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1. If X is a real Banach space and 5 is a subspace of the second

conjugate space X**,, let K(S) be the «»»-sequential closure of 5 in

X**; thus if FEX**, then FEK(S) if and only if F is the w*-limit
of a sequence in S. If J is the canonical mapping from X into X**,

then K(JX) is norm-closed in X** [3]. In the present paper it is

shown that K(K(JX)) can fail to be norm-closed in X**, thus

answering a question raised in [4]. The proof is a modification of the

proof in [4] that K(K(JP)) can fail to be norm-closed in X** for P

a cone in X.

2. If [c; b] is a finite real interval, let B [a; b] be the Banach space

of all bounded real functions z on [a;b] with||z|| =sup {\z(t)\ :a^t^b}.

If A is a subset of B [a; b], let L(A) he the set of all zEB [a; b] such

that 2 is the pointwise limit of a bounded sequence in A. If X is a

closed subspace of the Banach space 6 of all continuous functions

on [a; b], and if {xn} is a bounded sequence in X which is point-

wise convergent to a function zEL(X), Lebesgue's bounded con-

vergence theorem [2, p. 110] shows that {Jxn} is «(»-convergent

to an element FEK(JX) which depends only on z. The correspon-

dence z-+F thus obtained is an isometric isomorphism from L(X)

onto K(JX), and for simplicity of notation we shall henceforth

identify L(X) and K(JX). In like manner, L(L(X)) and K(K(JX))
are isometrically isomorphic and will be identified with each other.

The main result will be shown to follow from the following theorem.

Theorem 1. For each number c^l there exists a Banach space X

with the property that there is an x0EK(K(JX)) such that \\xo\\ = 1, but

if {y*} is a sequence in K(JX) which is w*-convergenl to x0, then

lim inf»||y*|[^c.

Proof. If s, a, and ß are positive numbers such that O^s—a—ß

and i+a+/3^3, let f(s; a, ß) be the continuous real function on

[0; 3] whose values at the points 0, s—a—ß, s—a, s+a, s+a+ß,

and 3 are 0, 0, 1, 1,0, and 0 respectively and which is linear on each

of the five subintervals so determined.
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If u, v, i, j are in the set w of all positive integers, and i<2", let

sui = 2~ui and tv} = 2 — 2_"(l+2_y)- By induction on p, it is possible to

choose irrational positive numbers cpiq, where p, i, qQco and i<2p,

such that

W      Cpi,q^.l = ¿        Cpiq',

(ii) 2¿2+Spi±2cp,i¿3;

(iii) if i is odd, then /(2+V;i cj>'j«> <Vjs) is linear on the interval

[2+5„,-2cp,i; 2+spi+2cpa] if p'<p and j'<2"';

(iv) /(2+5p¿; Cpii, Cpii) vanishes at the points 2+sJ,', + 2c3)/Ji if

p'¿pa.ndj<2*'.
Let X be the closed subspace of e[0;3] generated by

{xpq:p, qQa}, where

2P-1

*p, = 22 /(v; s-2-*-«-«, 2-«-»)
t-i

p p+í—i
(2.1) + e 22  22 m\ 2—ï-*-2, 2—^2)

v—l    j—p

2P-1

T     ¿^ f\¿   +   Spi', Cpiq,   Cpiq).
1=1

For each subset 5 of [0; 3] let x(S) be the characteristic function

of S relative to [0; 3]. For each fixed pQoi, the sequence {xPÎ}ee<4 is

pointwise convergent to the function

(2 2) ** = X^Spi:i < 2P} Ui2 + s>i:i < 2">)

+ cx({t.r-v^Púj)),

and the sequence {#j,},,ew is pointwise convergent to the function

(2.3)     xo = x({spi:p Q o>, i < 2'} U {2 + Spcp Qu,i < 2"}).

It is easily verified that the norm of each xpq and each xp is c, whereas

||*o|| =1. Thus {xpipQw} QK(JX), and x0QK(K(JX)).
Now let {y*]j,ea be an arbitrary sequence in K(JX) which is

w*-convergent to x0; we must show that lim inf„||yA|| ̂ c. Each yh can

be regarded as the pointwise limit of a bounded sequence {y**}te«

in X. Without changing lim inf„|| y*||, we can assume that y*(l/2) = 1

for each h. Since {xpq:p, qQw} generates X, each yhk can be taken in

the form

(2.4) y    =   22  OpqX.
hk v-v      hk

P.«Su!
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where for each pair (h, k) only a finite number of the coefficients

o" are different from zero. Moreover, by a proof in [3, pp. 333-334],

for each h the sequence  {y^jtew can be chosen so that limjfcjly**!]-

-.Ml-
Let e> 0 be given. For each HE<» let

(2.5)    SH=   H  {te[0;í]:\yh(t)\  < e and | yh(2 + t) |  < e}.
A äff

Since Wj/Sm5h contains all but a countable number of the points of

[O; l] and is hence of the second category, there exists an integer

HoEu such that Sh0 is dense in a closed interval I. There exist

poEu and an odd integer i0, with i^ia<2pl>, such that the interval

Io= [2-poi0; 2-pH"o+2-p°-1] is contained in J.

Now x0(tvv) =0 for each »Gw. Hence there exists Hi^H<, such that

Iyh(tw)I <ec£o_1 for all h^Hi and v<p0.
Observe that yhk(tpp-2-2p-«-2)-yhk(tpp-2-2p-<'-1) =a£J in every

case. Thus ajj^lim* a" exists for all h, p, q, and lim* 0^ = 0 for

every pair (p, q). Since i0 is odd, there are only a finite number N of

pairs (p, q) such that p<po and xvq assumes nonzero values on /<>•

Hence there exists H2^Hi such that ¡ajj <eAr_1 for each h^H2

and each pair (p, q) such that xpq assumes nonzero values on I0 and

p<po.

