DIFFERENTIABILITY ALMOST EVERYWHERE
C. J. NEUGEBAUER!

1. In this paper we will give necessary and sufficient conditions
for a measurable function to be equivalent to one which is differenti-
able a. e. on a set E. The condition is in terms of Marcinkiewicz type
integrals which have also been recently the main objects in problems
of differentiability. The reader is especially referred to the important
paper on differentiability by E. M. Stein and A. Zygmund |8]. Their
results are crucial for our paper; in fact, our paper is essentially only
a slight refinement of their results and of a theorem due to Marcin-
kiewicz [2].

Let I,= [0, 1], and let f: I,—R be a measurable function, where R
is the set of real numbers. We will abbreviate the second symmetric
difference of f at x by A%f(x, t), i.e., A%f(x, t) =f(x+8) +f(x —t) — 2f(x).
It will also be useful to retain the notation e.(f) = lA"’f(x, t)l 21
introduced in [8]. We say that two functions are equivalent if they
differ on a set of measure zero. The measure of a set 4 will be denoted
by | 4|. The function ¢: R—R is defined by ¢(x) =1—|«|, if | x| <1,
and ¢(x) =0, le = 1. We are now ready to state the main theorem of
our paper.

THEOREM 1. A measurable function f: Iy—R is equivalent to one
which is differentiable a. e. on a measurable set EC I, if and only if for
almost every x € E there is n=1,.>0 such that
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We remark that (1) appears as a limiting case of

2 n—1
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It has been shown by E. M. Stein and A. Zygmund [8, p. 280]
that the finiteness of this integral a. e. in E is equivalent with the
existence of the L,-derivative a. e. in E.

It is an immediate consequence of a theorem due to Marcinkiewicz
[2] that if f is differentiable a. e. on E, then for almost every xEE
there is  =7,>0 such that the sequence
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is bounded. We will show that (2) is also sufficient for f to be equiva-
lent to a function differentiable a. e. in E. By examples we will show
that the “boundedness” cannot be relaxed.

2. We will collect now some definitions and lemmas which will
prove to be useful. Let f: I,—R be measurable, and let for yER,
E,= {x:f(x)>y}. For x,E I, define

[{€D)) =inf{y: |E,,f\I| =o(|Il), as |I| —>O,xo€I},

where I is the generic notation for an interval. The function g: I,—R,
which can be defined for arbitrary functions by replacing “measure”
by “outer measure,” was introduced in [1] and is called the upper
(measurable) boundary of f. The function g has the following immedi-
ate properties.

(P1) f(x) =g(x) at every point x of approximate continuity of f,
and hence f(x) =g(x) a. e.

(P,) For each %€, and each ¢>0, >0, the set {x: |x—x,| <n
and |g(x) — g(x0)| <€} has positive measure.

If f: I,—R is a measurable function, we will denote by fy (x) the
derivative of f at x neglecting sets of measure zero, i.e., there is a
set N., | N.| =0, such that fy (x) =lim,..[f(z) —f(x) ](z— )", s&EN..

LEMMA 1. Let f: Ii—R be measurable, and assume that fy (x) exists
XxEE. Then f is equivalent to a function which is differentiable on E.

ProoF. Let g be the upper boundary of f. Then g(x) =f(x) a. e.,
and, in particular, the equality holds for x€EE. Let x(€E and let
€>0 be given. There exists $>0 and a set N, |N| =0, such that

NC(xo—0, xo+8) and
g(2) — g(xo)
Z — X

We will show that N=gF. If N# ¢, the property (P;) would imply
that the inequality

—f*’(x)l§e,|z—xo|§6, z& N.

8(z) — g(xo)

Z — X

—f*' (xo) > €

holds on a set of positive measure in (xo—¥8, xo+9).

LEMMA 2. Let f: Iy—R be measurable, and let ECI,. Assume that
for each xCE there is a set N, such that (i) | N.| =0, (ii) A%f(x, £) = O(f)
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as t—0, tEN,. Then there exists a set NCIo such that | N| =0 and
A%f(x, t) =0(t), x = t&EN, for each xEE.

PRrOOF. Let N be the set of all points in I, at which f is not approxi-
mately continuous. Then |N I =0, and the desired property readily
follows.

REMARK. It is important to note that the set N above is indepen-
dent of xEE.

3. Let f: I;—R be measurable and let ECI, be measurable. It is
known [3] that the condition A%f(x, t) =O(t), xEE, implies that the
set of points in E at which f, (see, e.g., [6, p. 218]) exists has the
same measure as the set of points in E at which f’ exists. We need a
slight variant of this theorem obtained by relaxing the condition O(f)
to O(t), t&N,, ]N,I =0. In the conclusion, of course, f’ is replaced
by f¥ . The proof proceeds along the lines of [3]. The measurability
of certain sets will be established in much the same way as in [4]
which contains an extension of the above mentioned result in [3] to
several variables. Since the result is important for our purposes, we
will give the essential steps of the proof.

LeEMMA 3. Let f: Iy—R be measurable and let EC I, be measurable.
Assume that for each xEE there is a set N, such that (i) | N.| =0,
(ii) A% (x, £)=0(t) as t—0, t&EN,. If f,,(x) exists for xEE, then
foy(x) =fi (x) a. €. in E.

ProoF. By Lemma 2 there is a set NCIo such that | N| =0 and
A(x, t)=0(), x+t€EN, for each xEE. Let FLCF.C - - -be a
sequence of closed sets in Io— N such that f] F; is continuous and
H=UF,; has measure lIol =1. Let us set E(k j)= {xEHﬂE:
|A%f(x, t)| <k-t, 0<t=<1/j, x+tEH}. Then, as in [4], E(%, j) is
measurable and HNE=UUE(k, j). Thus the relation f},(x) =f¥ (x)
need only be verified at every point of density of E(k, j). We may
assume that 0 is such a point and that f;,(0) =0. Let ¢>0 be given.
There is a measurable set EC E(k, j) such that 0 is a point of density
of E and

|7/(®) — @] < (/B 2], =€E.

