bounded sequence in 4. If X is a
closed subspace of the Banach space @ of all continuous functions
on [a; b], and if {x,.} is a bounded sequence in X which is point-
wise convergent to a function 2&L(X), Lebesgue’s bounded con-
vergence theorem [2, p. 110] shows that {Jx.} is w*-convergent
to an element FEK(JX) which depends only on z. The correspon-
dence z—F thus obtained is an isometric isomorphism from L(X)
onto K(JX), and for simplicity of notation we shall henceforth
identify L(X) and K(JX). In like manner, L(L(X)) and K(K(JX))
are isometrically isomorphic and will be identified with each other.

The main result will be shown to follow from the following theorem.

THEOREM 1. For each number ¢ 21 there exists a Banach space X
with the property that there is an x. €K (K(JX)) such that ||x|| =1, but
if { y*} is a sequence in K(JX) which is w*-convergent to xo, then
lim inf;."y"" =c.

ProoF. If s, , and B are positive numbers such that 0Ss—a—§
and s+a+B=3, let f(s; o, B) be the continuous real function on
[0; 3] whose values at the points 0, s—a—8, s—a, s+a, s+a+8,
and 3are 0,0, 1, 1, 0, and 0 respectively and which is linear on each
of the five subintervals so determined.
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If u, v, 4, j are in the set w of all positive integers, and ¢ <2¢, let
sui=2"% and ¢,;=2—2"°(142-7). By induction on p, it is possible to
choose irrational positive numbers c,;;, where p, 1, ¢€Ew and 1 <27,
such that

(1) Cpiq1=27"Cpiq;

(i) 2=24s,it2¢,0=3;

(iii) if 4 is odd, then f(2-s,i; €prjer €prig) is linear on the interval
[245p6—=2¢pa; 24s,6+2¢,a] if p'<p and j<27;

(iv) f(24spi; €paa, Cpin) vanishes at the points 2+4-sp;+2¢p5 if
p'Spandj<27.

Let X be the closed subspace of €[0;3] generated by
{x,,:p, qew}, where

2P—1
Xpg = Z f(spi5 5- 27778, 277—a=F)

il
p pte-1
(2.1) +o XX Sl 27, 2y
vm=l j=p
2P—1
+ Z f(2 + Spi; Cpigy Cps‘q)-
=1

For each subset S of [0; 3] let x(S) be the characteristic function
of S relative to [0; 3]. For each fixed pEw, the sequence {x,¢}¢cw is
pointwise convergent to the function

2y = x({spi:4 < 22} U {2 + 55018 < 29})

+ox({tiio s p 4},
and the sequence {x, } sew is pointwise convergent to the function
(23) 2= x({spip € w,i <22} U {2+ 5,000 € w, i < 22}).
It is easily verified that the norm of each x,, and each %, is ¢, whereas
||l%o]| =1. Thus {x,:pEw} CK(JX), and xeEK (K (IX)).

Now let { y*lreo be an arbitrary sequence in K(JX) which is
w*-convergent to x,; we must show that lim infy||y| Z¢. Each y* can
be regarded as the pointwise limit of a bounded sequence {y*};ca
in X. Without changing lim inf4|| 3*||, we can assume that y*(1/2) =1

for each k. Since {x,,:p, gEw} generates X, each y* can be taken in
the form

(2.2)

hk Ak
(2.9 y = E Q@pg%pgy

P.g€W
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where for each pair (k, k) only a finite number of the coefficients
aX are different from zero. Moreover, by a proof in [3, pp. 333-334],
for each h the sequence {y™}ic. can be chosen so that lim||y™|}
=1l

Let >0 be given. For each HEw let

(2.5) Sz = N {tef0;1]: Iy"(t)] < ¢ and |y"(2+t)| <e}.
h2H

Since \Uge, Sy contains all but a countable number of the points of
[0; 1] and is hence of the second category, there exists an integer
H,Ew such that Sg, is dense in a closed interval I. There exist
poEw and an odd integer 7, with 1=17,<2?0, such that the interval
Iy = [2-705y; 2-79,42-70-1] is contained in I.

Now x4(t,) =0 for each vEw. Hence there exists H, = H, such that
|y"(t..,)| <ecpo~!for all k= H; and v <p,.

Observe that y(f,,—2-2r—02) —yhk(t, —2-2r—o1) =g in every
case. Thus a),=lim, a); exists for all k, p, ¢, and lim, a}, =0 for
every pair (p, g). Since 1, is odd, there are only a finite number N of
pairs (p, g) such that p <p, and x,, assumes nonzero values on I
Hence there exists Hy>H; such that |al| <eN-! for each h=H,
and each pair (p, ¢) such that x,, assumes nonzero values on I, and
p <po.