Now fix an integer h^H2. Since yh is a Baire function of the

first class, yh must have a point of continuity in the interval

G= {2+t:tEl}; then since lyH*)! <e for all s in a dense sub-

set of G, it follows that there is a closed subinterval Go of G such that

|yÄ(s)| <2e for all sEG0. There exist pi>po and an odd integer ii,

with 1 èk<2p\ such that <n- [2+sPlil-2cPiili; 2+sJ,lil-f-2c3,1,-1i]CG0.

By the conditions on the numbers cp,„ each xpq with p <pi is linear

on Gi, and each xpq with p^pi vanishes at the endpoints of Gi. Hence

for each &£w,

yhk(2 + sPlil)

=      £    apq + \[y   (2 + sPlii - 2cPlili) + y  (2 + sPlii + 2cP1<ll)],
pípi;í6w

and so there exists 2£0£w such that

(2.7)
*—>      a*
2-,   aPi

pipi;«sw

< 4e   for all k ^ K0.

Let zi = 2~pl>io+2~pl~2 and  let z2 be  that integral  multiple of

2-pi-s which is closest to 2_po(io+3_1). From (2.1) it can be veri-
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fied that there is an interval Mt centered at z2 such that if lQMît

then xPq(t) =0 for all p, q such that po¿p¿pi+l, qQu- There is an

interval Mi centered at zi such that for all tQMi,

(2.8) Xpq(t)
(1    iip0¿p¿Pi-l

(O   if po ¿ p ¿ pi + 1

[1    if po ¿ p ¿ pi - 1 and p + q ¿ pi - 1.

po ¿ p ¿ pi + 1 and p + q^ Pi.

It may be assumed that Mi and M2 have the same length. Since MiQI

and h^Ha, there must be a subinterval M3 of Mi such that | yh(t) | < 2e

for all tQMi. Since the interval M'3={tQMi-.t — (zi—z^)QM%\ is also

contained in 7, there exists z£ilf3 such that |yA(z)| <e. If p^pi+2,

the function xpq is periodic with period 2~v on 20; since z2—Zi is an

integral multiple of 2~p, it follows that xpt(z) =xpq(z—z2+zi) when-

ever p^pi+2.

Since h^Hi, there is an integer Ki^K0 such that if k^Ki and

tQIo,

(2.9) «m*m(0
p<Po;<ts»

<  6.

Further, there is a 2£2 à 2£\ such that if fe ̂  2C2, then | yhk(z) \ < e and

|y**(z—z2+zi)| <2e. Consequently, if k^K2,

Ehk
aVq

pospspi-1; p+QiPi-i

(2.10)

= | y  (z — z2 + zi) — y  (z)

—        22       <h*Xpq(z — Zi + z
P<P0\ tSa

+        22       Oj.ÄdW |

<5e.

Since h^Hi there exists 2f3^2f2 such that if kè2CS,

(2.11)
hk

p<po; «6«

22 y (tpp)
J><2>0

< C    (po — l)tCpo    < €.

Since y*(l/2) = 1, there exists K^K» such that fe^2£4 implies

(2.12)
"(i)"

1   <

Now yfc*(<p0,Pl-i)=c22poSj><Pi-i; P+q¿PiaM< and hence if fe^^ it fol-

lows from (2.7), (2.10), (2.11), and (2.12) that
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<rx I yhk(tp0.Pi-x)

(2.13)   =
EAJfe ^-\ hk -^\ Kk ^-\ hk

dpq / j       Qpq / * &pq / j       &pq

p.gGw p<Po;qtw pospspi-1;p+«^pi—1 pfcpi;ae«

> (1 - e) - e - 5« - 4e = 1 - lie.

Thus ||yÄ'feI|>c(l-ll€) for all k^Kit and hence ||y*|| = limi||y**||

èc(l-lle).

We have shown that for every e>0 there is an H2 such that

||y*||èc(l-lle) for all h^H2. It follows that lim inf*||y*|| ̂ c.

Theorem 2. There exists a real Banach space X such that K(K(JX))

is not norm-closed in X**.

Proof. For each «£jco there is, by Theorem 1, a Banach space Xn

such that Kn(Kn(JnX„)) contains an element xon with ||x0„|[ =1, such

that if {y^jteu is a sequence in Kn(JnXn) which is «/»-convergent to

xon, then lim inf/,||y¡¡|| ère2. Here /„, for example, is the canonical map-

ping from Xn into X**, and Kn(S) is the »»»-sequential closure of 5

in X** for each SQX?.
Let X he the Banach space PH^)Xn as defined in [l, p. 31]. Then

X* is isometrically isomorphic with PtMX*, and X** with PmMX**;

we shall make the obvious identifications. Now x0 = (n~lxon)naEX**,

and indeed x0ECl(K(K(JX))), since x0 is the limit in norm of the

sequence   [«<},«„,  where  «••«■ (l-1*«i,   2_1x02, • • • ,  i^Xoi,  0, • • • )

EK(K(JX)) for each îGco.

If x¡¡EK(K(JX)), then x0 would be the «/»-limit of a sequence

{wh}h€wQK(JX). For each re, re-1x<,n would be the «»»-limit of the

sequence {w„\he^QKn(JnX„); it would then follow that lim infAj|ítíA|¡

èlim inffcll«^!! S; re-1«2 = re for each nEos, contradicting the fact that

a «/»-convergent sequence must be bounded in norm. Consequently

x0^K(K(JX)), and the proof is complete.
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