Let us now assume that x>0. The set 4.={x": (x'+x)/2€EE,
0<x' <x,and | %' —x| <ex} has measure

z x' +
f X ( x) dx' =~ ex,
(1—e¢)z 2
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where x(u) is the characteristic function of E. Hence there is
0<d<1/jsuch that ANE# 2, 0<x<8. Thus, if 0 <x<dand xEH,
then there is ¥’ €4,N\E and

2 4+ ,
16 =501 =|¥(55=) -1 -

x + x

+2)(555) 0+ i) - 10| < e

Hence f¢{ (0) =0, and the proof is complete.

4. We are now ready to prove Theorem 1. Let us first assume that
there exists a function g: I,—R equivalent with f such that g'(x)
exists a. e. in E. By [2], for almost every xEE there is 0=0,>0
such that

——dt < o,

@3) -

We will show that the integral (1) is finite at every x at which
g'(x) exists, g(x)=f(x), and (3) holds. Since A%(x, t)=0(¢), and
f(x)=g(x) a. e., there is 0<9<o, and N, |N,[ =0, such that
|A%(x, )| <t, 0<t<m, t&N.,. Thus for n22,

[ 'A’f("")‘”d,sif' | A% 01

2ngntl - o 13

f' | a%(x, 1) |2
[1]

from which we infer that

a2 0 2ntn+1 e 21:tn+l

The last integral is the same as the integral (1).

Conversely, assume that the integral (1) is finite for almost every
x. This implies that €,(¢) <1 for almost all & (0, 7.). Thus ¢(e.(?)) <1
for almost all ¢€(0, 7.), and hence

0 v all) _
J 5=, Y s

By [8, p. 253] f has a derivative in L; at almost all points of E, and
hence f},(x) exists a. e. in E (for an explicit statement of this see
e.g. [5]). Since A%f(x, £) =O(t), tEN., | N.| =0, we have by Lemma 3
that f/ (x) exists a. e. in E. Application of Lemma 1 completes the
proof.
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Using the same type of argument one can prove the following
theorem.

THEOREM 2. A measurable function f: I«—R 1is equivalent to one
which is differentiable a. e. on a measurable set EC I, if and only if for
almost every xEE there is n=1,>0 such that the sequence (2) is
bounded.

Proo¥. The necessity is due to Marcinkiewicz [2]. For the suffi-
ciency simply observe that the boundedness of (2) at a certain x
implies that |A2f(x, t)| =< Mt, 0<t<n, except for ¢ belonging to a cer-
tain set N, of measure zero, where M >1 is the bound of the sequence
(2). As above, the finiteness of the first term of the sequence (2) im-
plies the existence of f/,(x) a. e. in E, and hence the Lemmas 3 and
1 complete the proof.

5. The Theorem 2 raises the natural question whether or not the
boundedness of the sequence (2) can be relaxed to either (i) the
lim sup as p— is finite or (ii) each term in the sequence is finite.
We will show that the answer is negative in both cases.

(i) Leto(f) =(log 1/£)~V2, and consider the lacunary trigonometric
series

1

fx) = a(-—)

on

sin 2x
2n

By [8, p. 250] the function f(x) is almost nowhere differentiable and
satisfies A (x, t) = O(to(£)) for each x. From [8, p. 252] we infer that

[ | a0l

t!

for almost all x and any 9 >0. However, for n>2 and # small,
v | AY(z, 1) |» "ot ()
f—————l G0 dt§Mf ———Ut()dthf 7 4 < w,
0 [] [}

tn+1 t

where M is some constant.

(ii) Let r(x)=2-Yz, x>0, and let A=U[1/n, 1/n+7(1/2n)]. Then
A is a union of disjoint closed intervals such that |Af\J | =o(r(|J | )
as IJ | —0, 0&J, where J is the notation for an interval. We need the
following lemma.

LEMMA 4. Let C be closed and nowhere dense in I, and let G;= (a;, b;),
1=1,2, - - -, be its complementary intervals. Then there exists A CUG;
such that (i) A is a union of disjoint closed intervals, (ii) CCA—A,
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where A4 is the closure of A, (iii) IAF\J| =o(‘r(|J|)), as Jox, xEJ,
for any xEC.

ProoF. Let 4;CG; be the set constructed relative to a; the same
way as A was constructed above relative to 0. There exists d;> 0 such
that | J| 28, a:€J, implies | 4.NJ| £(1/297(| J|). We may also
suppose that &;<(1/29)r(bi—a;—3d;). Let A =A4:N[a;, a;+8], and
let A =UA¥. An easy computation establishes (iii) (see e.g. [5]).

We are now ready to prove the following theorem.

THEOREM 3. Let C be a closed nowhere dense subset of I, of positive
measure. Then there exists a measurable function f: Io—R such that

() Si(|Az(x, )|/t dt< w, n=2, 3, - - -, for almost all xEC,
and

(i) if g is equivalent with f, then g is not differentiable at any point
of C.

Proor. Let A CI,— C be the set constructed in Lemma 4, and let
f be the characteristic function of 4. It is clear that (ii) is satisfied.
Using [8, p. 280], we only need to show that for x&C,

1 h 1/n
Gl eroka) " =om,  a=23--,
2hJ

i.e., f has a L,-derivative, which is zero, at each x&C. Let x&C, and
let Ag={a—x: a€A}. Then

h
fhlf(x+t)l"dt = | Ao [k B]| = o(r(2h)),

and so is o(A"+Y).
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