Now fix an integer h=H,. Since y* is a Baire function of the
first class, y*» must have a point of continuity in the interval
G= {2+t:tEI}; then since ly"(s)l <e for all s in a dense sub-
set of G, it follows that there is a closed subinterval G, of G such that
|y"(s)| <2¢ for all sEG,. There exist p;>p, and an odd integer 4,
with 1 <4, <27, such that Gi= [245,,5,— 2¢pi1; 24 Sp4,+ 26041 ] SGo.
By the conditions on the numbers ¢,q, €ach x,, with p <p, is linear
on Gy, and each x,, with p = p; vanishes at the endpoints of G;. Hence
for each kCw,

y M(Z + sm"x)

2.6
( ) = Z a:: + %[yhk(z + Spriy — 26?1"11) + yu(z + Spiiy + 2‘?1"11)]:

P2 P1igEwW

and so there exists K(&Ew such that

> o

PRP1LQEW

2.7 < 4e for all 2 = K,.

Let 2y=2-7%,42-71-2 and let 2, be that integral multiple of
2-71-2 which is closest to 2-#9(:,+3~1). From (2.1) it can be veri-
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fied that there is an interval M, centered at 2; such that if ¢S M,,
then x,,(t) =0 for all p, g such that pySp=p1+1, ¢Ew. There is an
interval M; centered at 2; such that for all tE M,

1 ifpo§p§p1—1 and p+Q§p1'—l.
0 ifpospspr+1and p+g=2pi

It may be assumed that M; and M, have the same length. Since M1 CIT
and & 2 H,, there must be a subinterval M;of M such that | y*(f)| <2e
for all tE M. Since the interval M;= {tEMz:t"‘ (22—21) EM3} is also
contained in I, there exists & Mj such that |y"(z)| <e If p=Zp1+2,
the function x,, is periodic with period 2—? on I,; since 23—z is an
integral multiple of 2-7, it follows that x,.(2) =x,,(8—22+21) when-
ever p=p1+2.

Since k= H,;, there is an integer K; 2K, such that if 2= K; and
tEI 0y

(2.8)  wp(t) = {

Z a::xpa(t)

2<p0i2€w

Further, there is a K,2K; such that if k2K, then | y*(z)| <e and
| y""(z—zz+zl)| <2e. Consequently, if k= K,,

IR

PospsP1—1; ptasp—1

(2.9 <e

= |y —ntn) -y

hk
(2.10) - Z @pg%pe(2 — 22+ 21)
. P<po; g€«

+ E a::xm(z)l

P<po; ¢€w

< Se.

Since k= H, there exists K3= K, such that if k=K,

0_1 Z yu(tpp)

2<po

< ¢ (po— Decpo < e

@11) | X o

2<p¢; 9€w

Since y*(1/2) =1, there exists K= K; such that k= K, implies

p i)

Py 2

(2.12) <e

Now yu(tpo.m—l) =CZPOSPSPI—1; ptaezp a’::’ and hence if k2K, it fol-
lows from (2.7), (2.10), (2.11), and (2.12) that
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c—ll V¥ (tog.01-1) |

hk hk hk hE|
(213) = an_ E Gpq — Z Gpq — Z Gpq

P,9€w p<po; 9€w Pospsp1—1liptaspi—1 P21 €W

S —€ —€e—5—4e=1— 1l¢

Thus [|9*|>c(1—11¢) for all k=K, and hence ||y*|=Llim||y*|
=c(1—11¢).

We have shown that for every e¢>0 there is an H, such that
”y"” =c(1—11¢) for all k= H,. It follows that lim inf;.”y"” =c.

THEOREM 2. There exists a real Banach space X such that K (K (JX))
is not norm-closed in X**.

Proor. For each n&w there is, by Theorem 1, a Banach space X,
such that K,(K,.(J.X,)) contains an element x,, with ||x,,.|| =1, such
that if {yf',} rew i a sequence in K,(J,X,) which is w*-convergent to
%o, then lim infy||s}]| 2 #2. Here J,, for example, is the canonical map-
ping from X, into X}*, and K,(S) is the w*-sequential closure of .S
in X** for each SCX}*.

Let X be the Banach space P, )X, as defined in [1, p. 31]. Then
X*is isometrically isomorphic with P, X5, and X** with P X3¥;
we shall make the obvious identifications. Now xo= (#"1%,,)n, E X **,
and indeed x,ECI(K (K (JX))), since x, is the limit in norm of the
sequence {z;},«e«,, where z;=(1"'xp, 27 %02, + + ¢+, %04, 0, )
EK(K(JX)) for each i€w.

If x,€K(K(JX)), then x, would be the w*-limit of a sequence
{'w"};.e,,,gK(JX). For each #, n~'x,, would be the w*-limit of the
sequence {w}}ie. CK.(J.X,); it would then follow that lim infa/|aH|
=1lim inf;.“ud‘, | =n"n?=n for each nEw, contradicting the fact that
a w*-convergent sequence must be bounded in norm. Consequently
xoE K(K(JX)), and the proof is complete.
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