ON THE CHARACTERISTIC ROOTS OF MATRICES!
DOUGLAS E. CRABTREE

Let A =(a;;) be an nXn complex matrix. For 1=1,2, - - - , # and
>0 define R(3, p) = (D14 Ia,-,li’)”ﬂ. It is well known [2] that
the characteristic roots of 4 lie in the union of the disks

¢y, | — 2| <SRG (G=1,2---,n).

A. Brauer [3] improved this result by replacing these disks with the
n(n—1)/2 ovals of Cassini

@) |as—sz|las—z| SRGDRG D Gi=1,2-,ni%j).
A. Ostrowski [4] extended (1) as follows:
THEOREM A. Let ky, ks, + + « , kn be positive numbers such that

n

() S+
Sl
Let p and q be chosen so that
(4) 1/p+1/¢g=1 and p,¢> 1.

Then the characteristic roots of A lie in the union of the disks

©) law—z| SB"RG,p) G=1,2---,n).

In this paper we improve Theorem A in the same way that Brauer
improved (1). It is also shown that our result generalizes Brauer’s
theorem (2).

THEOREM. Let A =(a;;) be an n Xn complex matrix. Let ky ks, - - -,
k., p and q be positive numbers satisfying (3) and (4). Then the char-
acteristic roots of A lie in the union of the n(n—1)/2 ovals of Cassini
© | 0ss — 5| | 055 — 5| = (kk)VRG, P)RU, $)
Gi=1,2,-c-,m4i57).

We first prove the following lemma:
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LEMMA. Let a1, a4, + - -, Gp and by, by, + + -, by (8 22) be non-nega-
tive numbers such that

(7) ib.’§£di=1.

Then there exist two integers u and v such that
auao(l - by — b') 3 bub'(l - Gy — d.).

Proor. By (7) we may pick % so that b, <a,. 1f the lemma is false,
we may assume that

a,aj(l—b.—bj)<b.bj(1—a.—a,) (j=1,2,---,n;j;£u).
Hence
a;(1 — b,) <bi(1 — au) 0=1’2”",";j;£“)°
By (7) we have
aij¢<b/ZGc (j=1’21°°')n;j#“)'
Sty Lty

Adding these inequalities, we obtain the contradiction
Eagzb¢< Zb;Za,.
Jruw  tpu Jru  tyu

PROOF OF THE THEOREM. Let 0 be a characteristic root of 4, with
a corresponding characteristic vector (x1, xa, - - + , ¥s) normalized so
that

®) g | %:|e=n1.
From the equations
g(a;,—ﬂsgj)x;=0 G=1,2---,m)
(where & is the Kronecker symbol), it follows that
ow=ollml s 5 laullel  G=12---.m.
tom]; tptd

Hence
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n n
las = 0|l oy —0||m|| | = 2 oull2| X [oall=]
taml; toht sm=1;855

) .. .
G,ji=1,2,---,m;i 7).

Applying Holder’s inequality [1, p. 19] and equation (8), we obtain
| ais — 0] asy — 0]e] s]e] 250
(10) < RG, p)RG, )1 — | |91 = | %19
' Gi=1,2--,m;457).
Now we may assume that for each 4, || *5£1, since otherwise
0=a,; for some ¢ and then clearly 0 lies inside the ovals (6). Letting

|x.~| ¢=g,; and (k;+1)"'=b;fori=1, 2, - - -, n, we see by the lemma
that there exist integers % and v for which

| 2] %2 = B+ D)7 = (& + 1)7)
2 (b + D)7k + D7 = |2t = | 29
It follows that
(11) | #|e] o |okus = (1 = | 2|91 = | %9
Since the right side of (11) is positive, |x,|¢|x.|#>0. Thus (10) and
(11) imply
| duu — 8] 60 — 0] = (Ruk)VR(w, )R, $),

and the theorem is proved.
Consideration of the case 6 =0 in the theorem leads to the follow-
ing corollary:

COROLLARY 1. The nXn matrix A is nonsingular provided that
positive numbers ki, ke, - - -+, ka, p and q satisfying (3) and (4) can be
found such that

| ass|| asi| > (Riks)MRG, P)R(G, p)
for each pair 1,j=1,2, . - -, n; 15j.

Consideration of the limiting case where p approaches 1 and g be-
comes infinite yields Brauer’s theorem (2). If we reverse this pro-
cedure and let p become infinite while ¢ approaches 1, we obtain the
following corollary:

COROLLARY 2. Let A=(as;) and k1, ks, - - -, ks be as above. Let
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m;=Max.; |a.~,|, 1=1,2, - - -, n. Then the characteristic roots of A
lie in the unton of the ovals

| 6ss — 3|| ajs — 2| S kibmam; G5 =1,2,-- -, n;i5%3).

PRrOOF. Since R(3, p) S (mi(n—1))1?=m,n—1)'/?, the result is
immediate.
From Corollary 2 we obtain the following nonsingularity condition:

COROLLARY 3. The nXn matrix A =/(a;;) is nonsingular provided
that positive numbers ki, ks, - - - , ks satisfying (3) can be found such
that

l a.-.-l I a:'il > kikmem;
for each pair i, j=1,2, - -, n; 15].
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